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CONTROL, GUIDANCE AND NAVIGATION FOR
~ ADVANCED MANNED- MISSIONS °

(Final Report on Task II of Contract NAS-9-6823)
. ABSTRACT . .

This is a study oi‘ Navigation, Guidance, and Control for Advanced Manhed
(Space Missxons, It is divided into the areas of systems, computer subsystems,
radiatmn\ subqystems, and inertial subsystems. From a system aspect a study is °
© made ogéuidanee and navigation requirements impos:ed by the different phases of
. interplanetary missions, A representative system is described as.a design model,
“Detailed descriptions are provided of analytif:al and development work on advanced
concepts in computei‘, radiation, " and structure-mounted inertial ‘s/gbsystems . -
_ - It is shown that required system performance advances are wili‘within reas-
/ son but that'the requirements for reliability will demand new standafﬁe in design
concepts, quality assurance, maintainability, a%;l quiescent failure rates.

i

Guidelines for further developments in this direction are set forth:

January 1968
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1. SYSTEM AND INSTRUMENT MECHANIZATION CONCEPTS = . © -

1 .1 Introduction B < ‘

In accordance with the work statement objectives, the development effort
descmbei:l in this report is oriented towards consideration of a body-mounted, strap-
down, inertial subsystem for Advanced Manned Missions. It is approprlate at the
be'rmmng of this report to review the factors which led to the emphas1s placed on
the strapdown configuration of inertial subsystems for this type of application.
Accordmgly, the following paragraphs are devoted to this subjent.

Character1st1ca11y, the strapdown and the familar Apollo 1nert1a1 platform
mechanization d1ffer pru;nax ily in the 1mp1ementat1on of an mertxal reference frame
for accumulatmg specific- iorce measurements. '

In the inertial-platform gimbal mechanization the gyros are used in gimbal-
drive nulling loops. The gimbal drives operate in response to the gyro outputs,

" appropriately resolved, to null all angular motion of the stable member, i.e., to

space stabilize the instrument package from vehicle motion : and thus the stable
me7{nber is a d1rect physmal representaiion of the inertial reference frame. The
corresponding advantage of a relatively passwe instrument environment, in which the
the accelerometer information is physically resolved into the desired 1nert1a1-
coordinate frame, is apparent. N W

In contrast, in the strapdown system the sensor package is mounted directly
to the vehicle. Sensor measurements represent SpG,CIflC force and angular rates
in the vehicle coordinate frame. Thus, the instruments encounter the full dynamlc
environment, Further, in order to ma;ntam the inertial reference frame an
analy‘tical computational algorithm must be implemented that r}}l\gnerically processes
the gyro outputs. The accelerometer data may then be resolyved into the inertial-
frame coordinate system and processed by guidance algorithms.in the digital computer.

Apart from academic interest, the motivations for the successful attaiiiment
of a strapdown inertial-guidance mechanization stems from some of its inherent
potent1a1 advantages. Perhaps the majority of these advantages result from the
elimination of the mechanical complexities of the gimbal-system structure.
Minimum configuration constraints result and efficient packaging is possible. Thus,-
for an equivalent sensor package significant size, weight and power reductions
appéar to b2 attainable. Further, the elimination of the rigid physical gimbal re-
stramts allows packaging concepts to be formulated that fac111tate system maintenance
and in- fhght repair, '

G
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Improved reliability is also generally cited as a major advantage of the strap-
down mechamzatmn. The increased complexity of the strapdown inertial-gensor
torque-rebalance loop is easﬂy offset by the elimination of the gxmbal mechanical
complex1t1es and its assoc1ated angle readouts, servo drives, slip rings, etc.
“{The reliability considerations associated with the impact of the additional attitude
algorithm computational load is debatable. It is considered, however, that the
reliability index of a guidance and control system computer conceived to function -
with a strapdown sensor package does not-differ sigmfmantly from that of one
mechanized to operate with an inertial platform. In ‘addition to ‘reliability increases
resulting from component count and relative design complexities is the strapdown
mechanization's ease of adaptabllity to redundancy reliability techniques.

An inherent strapdown implementation operatmnal advantage is the direct
output of wide-band body-rate data.. This is a desirable feature for autopilot control
functions especially if the vehicle evidences significant body-bending modes. In
addition, relative to the three-gimbal stable-platform mechanization, the strapdown

,computational algorithm is free of gimbal-lock operat.ional restrictions., u

_ Clearly, for advanced manned space missions, the strapdown inertial-configura-
tion potential advantages are significant. Long-duration flights strain state-of-the-art
reliability and would be enhanced by in-flight repair capabilities. Similarly, paylofaci
restrictions necessitate economic allocation of weight, size, andpower. Thus,
this Advanced Manned Mission inertial-system study and development effort has
pursued the following basic objectives: ’

1. " The formulation of concepts that would achieve an opt1ma1 harvest of the
strapdown mechanization's advantages.

2, The in—depth evaluation of the performance capabilities and limitation of
the strapdown inertial configuration. :

Consistent with thebe objectives the tasks outlined below were formulated
to encompass conceptual system definition and theoretical 1nvest1gatmn balanced
by state-of-the~-art sensor, sensor package, and algorithm test and evaluutmns.

Inertial System Task Outline

1 System: and Instrument Mechanization Concepts
Algorithm and Instrument Model Development
I State-of-the-Art Instrument Development and Evaluation

IV Body-Mounted Test Package and Realtime Algorithm Test
and Evaluation ,

=
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This report p"i'esents the status of activity a\’\fter ten months' effort on each
of these subtasks and, as such, it is interim in nature. Although many individual
goals have been achieved and are described, continued support to assume the ful-
fillment of the overall objectives is merited. o

-, The remainder of this chapter presents various aspects of strapdown system
\ mechanization concepts. They include: an instrument and system performance
model based upon limited mission studies and instrument and controlﬂloop perform- |
ance that appears to be realizable, a multisensor configuration for ultra-reliability
with self- contained failure detection and isolation concepts, and a modular instrument
concept thatis consistent with in- flight «wrepair objectives, . |
N\ The remaining chapters of this volume cover:
Chapter 2 - A review of algorithm and insfrument model development,
studies, P o i
Chapter 3 - A review of 18 IRIG arid 16 PM PIP inertial component
development and test evaluations. ' L
Chaptei’ 4 - A review of the status and capabilities of the real-time
strapdown system test and evaluation acti;rities (including
“the body mounted package, electronics, and test facility
 descriptions). 1 “ |
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1.“2 | Performance Model
1.2.1 . Introduction

The nature of the inertial system mechanization is intimately keyed
to the gross mission definition, spajcec/raft propulsion system, and the intended
mission functions of the inertial equipment, i.e., control, guidance, and nav-
_igation. Within the frameworks of Advanced Manned Missions it is reasonable
to project cert‘ai“n basic constraints that allow a realistic conceptual formula-
tion,

The primary objective of Advanced Manned Missions studies is the
realization of interplanetary space exploration. Applications overlap into post—
Apollo-type earth orbital operation and lunar exploration is also probable.

' Manned mission trajectory studies considering Mars, Venus, and Dual plane
flybys, Mars orbital and landing operatiors in the years 1975-90 have been
conducted. (1,2) The North American Rockwell study configures

. itself about current Saturn booster and Apollo spacecraft technology while
Boeing considers.use of the Nerva II nuclear engine. Although radically dif-
ferent in engine design, a common fundamental feature represents a basis for

uniform inertial subsystem design concepts. Both are impulsive propulsion
engmes thus the guidance operat1on and spacecraft steering and control is of -
brief duration compared to extended free-fall coast periods.

Examination of t‘he midcourse velocity corrections called for by the
navigation and guidance algorithm used in the requirements study (see Vol. 1)
showed that only 5 to 10 Veloc1ty corrections were reqmred with increments
on the order of tens of feet per second, Guidance errors were reviewed for
these midcourse corrections but only the tail-off uncertainty in ‘the propulsion N

'system seemed critical. Accordingly, attentmn was turned to the transplanetary
. 1n3ect1on and earth entry phases, g

The transpxanetary phase described by Boeing was selected because
of duratlon of the burn, 2303 sec with a ve10c1ty change of 19, 149 ft/sec.
The entry phase appeared to represent the most severe dynamlc environment
imposing loads of up tc 10 g and manuever rates of up to 0. 37 rad/sec.

v

For both studies a '"best guess' instrument and inertial system para-
meter estimate was projected for the mid- 1970 time frame. Error models
 were formulated for each mission phase. The study results then developed
position and velocity error sensitivities for each inertial system error model
parameter. The error analysis work was performed under the systely/s task
reported on in Volume I, Chapter 1 of R- 600, The following paragraphs de-

scribe the error models and review the error analysis findings. o
; 7
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1,2.2 Transplanetary Injectien
A) General

A statistical error analysis of the injection into an inter:planetary
path from an earth orbit was performed in order to define the demands upon
the inertial sﬁbsystem during this phase of operation. Ne externally derived
information was used during the burn.

o

The reference trajectory was generated in each case using the

required velocity concept together with a cross-product steering 1aw(3 4)
This was implemented w1th a modified version of a computer program which
was originally ‘written for the Apollo translunar injection by Ph11110u(5. The
required velocity is defined as that velocity which will cause the vehicle to

~arrive at a specified time at a preselected inertial target and is computed as

a solution to a Lambert problem.

No effort was made in this study to’ optlmlze either the guidance or
targeting schemes, The criterion for an acceptable scheme was that the
sensitivity of position and vélocuy errors to individual inertial component -
errors should not exhibit flg st-order influences by minor changes in the refer-
ence trajectory. All data necessary to charactemze the vehicle and engine was

]

extracted from references 1 and 2.

The strapdown inertial measurerﬁent unit was assumed to “"ge installed \\
such that the X input axis aligned with space veh1c1e X or roll axis. The instru-
ment'package configuration assumed was an orthogonal triad of three single-
degree-of-freedom gyroscopes and accelerometers. Each instrument operated <

_in a torque-to-balance control loop with quantized output that represents an in-
cremental measurement of velocity or a rotational angle. The Y and Z gyros
are mounted with their output axes alohg the vehicle X axis. For this align-
ment a sultable body-fixed system error model was developed and 1nc1uded in
the statistical error analysis for the referenced traJectory )

B) Simplified Error Model

a3

For the purposes of describing the problem, one accelerometer is
assumed to be aligne& with the desired velocity vector VI and it controls the
propulsion system cut-off on the basis of its velocity-gained measurement.

; Sim’iiarly, the two orthogonal accelerometers are nulling out velocity build-up
on their axes by the steering . "w. (M is not necessary in the actual system to
assign specific accelerometers and align the strapdown package so that X is
collinear with the velomty vector. It is convenient for this simplified model. One

1-5
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may, however, visualizqe ’h"ypotheticval accelerometers in the software which
are so assigned that they are subject to some performance and alignment
errors, ) "

‘For the partlcular ahgnment concept we may express our error in
terms of the orientation error (E) of an actual (V A) velocity measurement

relative to the desired velocity (V ). A velocity error (VE) may also be defined

‘that corresponds to the scalar dxfference in magmtudes of the deswed and ac-
tual velocity. ..

Vg = VycosE-V (1.2.1)

E A I

The angular error (E) may be defined in termg-ot several sources and 1s
formulated on an RMS basis (expressed in degrees)

. [ g2 2" g2 (1.2.2) ..
E= f Eopt ¥ Emech * Eariet * Eca

where : ” ‘

Eopt = the angular error introduced Wnen the body frame and
strapdown inertial frame were initialized in the computer
us_in;é é)ptic'al techniques -

Em ech = angular error corresponding to the mechanical misalignment - )

of the accelerometer on the body—mdunted frame

E drtft = angular error in the inertial frame r;esult:ing from gyro
drift terms, non-sengitive bias, and acceleration sensitive
bias" h

E

CA angular error due-to bias output of the orthogonal acceler-
~ -ometer Y and Z, i.e, , the vehlcle steers to null the1r outputs

' Figure 1. 2 1 111ustrates a worst—case or1entat10n error bu11d -up for
a tw_o-é.xis representation.

>

To determine the velocity error! as defmed in (1, 2. 1) we cons1der
- the relationship between the measured veloc1ty (V ) 1nd1cated by the X accel-
erometer and the actual veloc1ty change along thxs axis,

Vy T %Ab te+ V (liUSFX) © -(1.2.3)“
‘ i o
where T ‘
Q . 9 d} “ v
Ab’x = the bias uncertainty ofsthe X accelerometer
tf = the burn time
V' A = the magmtude of the actual velocity input along the X axis
U =

SFX the X accdelerometer scale factor uncertamty expressed as
a fraction of the cahbrated scale factor. s "

Q



'DESIRED THRUST VECTOR -

o

ACTUAL THRUST

Vpm = Velocity meosurement indicated, _.
by the x occeler’bmeterﬂlinciludes” )
bias ond scale factor errors)

Va ; Actual velocity gained

Vi = Desired velocity to-be gained

Gm

-

Note: Vy, is preset to equc! UV,'

. @

Fig. 1,2-1 Transplanetaryninjection error model,

RENCE
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" The actﬁal}‘}’x{:elocit‘ycmeasu‘z:“ed by the Xt,‘instrumaeint&corr‘esponds to:

A Vam gt o qa
- SFX . o o

5t

< a

Note that the engine cutoff was assumed to occur when the® measured
velocity equaled the desired velocn’y. By subst1tut1ng 1.2. 4) into (1 2, 1) we
"~ can define the scalar veloc1ty error 1n terms of the desweg velocxty magmtude
the burn—tlme instrument uncertainties, :and the vector or1entat1oneerror.

Representatlve nominal and h1gh low lumts for; or1entatlon errors
due to the-initialization and accelerometer mechamcal m1sal1gnment uncer-
‘Ftamtxes were defined and are listed in Table 1.2-1B, The dr1ft or1entat1on

.° error results from—the b1as and acceleratlon sengitive terms of the cross ax1s
gyros. For the f1gure shown, the dr1ft corresponds only to the mfluence of the - <

Z gyro. on the or1entat1on of X accelerometer reference frame. The actual
Edmft used: corresponds to the RMS, of the Z and Y gyro influence; the1r

@
&

[

1nd1v1dual terms were assumed equal. - - 7 : ,
R 3‘ S g )
| J_WIE x107°. ety
U z;dnff, = — s |+ NeD (G, +t9+ (ADOA)J; L
° 7 e | ﬂ ,, ﬁ'oﬁ ‘
where " SR .o O
o O H Q g e o

NBD ‘= nonsens1t1ve b1as drift uncertamty expressed in meru
) ‘ ﬁc_f‘umts, L. e. 5 earth rate, WIE x 10 ) S (
° " ADOA = acceleratmn sens1t1v1ty drift uncertamty of Y or Z gyro due
to spec1f1c force along its output ax1s, i. e, 9 the Y and Z

. gyros weftle assumed allgned with the1r output axes along X
F= ‘the Spec1f1c force seen by the gyros vehicle thrust along )Eg
tp = the'totéd time in seconds between 1n1t1al*uzation and the be-

4

f

Vg

" gmmng of engine burn ¢ )

.= tl%e engme on time

x 10”3

00

36

The rmg velocxty vector m1sallgnment resultmg from the 1nfluence

[t

@

>

)

4]

4

Q‘O

)
BN

o

D

4

o

= coﬁversion constant (meru to.degrees/sec);

4

of Y-and Z axis accelerometers on the steer law (equal bias levels is assumeﬁ

for all mstruments) is:

Yoo
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These equatxons were mechamzed in‘a staustmal traJectory error
L analyms program Comp\utatmnal algorlthm error modelmg was not 1ncluded

in thege runs due to lack of spec1f1c dynamxc rate (v1brat10n etc )y env1ronment

1nformat1on.

PR

’The Boemgo vehicle. and traJectory were charﬂ“ r1zed by: .

o dﬁs

a

g ¥

R

. S TABLEI 2-1A

VEHICLE PARAMETERS

Exhaust Velocxty
J|. Thrust °
Initial Weight -
Mass Flow Rate -

-
= .

4

2,313, 760 'poi‘mds

#

' 705 pounds per second

. 27, 400 feet per séeoondi \ ’
'600, 000 pounds

)

The total veloc1ty change was 19 149 ft/ & sec and the burn 4ime was

2 302°sec. A one-hour prealignment tune tp, was assumed

©
O

that were used in the study were

it . . -
. )

d G

<

TABLE 1. 2 lB
" SYSTEM PARAMETERS

0

¢ Param;et»er .| High | Nominal | Low |
o Egprisecs) % | 60 | 30
| Eeentse®) | 30 °ﬂ 20 0 |
> | eNBD (meru) 17950 B U 0. 5
v ADOA (meru/g) 1.5 1.0 | Q. 3
s (cm/sec ) |- 0.20 [vo0. 10 0. 05
- L SFX(PPM) . 150 50 o 20 ‘

>
It

valrjuatlon were essent1a11y 11near

@

. The nommal mstrument and subsystem parameters w;th the extrem es.

#

e The pOS1t10n and veloc1ty errors resultmg from any given parameter

Table 1. 2 1C presents the slopes of these
“ linear" funct1ons at the end of the burn for each of the .above error sources. S
“HA more compl ete dlscussmn of the trajectory analy51s program and statlstmal

"o error; modehng 1sopresented in. Vol L)

As mlght be ant1c1pated the most significant 1nstrument error sensi- "

t1v1ty co}responds to accelerometer b1as
«during the one hour preahgnmenf was the next largest error sou/f//’ ce,

30-b1t word length and 10g scaling is approx1mate1y 0 5 mile t‘or as many as

©1000° updates per second

19

T B

.Reference frame oriéntation drift

a

]

$ The errqr,}: Lo
sensmwty resultmg from velocity algorithm computatmnal round -off with' a )

.0

Y]



TABLE 1 2- 1C

SENSITIVI'TY COEFFICIENTS A’I‘ 2302 SECONDS

m . ) e | ( Posu:mmErron Qb e Veloc1ty Error,’
s Source . - Sensitivity” . Sen81t1v1ty ”
'Acceleror;xetér éiés ] 81 ”mﬂes’i/cm/secz ol o147 fpsy/cm/sec’z -
. 5 ) . _ ; . . T a
Accelerometer Scale ’ QO i1 ] ’ AR el .
Factor Error ’ ° 0. 0989 mi'lélpe / ppm T @, 045 fp S/P o
= [ i L : =

NBD

NED With I'hour ° h
prealign :

[

ADOA

Initial Mi;Zahgnment
or Mecha/ ical
M1sa11g7mment

» 0. 41 mile /meru- |

.1, 94'miles/meru .-
vew -

’ 0, 14 mllé /r,ynaerq/g; e

S a N

: o
G 0. 03.5 mile °/arc-secondw |-

14 2 fps/meru

[x
1 38 fps/meru/g

o
voop
v

o

3.8‘fpsﬁmeru SR

0 22 fps/are-rsg‘eecmsj

-



1.2,3 Mars-EarthU Entz;y

Error sens1t1v1ty’ studres were. also conductcd for a Mans Barth - -
entry trajectory. Although the m1ss1on studies were lumted it does appeﬁz?’
that the entry phase represents the, most strmgent dynam1coenv1ronment on.,

the accele/rometers and gyroscopes.

e o

~ The. reference trajectory was generated us1ng an entry)steerlng
scheme which is. essentlally the’ same as that used for Apollo’ Earth atmo- .
(6 ) The only modification is that the constant drag phase was. .
mo“d1f1.ed” to decrease the g- loadmg by decreasmg drag with veloc1ty This -

Spherrc entry

@ p

analySIS is'based therefore,on the assumptmn that ap Apollo type earth )‘
entry module would be used and is 51zed to allf‘ﬁ the heat shleld too cope w1th
’ return velocltles“of"up to 55, 000 ft/sec Phe mammum accelerahon was (
between 9 and 10 g's" for approx1mately 60 sec, " The entry was 1mt1ated at
400, 000 fee\. and termmates at 24, 000 ft (chute deployment) Its ouratmn ’

was 13 5, mmutes - The nommal reference traJectory and Vehlcle char ac- °

o >

P Y

. ‘teristics. that were used 1n thls analysis were: -

oq
° a4
o

lnitiévél'o‘Veloci;ﬂt;y R . = 50 000 feet per second
,Entr;y Angle (1/) Cos ,. =" "’7 degrees
| Lift°to Drag Ratio. (L/D) =05,

°§a}r/1ge R ] = 2 500 r;aut’icalh miles

‘The acceleratmn versus velomty prof11° 1% shown in Flg\,«l,z-z This
pr,,_ ile’ differs. from.—E‘lg -1 2 26
assumed down. The roll maneuver tune h1story for t} entry traﬁactory is. =

shown inFig. 1.2- 3 L ’ I

., °Jrhe strapdown package a triad 1nstrument conf1gurat10n was assumed
" to be’ mounted such” that its X-ax1s was aligned parallel. to the drag vectom
(*m’mus relatlve veloc1ty) and Z was along the l1ft vector; ’I‘h1s conf1gura-

o "
,.v

/smce the prlmary control spacecraft ma-
L n neuvers were: about the; ‘relative veloc1ty vector, V Thus theo ma;ox’fgrate%Q
O

t1on was selected for convemence

~naneuvers oocurred along one reference triad axis (‘a mammum roll rate of:s

¢ T T S s, P P

0 37 radlan/sec)

Theé analys1s program. ar‘counts for the strapdown 1mplementat1on by

4

‘ usmg the mstrument errors m body coordmates and" transforrmng them in- . -

1}

to an 1nertlal frame The effectlve 1nert1a1 acc:eleratlon error ns then pro-

cessed by success1ve4ntegrat10ns to y1e1d corresndmg traJectory p051t10n °

- i
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Fig. 1.2-2 Entry profile.
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and velocity errors. The position and velocity errors are then transformed
into a local vertical frame. The local vertical frame is defined as:

Altitude - outwards along R at event time

Track - along V xR

. LT
Range - slong Altitude x Track

The computational result for the entry trajectory is a linearized tab-
ulation of altitude, track and range error at termination for each instru-
ment error source,

In addition to basic instrument errors, the influence of the compu-
tational attitude algorithm error propagation was also included. A first-
order direction—cosine algorithm was postulated and errors were modeled-
on the basis of coning, rate slew, and computational round-off, The coning
environment was projected using Apollo simulation data, where a pitch and

~ yaw damping oscillation frequency is exhibited during entry. Theoscilla-

()

tion is essentially a function of the aerodynamic spring constants and vehicle
mass. The frequency is characterized by:

t= Lfg : (1.2.6)

whére
f is the oscillation frequency in radians/second

g is the vehicle acceleration expressed in units of
7 exrth. gravity. i

The coning angle is esgentially defined by autopilot considerations
and for the sinusoid model using a maximum angular rate limit of two de-

A

grees per second the coning angle a, is:

27

T80 radians (1.2.7)

The dynamic coning environment was then generated using the accel-

4 eration profile of Fig.1.2-2, A worst—case condition was assumed, i.e.:

7
the pitch and yaw oscillations were defined as being phased displaced by 900.
For the mounting configuration selected the coning error is reflected as an
equivalent drift rate about the X-axes that is represented by:

W= L 2 (1.2.8)

D 12

a2 (21rf)3 At
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where:

At corresponds to the computer update interval,

)
Rate shew errors were modeled™ ‘as _the attitude algorithm error that
results for veh1cle maneuvers. These wer\\.{\essentlally about the roll axis
(X-axis) and correspond to : \
3

_ A8 |
GE = S- ,, (1.2.9)

where:

A6 is the accumulated rotaf\;ior‘tal angle in a computatjonal interval At.

!
For these studies At was set to 1 x 10"3

sec (similar to a DDA serial
implementation). Round-off errors were developed using a 30-bit wordlength.
They were generated on a worse-case basis, a cumulative error based on

the sense of rotation.

These algorithm errors were also generated in the analysis program
on an iterative basis to yield the effect on trajectory position and velocity
errors. The error analysis results for both the instrument and attitude al-
gorithm error model are tabulated in Table 1.2-2, For comparison pur-
poses a stable platform (gimbal system) mechanization was also imple-
mented for the same trajectory with the same initial conditions., Although
dynamic instrument errors (e. g., anisoinertia and output axis coupling) or a
vibration environment (that could have resulted in a larger coning error)
were not included in the analysis, several significant aspects of strapdown
error propagation were evidenced.

In both tﬁe"strapdown and the gimbal system implementations size-
able but essentially equivalent errors are introduced by the initial platform
or algorithm misalignment. Similarly, the errors due to bias drift uncer-
tainty for an assumed one-hour free-fall period between initialization and
start of the entry phase are also equivalent. It is interesting to note that
the' sensitivity of the stra;;down system to oacceler\'bmeter misalignment, bias
and scale factor errors is considerably reduced, e.g., misalignment of Y
about Z and Z about X in the strapdown corresponds to a track and range
error of 222 and 197 feet,respectively. In the platform case the errors were
1941 and 1306 feet,respectively. The reduced sensitivity in ‘the strapdown
implementation is probably due to cancelling effects arising from the body
motion with respect to the acceleratlon vector. In contrast the strapdown
implementation has a marked sens1t1v1ty to gyro IA mlsahgnments eg. a
4497-foot track error results from a 20-§e¢c misalignment of Y about Z and a
6748-foot range error for a 20-§et misalignment of Z about Y.

1-15



TABLE 1. 2-2

ENTRY ERROR ANALYSIS -

RMS U:ccésrittaigr?ty \{)ielo city Uncertainty
Strapdown System Uncertainty (feet) feet/sec B
Uncertainties Track |Range | Alt Track Ranggzg_d‘
I Initial Alignment X | 60 Sec -1419 27 .012  -5,96 | +0.17"
(Optics-IsS- v| 60 see 104 | 2081 [-19.54'| o0.00 1.31
Algorithm) z| 60 sec 5824 | -167 0 8.59.| -0.25
II Accelerometers
a) IA Misalign-
mf:nt
" Xabout Y| 20%ec 14 7 2.31| o 0.01
X about Z | 20 sec - - - - -
Y about X 20 Sec -111 119 0.05 | -0.48 0.15
Y about Z 20 §ec 222 | ~237 -0.11 0. 96 -0.29
Z about X | 20 Sec - -0 -1 - -
Z about Y 20 Sed -171 -197 | -0.11 | -06.07 | -0.92
b) Bias Error
X | 0.1 cm/sec?] -14 73 -2.54 | -0.01 | -0.05
Y | 0.1 cm/sec?| -540 226 0.1z -1.2 0.28
z10.1 cm/sec?| -149 | -607 -0.28 | 0.03 | -1.53
¢) Scale Factor ;
| X | 50 ppm 15 -79 2.38 - -
Y 50 ppm - - - - -
z | 50 ppm 44 51 0.03 0.02 0.24
III Gyros
a) Gyro IA Mis-
alignment u
X about Y | 20 ec - - - - -
X about Z 20 sec - - - - -
Y about X 20 Sec - - - - -
" Yabout Z | 20 sec 4497 | -341 -0.26 | 3.55 | -0.82
Z about X 20 Sec - - - - -
Z about Y | 20 Sec 570 |-6748 3.00 { 2.00 | -10.9
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TABLE 1.2-2 (Cént'd)

ENTRY

ERROR ANALYSIS

Position Uncertainty

* ADIA doihinant effect in error result.

** Bias drift is divided into two phases; Intl- corresponding to an assumed

&

one-hour.period between Sys{em!optic»al‘.‘a}ignfnent and the actual entry

maneuver phase, Eniry - corresponding to the actu;d entry phase,

Q

1-17

RMS Velocity Uncertainty
Strapdown System | Uncertainty feet ___ feet/sec.
Uncertainties Track | Range Alt Track | Range
b) Bias Drift ** o
X Intl S-1921 37 0.02 -8.07 0.23
Entry 1.5 meru 4 | 15 0’01 | -0.01| o0.03
¥ Intl ¢ 5 e 141 3792  |-26.5 0.12 1.77
Entry ’ 200 437 0.19 0.27 1.0
> \ Z Intl
Entry 1.5 meru 7884 -226 - 11.62 | -0.34
-398 298 0.15 | -0.82| ° 0.64
c) Accel Sensi-
tive Drift ,
- (Combined ADIA;ADSRA
" stect” "5 meru/g 29 120 |-=0,05 0.08 0.21
| 9 i‘zgf‘/g. | 838 64 - 1.12 | 0.49
221 1198 0.53 0. 97 2.30 '
Accel. . 9 ) T
Squared X | 1 meru/g -36 164 0.07 -0.07" 0.27
Senhysiti\}Q 9 :
Drift 1 meru/g 529 -162 -0.09 0.60 | -0.22
o Z |1 meru/g? | 7 20 764 | 0.32 | -0.24 1.36 |
d) Scale Factor X | 50 ppm -33 -43 9.03 | -0.03| 0.17
. " Y| 50 ppm - - - - -
Z.| 50 ppm - - - - =
IV Algorithm
Coning Eq. 1.2-9 -0.01 0.03 - - -
Slew Eq. 1.2-10"| -0.02 |- 0.03 - - -
Round-off . (30 Bits) | -0.6 | -7.4 -0.01 | -0.3 -0.,3
Syil;rapdown Total ? ’
Error (BSS) - 10854 8605
Inertial Platform )
Total (RSS) 11062 5149



0

The level of these errors is consistent with cross -coupling error pro- B
pagation for the severe dynamic roll environment depicted in
Fig. 1.2-3.

Errors associated w1th gyro scale factor uncertainty, which are
commonly thought of as bemg one of the major strapdown design problems,
were negligible. Slmllarly, algorlthm error propagation effects were also
insignificant, even though a relatively low performance algorlthm vx&as used.
It is interesting to note that the overall rms error for the strapdown config-
uration///(vasaessentially identical to the stable platform mechanization in
*track and somewhat poorer in range performance for this entry tra-
jectory. Although this study was not c0mprehensive i.e., it was not Opossi-f

" ble to review all of the varlous entry trajectory and alignment conditions, it
does appear that the pro;ected\«strapdown system mechanization performanceo
is adequate for successful space m1ss1on apphcat1ons

1.2.4 Performance Design Model

, The precedmg 'sections descr1bed some of the trajectory error analy- ~
sis. findings ‘associated with various inertial subsystem performance par“)am-
eters, The details of the overall guldance and navigation requlrements study -
were reported on in Volunie 1.

2

The transplanetary error model considered first order error sourcesl
in a simplified error model. The entry analysis was more extensive and .\
considered all instrument errors using the same linearized techniques em-
ployed in similar f%pollo studies. Table 1.2-3 lists instrurhent, ‘c(ontbrol

- loop and algorithm parameters that appear to bé realizable during the time
frame cons1dered 1n the mission studles, As indicated by the errox, sens1-

i t1v1t1es of the mission phases described in the prelelous sectlons and Volume I
these performance parameters are compatible with the anticipatéd Advanced

- Manned Mission objectives.
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. “TABLE 1.2-3
REALIZABLE PERFORMANCE PARAMETERS

Gyro Performance e o s
B1as - NBD _ L 1. 5imeoru )
ACCQL@\I‘%}IOH ADIA . 2 meru/g )
Sensitive’ ADSRA . 2 meruf/g = .+
Terms . ADOA "~ “0.5 meru/g
Acceleration ' ‘ 9 )
° g Sensitive Squared - 1 meru/g
| Scale Factor Linearity i
(. 01-. 3 rad/sec) 50/ppm ”
g.le Factor Stablhty ” 2" L °
" (27 /sec) . o 20/ppm |
b Oper:atiOna,l" Range . 1 radian/ sec \
Accelerometer Performance 0 ] T b
Bias . S 0. lcm/sec2

Scale Factor Linearity -
(.01-1g's) .~ - - 50 ppm -,

Q

Scale Factor Uncertainty . '10 ‘ppm

~ Acceleration Squared - °10 mg/'gz
Indication Error - a

; , o
K Mechanical Aligllrpent .o
\ Y N ) .o f, - ;7' .

Instrumept Nonorthogonality: 20 arc-seconds,

I

Qétiéal Alignment-Initialization 60 arc-seconds: ..

The ‘algoritpmﬂ requirements wére sized to allow for a more severe Lbody(y
bending coning environment.  Anticipated algorithm “requirements consistent with-
one-meru performance over coning input ranges of° 1/2° cone at 4-10 tps and as,
much as 1 rad/ sec 3-axis slew rate .are tabulated below A

L. ‘DTABLE124 .
ANTICIPATED ALGORITHM REQUIREMENTS

L0

General Purpése * DDA
s Third-Qrd‘ér 7 'First-Order
| Update Rate  (100-250)/sec ° (1500-4000)/sec
Quantization - (2;-)6)Gsfe\c a (2?(“3) s/\ec |
Word Length | ' 34bits . | ' 3abits .

o o . 2
The coning inputs represents the more severe criteria in all cases, -
i . ) . ¥ o v ’ n B # s )

=

9
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1.3 - Multisensor Configuration .. S SO
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'1,3.1 Introduction

[a) D

H1gh rellab111ty is perhaps the most S1gn1f1cant gutdance system re-
qu1rement for extended mission app11cat10ns. Reliability may be viewed in
the stat1st1ca1 sehse and,as unportant in absolute terms. A mean- {ime-to- |
fallure statistic of 106 hours, for example does not preclude the poss1b111ty °
of an mstrument fa11ure. > The need for alternate guxdance provisions is
clear but the concept of back- up systems that are ”ml”erently” more reliable’
is’ questtonables/ Generally, the back-up concept implies réduced r?phlstma-
- tion (elimination of operatlonal capabilities) as the means for reliability nn-
provement For extended, m1ss1ons this approach does not represent a W1se
trade- off; i.e., termmatmg the most fruitful portion of’ an 1nterp1anetary 7
m1ss1on because of the reduced capability of a back-up system is ludlcrous
Moreover a reductmn in soph1st1cat1on does not guarantee an unprovement
in re11ab111ty Too often cost and performance comprom1ses ar€ made because 8

itds ,,only 2 back -up system: and marginal re11ab111ty results.

)

S~ )

Redundant usage w1th1n the- primary system or redundant apphcatmn
_of pr1mary systems such: that m1ssmn obJectwes ‘are not compromlsed by
performance degradatlon or fallure 1s the preferred system concept for ex- -
tended m1ss1ons ’ Redundancy, however, in itself is not a cure- ‘all; the re— .
11ab111tyf/of each element in the system must be cons1Stent with the mission

env1ronment and durat1on. S N .

B
o

The“guldanc‘e and control system may be functionally‘ segmé"ﬁtéd ”»-into o
the computer and the inertial reference sensor package. ) Volume IT of th1s
report presents a multtprocessor computer concept The multlprocessor RN

i employs redundant, techmques«usmg multlple-element 1mplementat1on as well
as adaptwe coding methods, for /error detectlon and correction’ processmg
For the inertial r7eference unit . @a var1ety of redundant’ implementations are
possible.. Within a smgle system they evolve about the sensor mechamzatlon

¢ i.el, redundant use of sensors ‘;on common orthogonal axes or redundant

, measurement data via ‘the use of skewed multlple-sensor configurations.
ConS1derat1on of ;redundant usage of primary systems repr%‘"esents another

level of rehablhty encnancement

5]

.

The 1ntroduct1on of - m fllght repalr concepts is also warranted
M1ss1on rel1ab111ty objectives, however should not be predlcated on tHe use .

By

of in- fhght repa1r.~ ) o ) D )
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1.3.2 Deslgn Model Concept.

8

. ’ The deq1gn model selected for the extended mlsslon apphcatmn is

based upon the use of a skewed redundant sensor 1mplementatlon. og’he e

. sensor conflguratlon employs six gyros and accelerometers whose jnput,

Ed

axes are collinear with the normals to the faces of a regular dodecahedron
(See” F1g 1.3-1.) (Fhis concept was developed in full detail in a Master'<‘ .
the51s by G11rnore'7 and is rev1ewed here’for completeness 2 Th1s array

-i8 umque in that complete symmetry is ev1dence i.e., the ‘acute angle

o ©
2

(20) measured between any two axes defined by the dodecahedron normals .

3

is equal (63° 26", 8”) The preferred or1entat1on of these axes with ° »

©

-respect to the orthogonal triad is; arlso shown i Fig 1{. 3-1.
Note that input axls palrs are located in trlad planes (XZ XY, YZ) and are
dlsplaced by dn angle @ (3 94312, 8") about ‘eath positive triad axis. For this

conflguratlon the relat1onsh1p between angular rate or spe01f1c force inputs -
along the triad frame .and each of the respectwé\dodecahedron axes A, B, C,

D E, F, respectwely is ¥ ’

IS

. m=Hb. (1.3.1)
(\ghere
. o : : @
m-] o . |- sine . 0 ‘cosal
R .- o ) )
i —sina 0 © cCOos @ o w f
¢ mbﬂ* - . o ' X X
-m={m _|>» H= cosa::, sin @ .0 ", b=lw Jor|f
— C va i . -—-: }r y
Smg| o cgcosoz " -sina LUCH I fz”
° o T LT e “ e d L
0 - cosa  sino
- rf]?)e».m-: s, e s s e Q,-.g T g
Mg, 0 cosa -sina
i SR oo e o
£} = . ) g I3 1 2 o =
' coOSs Qf’: (-\'/____g_i_é) / C e 085
o 10 ‘;C - .:.
. . 5 -V5b
sin o = (—"—fo‘—') ’ z&)0.526
A, ‘ - © v :

Here m is either'the rate 1npu LW, or the™: soec1flc force mput w I, seen by

gyrosaor acoelerometers whose 1nput°axes he algng respect ive' do’iec"hu\lron

g

axes

o

N & + O R o K ¥ g Y )
" .o As seen from the equatmn eaoh 1nstrument provide's a measure of”
% o

rsedundant data For examgle 1nstruments A,B;Cs D’ valle sense a compon-

<y

ent of 1nputﬂ along the X trlad axis. Surmlarly ohe may algeb{x7 a,u,ally ;Qf,am j-

rulate the e’qua;t}ons and obtam corresponding solutlons for equivalent mputs e

R
e o

21

= H)
[ 2}



ut
. 5 . ! v, . T L v - . w X “l ‘ B C.
. &g 'y‘;J X ’ - @ . "v@,"‘ . : @ ., [,.w" L .
Figé 1.3-1 g&istrument’ input axes orientation-relative to the
o ) g O [ B =

© -instrument framé triad and.thé-dodecahedron.
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o .

al ng the tmad axes based on the sensed 1nstrument’ inputs.” From &nalysis -

a

.of the equatlon format one observes that a solutlon for equivalent X, Y, Z . -

o @

<

1npu\1s attainable from any tnree‘) of t:)he six gyros or accelerometeré.

&
» <, ¢

o
Thus, as/summg a means exists for determining thé fa11ed sensors, an
equwalent triad solut1on for guldance and control ut1hzat10n is attamable ) .
“from any- three gyros and accelerometers In an arrangement employmg .

°* duplex redundancy on orthogonal ayxes fa1lure of two gyros or accelerometers

,on the same, ax}s is catastrophlc\

/i

“ n g ° 0 @oow

The dodecahedron array ‘also prov1des ‘self- contamed fallure

»

detectlon and isolation capab1l1t1es Failure- detect1on lS not° 11m1ted toa -
“ catastrophlc fallure, it 1ncludes a- measure of mstrument performance L
degredatmn The mechamzatmn allows 1solat1on of any two gyro or accel-
s erometer failures and the detectlon of a thlrd fa11ure In general - self-

contained failure detection and 1solat1on req\n\res some sort of ma;)orlty o

Votmg or‘érror. coding scheme. Clearly u}an orth& enal conﬁguratmn

Q ce

employmg two gyros per trlad axis a smgleo gyro failure is detectable It e
is not poss1r§1e, however unless the enwronment is knowa or a catastropnlc
fallure occurs, to determme Whlch of the two gyros or accelerometersa is
functmnmg correctly After.a performance type failure is detected no
ba31s for 1solat10n 1soava1lable unless dlagnostlc senging aids are &lso 1mp1e—

o

mented (wheel speed detector, scale factdr current monl.tor etc. ) Oncthe

a
n

other hand with the dodecahedron s1x-1nstrument cono@pt complete symmetry
‘ 1s achieved. For each mLstrument set, gyros or accelerometers none of ‘
- the 1nput axes are cohnear no three axes .are coplanar and each ams is ;

skewed w1th respect to the orthogonal referenr'e frame,, Isolatmnds, there-

B h [A

In essence, the dodecahedron array 1mp1ementat10n allows a - .
comprehenswe redundant usage of six gyros and accelerometers and thelr
» assomated control electromcs In absolute terms its ultunate backup cap-
ab111ty exceeds that-of a nine- 1nstrument orthogonal mstrument conf1gurat1on
_ since it can tolerate any three gyro’or accelerometer fallures and- st111 y1e1d

us eful data.

I
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1. 3.3 Data Processing

Equation 1. 3.1 may be maﬁipulateduio determine the triad solution
for every three-fold subset of instruments., Each of the twenty charécé«;?ﬂ
istic solutions for each possible instrument grouping is itemized in
Gilmore's thesis. A statistical index for each solution may be obtained
considering the solution variance relative to the performance of ‘a single
instrument, We may view this index as a measure of the error- spread of
the equivalent orthogonal instrument frame solutions relative to a triad
configuration using the same instruments. For normal distribution slightly‘
mére than 95% of the measurement instrument error spread is included in
the one-o limits. Assuming identical limits for all instruments allows an
analysis of the geometric properﬁ%s of the dodecahedron array solutions.,
Interestingly, the twenty instrument combinations may be identified with
the four distinct total variance g;‘o”ixpsﬁsho\(;rn in Table 1. 3-1, :

TABLE 1.3-1 THREE-INSTRUMENT
COMBINATION SOLUTION VARIANCES

m | Solution
- Instrument Group Variance Mean- Squared-
= : i Errors
1 | © |1.820%|8.350%|0.690%]  10.860°
It 1.820° | 1. 650% | 0. 690%| 4. 160°
m | [3.620%(3.620%(3.620%| 10,860
o | IV |1.380%|1.3802 [ 1.380%| © | 4.150°
ABC&AED ’ x y z o
AEF&BEF ) z - x "y
CDE&CDF ¥y z x
ABE&ABF % . z
o . | CEF&DEF z x y
% s . |ACD&BCD y z %
=y . ~ [ ACF ]
\k\\\\‘ B} ADE x L y . z
BCE
vaD\\ | |acg| - |
i) 4 ., |ADF x y |z L
9 ) N S BCF I :
h BDE N :
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Group I corresponds to those three-instrument combinations that exhibit the
most error propagationidue to geometric resolution. For example, in the
triad solutlon correspondmg to gyros ABC or AED the Y-axis solution error
amphflcatton correspondsuo a variance of 8. 35 times that of a single instru-
ment, In contrast a skewed configuration obtained by rotating two orthogonal
triads apart by three 45° Euler angle rotations yields a correspondmg worst-

case variance amphftcatlon of approximately 100,

The thesis also demonstrates that, relative to the geometric error
propogation characteristics, the symmetmcal dodeCahedron array y1e1ds
an optimum statistical performance solution (co rarlance matrix of 1/2 ¢ I)
when all six instruments are used. Further the performance index for all
combinations of five instruments is still superior and four-instrument
combinations yield Performance mdexes that are essentially equival ent to

that of an orthogonal triad solution,

-+ A generalized weighted least-squares best-éstimate solution for

the dodecahedron configuration is:

T

b= @ty T m

v 'm (1.3.2)
" The covariance matrix ¢ is:

o \ SR
[ ) . t . =
A0 o 0 o o

02
1 &)
0 vy 0,0 L0 @
1%} :,_.r.z, '
o o L. o o o
3 e
3
0 0 0o - —1—§ 0, .0
%
° o 1
0 0 0 0 ] 0
.0 g
o 0 o o o Iy
) g
L - 5

If all instruments are weighted with equal variance and the errors«/ﬁ’are °
sstatistically independent, (1.3, 2) reduces to: '

)
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Nlr—- MlH MIH

(m -m,) s(@)+ (m_+my) cla))

l_"!f_—l

m md)s(a)+(m +mf)c(a)__] 0 (1,3.4)

[(m -my) 8 (a) + (m_+ my) c()]

where /
s(a) = sin{e) , c(@) = cos(a)

Similar equations''may be defined for the five-and four-gyro combinations.

They correspond in (1, 3. 2) to setting the variance associated with the
instrument nct considered to o,

The corresponding solution forms are lis%\'\ed for triad rate solutions
in Tables 3.4 and 3. 6 of the referenced thesis., For a specific system the .
variance of each instrument may be defined from extensive component
testing and,thus, individual instrument weighting as identified in (1. 3. 2) is
possible. The application of such statistical weighting represents a trade-
off between mission performance requirements and computational complexify».
' In some applications, . a simpler approach to solution processing may be
warranted.

It may be argued that statistical prdcessing is superfluous if per-
formance is adequate when only three instruments are operative. (Note
that the mean- squared error for certam three-mstrument combinations in
Table 1, 3-1 corresponds to 10, 860 ) One could develop solutions using
an arbitrary selection criterion when more than'three instruments .are avail-
able. For example, in (1.3, 1),although all instruments are operative,wé
_ could restrict the solution to reduced pmcévss\ingbyﬂ considering only solu~..
| tions associated with: ‘ o '

x = (mc+md) -%- c(a)
y = (m +mf>‘%e(a) T ws)

z = (m +mb) c(a)

Similarly, if instrument D were ''suspect' an equally s1mple\
processmg scheme for the x-golution could be used:

x = (m -mb) ? s(a) (1.3.6)
As long as four instruments are available, the most lengthy solution mvolves
. a single axis and is of the form: .7 :
x = sz(a) (m ) "' (a) (1. 3. 7() ;
*2¢%(a) - . G\



(For (1.3.7) instruments A or B, but not both,and C, E, and F couJ[é be
i it
performing satisfactorily, but only C, E, and F would be used.)

iy

Ultlmately the selection of a solution algomthm represents & ) \trade-
off decision between the power (speed and memory) and ''graceful deg\rada-
tion' capabilities of the multiprocessor computer and the m1ssmn perf?\rm—
-ance requirements,

1.3.4 Failure Isolation and Detection

In the previous discussion methods for obtaining equivalent/ /i:riad
solutions of frame rate or velocity were identified. Implicit in these
discussions was the assumption that a suitable technique can be defined
that allows detection 'and failure isolation. Failure may be defined as
being catastrophic or a performance degradation malfunction; either may
invalidate the ‘mission objective. H

Catastrophic failures are usuallyzdetg:ctable with simple detection
schemes; e. g., a spin-motor detector in a g;rro, a signal generator null
_ monitor, a AV monitor in free-fall, etc. Thus, for catastrophic failures
rapid failure isolation with a corresponding change in the processing
;al‘lgor‘ithm is readily mechanized. Even in powered flight, where previously
a catastrophic failure would have represented a safety hazard, thé direct
filtering influence of the multiple-sensor processing configuration assures |
tolerable operations during the detection and processing-reorganization inteorvati"\'.

Performance degradation is not as simply evidenced or detecte‘d.
In some spacecraft applications external failure detection and isolation is
possible, Diagnostic procedures using on-board celestial sensors or ground--
' based tr acking may allow detectmn and identification of the faulty -instru- N
ment. For a variety of mission phases diagnostic procedures are impractical
and the need'for a self-contained failure detection and isolation capability is

apparent

Self- contamed failure isolation in a redundant-sensor implementation .
" i culearly evidenced-if one consuiers maaorlty voting, e, g., three instru-
ments all along the same tmad ‘axis, In the non-orthogonal array, however,
o two mstrum ent outputs correspond, Thus, to achieve an output comparison
f%r the hexad array, as in the case of the triad solution processing, a multi-
‘sensor output comparison algorithm must be defined., Several techniques
were explored in,the referenced thesis, The direct approach that comes to
mmd is simply to compute triad solutions using individual three instrument
combmatmns effect solutmn cemparisons, and then.use those that appear -
%o agree. The direct application of this approach was :shown to be unw1e1dy,
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but due to the unique geometry this basic deterministic coneept was refined
to yield a simple set of direct instrument comparisoni‘\'"parity equations'',
Another more sophisticated technique would be to use the best estimate
solution b (Eq 1. 3. 2) of the instrument triad solution to estunate wkiat the
respectlve instrument outputs should be, One may then compare th% instru-
ment output estimate with its actual output and isolate an instrument failure’
by the measure of its deviation from that estimate. -

The "parlty equatmn unplementatxon is' simply mechanized in a

computer and represents a minimal impact in both processing and memory
- requirements. 'Parity'' equation refers to the identity equations listed in
‘Table 1,3-2 (for derivation refer to T~472). These equations correspond to

geometric relationships uniquely satisfied by the multisensor array. The
| equations are mechanized on the basis of four instrument output comparisons
which should-yield a resultant zero output. For example, if a gyro configura-
tion is considered, the term A corresponds to the accumulated Af count in
some comparison interval of the instrument in the A position of the multi-
sensor array. For ideal instruments and no malfunctions-all equations
would null, If we consider only a single failure, gyro A for example, we
note that equations 1 through 10 would not indicate correctly and equations
11 through 15 would., Thus, a failure of gyro A is detected and isolated by
a check of the parity equations. If a second instrument fails, inspection of
the remaining equations (11 through 15) would allow another level of detection
and isolation,. If three instruments fail, none of the equations are satisfied -
and the failure . is detected; but self- contamed isolation (except for catastrophlc_.
' ‘types) is no longer poss1b1e. \ ‘

" Inpractice, it would not be necessary to inspect all fifteen equations
at each parity test time, If one considers that no two failures will occur in
the same test interval, the parity test can be reduced considerably.

The reference identifies a series of truth tables that allow single-failure
isolation in a sequential manner such that inspection of fewer equations at
any cne test time is possible,, If we consider monitoring equations 1,3,6,
10, 11, and 15, we can directly isolate a single failure and detect a dual ]
\ffallure. In Table 1, 3~ 3 for example, we note that for each individual
instrument failure, a "go-no-go' combination of parity equations (the 1’
iﬁdicatea a non- zero feSult) resulf that is not duplicated by any other failure
or failure chbmatmn. If a dual failure occurs (i, e. no equation set matches),
one may then resort to the full equation set in Table 1,3-2, Once a single
’ failure occurs and is isolated, another group of the parity equations- may then
be ysed for further fault isolation. Other economies are also possible; e, g.,
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TABLE 1, 3-2

. FAILURE DETECTION PARITY EQUATIONS

Ty
No. Instrument Equation
1 - ABCD (A-B)c-(C¥D)s=0
2 |+ ABCE. - (B+Clc-(A+E)s=0
3 | aBCF (C=A)c+(B- F)s=0.
"4 " ABDE (D-A)c+(B-E)s=0
5 ABDF (B+D)c-(A-F)s=0
6 ABEF (E-F)c-(A+B)s=0
7 ACDE (D+E)c-(A:C)s=0
"8 ~ ACDF ‘(F-C)c+(A+D)s=p "
9 ACEF - (A+F)c-(C+E)s=0
io [, ADEF (E-A)c+(D-F)s=0
“11 ~ BCDE (E-C)c+(D-B)s=0
12 " “BCDF (F+D)c+(B-C)s=0
13  |-— BCEF. (B-E)c+(C+F)s=0
14 BDEF (B+F)c+(D-E)s=0
15 CDEF (D C)c+(E-F)s=0
= cos (a) = (22 5)1/2 ~ 0.35095 .
L. o, 7 |
= sin () = (2 ;(}/E) '~ 0,52574
(, N
120




by analysis of the Srl #ns of the terms m the "no-go' parlty equatmn test,
the number test e';ta/atlons can even be further reduced

[

TABDE 1. 3-3

PRIMARY PARITY TEST - FAILURE DETECTION

G}fro Failure | = ° Parity Equation -
15 10 6 3 1 1t
A 0 1 1 1 1 0
B o o0 1,1 1 .1
° o} 1 -0 -0 1 1 1
D 1 .10 0 1 1
O E 1 1 1+ 0 0 -1
F - A 1 01 11 0 o

Thus far the discussion has assumed an idealized 1nstrument set
Clearly, errors associated with 1nstrument uncerta1nt1es requxre that the-
measure of sat1sfactory parity equatron test be defined by some tolerance,
The determmatwn of th}s tolerance is hlghly dependent on the 1nstrument
error model and performance statistics, The par:.ty tolerance and measure~
‘ment-comparison must allow for rdndom errors, possﬂale rampmg perform-
ance deterioratfon, low—leve] jump shifts, and unacceptable short-term

p;rformance tolerances.
QS

_ . .The parity tolerance for Tow-level rampmg detewxorat on or Jur’lp
® ShlftS would best be achieved by a comparison after a l6ng-term count
accumulation (here random error accumulations would tend to average dut)..

Unacceptable performance, i. e. ‘a large SF or bias shift whlch is intolerable
even for short durations, can be detected using a much wider tolerance but
with parlty tests affected over shorter accumulatxon intervals, A Specmc

‘ mechanizatxon is defmable only when the mission performance: requirements

- . are known ard an adequate mstrument error model is synthesized.

One mterestmg adaptive consi.deratlorx in the parity equations is that
for | ‘single: instrument performance shifts it may be possible to make an effectwe
measure of the change and c.orrect for it, Thus, a measure of self calibration is :
- feasible and overall system reliability is further enhanced, Similarly, an,
instrument exhibiting low-leVel ramping tendencies which was previously
taken off- line in the equatiqn processmg structure could ke retnetated to .o
provide satisfactory short-term performance when.a catastrophm fatlure occurs.

Loy
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" 1,3.5 Mu1t1sensor Mechamzatlon

Havmg estabhshed a data processmg and -failure 1solat10n scheme,

we may now integrate the miultisensor concept within the framework of a
system package and electromcs mechamzatmn Thus far the defined,
symmetrical array of SlX smgle degree of=freedom 1nstruments is applicable

* {o either a gimballed platform or a strapdown system mechanization, Al-
though previous discussions nnphed computer usage for the data processing,
it.is equally possible to rhechénize a comparable analog scalmg ‘and sw1tchmg
system that would reduce the gyro outputs to signals equlvalent to the stable

.. member triad signals normally used through the jplatform resolution system
and‘fed to tha torgque motors. Although the instrument redundancy is re- ¢
tamed the complexthes in the. analog computatmnal scaling ane sxzable

' and if these elements are not to compromlse system rehabxlxty. they“must
also be redundant Slm1larly, the g1mba1 system servo, resolver,, and
.Slipring mechamzatlon all require some redundant treatment if a smgle fault )
“is not to comprom1se the ent1re system The attendant glmbal wetght struc-
ture penalty is 11ke1y to be overwhelmmg -In contrast, the relatwe ease of -
adaptability to a strapdown.oonflguratmn is apparent, Mechamoal complemty
and oonfiguratio’n constraints are minimal-and the size, weight and power )

~”penaltie§ do not increase out of proportion. With respect to’the additional
computer processing burden,” the strapdown implementations represent
additional interface channels and a relatively small percentage increage in
the memory capacity. Further, with the computer multiprocessor structure
‘presented in Volume 1I of R-600, redundancy is mherently defmed and thus
the fundarnentai rehab111ty of the ent1re concept i8. preserved o

k)

r F1gure 1, 3- 2 1llustrates the adaptatlon of the six- gyro conf1gurat1on
‘toa strapdown system unplementatwn. A similar block dtagram is appli-
cable to the accelerometers, Note that a pulse-restrained -tox‘quing 1oop;is: o
identified and each single- degree- of-freedom instrument is configured with
its own thermal controller and torque loop: (thereby further extendmg the
redundant instrument meohamzatton) “ .

A pulse restramed torquing loop was selected as oppoSed to the use
of smgle-ams platforms. _Relative advantages of reduced complex1ty, hxgher
- reliability, and lower power and weight are cited. A performance advantage
_is often attributed to the single axis platforms, generally in the area of
8
dynamic range -, However, the realizable _performance of torque to-balance
. instrument control loops (Section 1,2, 4) appears to more than adequately
satisfy the mission application requirements (Sectién 1, 2 and Volume 1.
o . PR s # . O
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in a separate 1nput couhter in the computer If a-serial 1nterface is deflned

The mcremental output of, each mstrument and control lo stored
(as in the case of the multlproces\sor) the counters shown in the flgure can .
assume the role of local accumulators with redundant serial interface pro-
VlSlonS for data transmtssmn to the computer. (An alternate mecharn’ \’ratlon -
could be defmed using a redundant multlpc]\ia\xed—ume— shared pulse- restramed
torque’loop conf1gurat1on9 ) Finally, to achleve the overall system rehab1l1ty )
goals (redundant gyro wheel, Osuspensmn _etc.), power supplies must ‘be de-
fined." The relative rehabﬂtty of these elements is s1gmftcantly greater than
that of the basic inertial 1nstrument Thus, more conventmnal duplex type
oﬁ redundant 1mplementat10ns w1th self- contamed fa1lure monitor and ew1tch— :

()'@ .o &

ing provisions should suffme

Thus far orientation constraints have been det:ined only for thebinput
axes of the mert1a1 1nstruments. Within this basmtconstramt ‘we are free 40 “
conmder the 1nstrument placement Wlthm a mountmg configuration. Sewveral .
omentatmn chmces are nossfble. ‘ Flgure 1,.3-3 111ustrates one in which, max— :

_imum densny packagmg obJectwes are satisfied. The 1nstrument outlmes -
depicted correspond tg the 16 PM PIP accelerometer dnd 18 IRIG gyro (Ref

) cuhapter 3), both smgle-degree of freedom pulse- restramed instruments.
_This layout Would yleld a,reasonably compact assembly using a’ conventlonal ¢

‘ mountmg frame des1gn The mountmg conflguratlon shown allows Ldentxoal

| preahgnment o<f all’ 1nstrumenta and the final input-axis or1entatlon array i$
achleved by placlng the 1nstrument OA's'in an orthogonal mountmg configura-
tion. Note that, smoe ‘the OA's are all orthogonal the data processing trlad .

s solutlons may be used directly for 0A dynamlc correctmns (Ref Sectlon 2. 3

C"Wand 2 ‘Q without, requlrmg any addxtlonal geometric resolutlon ‘In th1s e
arrangement however, four gyros are mounted such that all of the1r accel-
. eration sensitivities may be exhibited durmg thrusting. (Assume, for )
e‘cample, ‘that X correSpgnds to the thrust or g-vector, then instruments

" A,B,C, an/? D all have relatfve Specnfic force components along IA and SA )

’ Cons1derat1on can also be glven to orlentmg the 1nstrument OA‘

ina- ‘manner such that some preferred orlentatxons are defined that - o

minimize or ehmmate some of the ac.celeratmn sensitive term effects,

For most space apphcatlons. the. maaorlty of the\ mrssxon tune is spent

in a free-fall environment. Generally. acceleratmg fhght phases are

of brief duration and, if the instrument perforniance is w1th1n reasonable "

tolerances seeé Section 1.2, 3), only mxnor performance advantages are.

‘obtained with a special orientation. For these applications, paekagmg )

‘efficiency will be the dommant conmderation. For land navigatmn apphca-‘

| nons. however. (transport aircraft missions dependent upon the e

(.
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Fig. 1.3-3 Hexad-'array st;rapfdo‘wmconfiéﬁratioﬁpacokage, |

el

1-34



1nstrument tolerances) it maijbe des1rable to align the mstruments tor
mmnmze the‘f’grawty mfluence on 1nstrument drift. senS1t1v1t1es. It we
>cons1der mountmg ‘OA in non-6rthogonal planes (for example, those defmed “
by the faces of a dodecahedron w1*h the IA's normal to the ey 1t is
poss1hle to achleve an 1nstrument augmnent in Wthh alLsrﬁ’} es are per-
\ pend1cu1ar to a triad frame cax1s (z) correspondmg to thenommal gdvector ,

(i‘lg 1] 3 4y, -

T

1. 3 6 Rellab1hty Models

@ : -

&

s I A variety of re11ab111ty model§ for comparisons of the rnultlsensor
rle d(ablllty stat1st1c5 were developed and’ descrlbed in the referenced the51s.
.\general foit ura_s shown ‘that a s1gn1flcant rehab111ty advantage is attamable L /
over other comparatwe redundant 1nstrument ‘and system conf1gurat10ns
F1gure 1 B=5 111ustrates these findings. - Normalized rehablhty trend statis-
- tics are plotted They correspond to the use of 1dent1cal mstruments in
. dszerent redundant configurations. For example rehab1hty plots compare ‘
threg trlad systems mechamzed so that contmued mlssmn success is attained
by ma;orlty agreement a sumlar ma]crlty agreemenyscheme using a single
system mechamzatlon with three” 1nstruments on eachr tr:ad axes. the multl-\ 0
sensor conﬁguratlon with parxty voting allowing two fa1lures, and the mult "-'
sensor array using a standby concept. The standby concept assumes only 7
flve instrumerits are normally operatlve and when a“fa:.lure is detected and =«
1solated the. remammg sixth umt which was ina. standby (1noperat1ve) status,
is actlvated No data loss accurs durmg the actlvatlo phas "ﬁsmce the other .
four good umts are fully operatmnal The newly actlvated xnstrument s1rnp1y
grovxdes the fifth mstrument necessary fcx: ngratlon thh contmuhd tallure,_w,_{

detection and xsolatlon capabllltles.

o

-The normalized abscxssa used in the plot corresponds to the produ{ t -

[

of the failure.rate ().) of a single mstrument in the system and ttme of opera— g
tion for each system. i 1dent1.ca1 1nstruments are used 4n each system, the
reliability for the same operatxonal time is given by the progectwn of the, (At)
pomt off the ahscxssa to the corresgonding system conflguratxon curve, - "
Slm1larly, 1f the mstrument Xis 100 X 10~ 6 failures per million hours, w
0.2 At correspondsﬂto 2000 hours of system operation, ‘The basic hexad .
array lnstrument configuration rehablhty is approximately 0. 9 for this pemod
even whencall six mstruments are assumed to be contmuously operating, "l‘hl,s
y . is 51gn1f1cantly better thanrany compamtxve system mechamzatmn even though

th*‘y use a lar er“ quantlty of mstruments. e

a
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« 14’\j Modular Ingtrument Configuration

Enhancement of mamtamabihty design features has been cited in previous
dlscussions ag one of the potentials of the structure-mounted conﬁguration. Inertial
instrument replacement for suspect performance or potential failure hazards (in )
accordance with prediction criteriélo) has been a continuous.problem in the Apollo
Guidance and Navigation System programs, Each replacement necesgitates removal
of the Inertial Measurement Unit from the spacecraft. Rigid cleanliness and inspection
procedures (since the gimbal covers must be removed for instrument replacement)
are required and extensive subsystem recertification testing is ¢ «..hduct_e;d agsure
that other hazards have not been induced and that a 5atié,factory fﬁepla‘cqmen,t has
been achieved. Clearly the maintainability problem is a question of accessibility
of thie inertial sensor package and the instruments within the package and of final
design for maintainability,

. The strapdown gystem implementation removes the obvious constraint of

- gross ingtrument inacceggibility by the elimination of the gimbal system structure,

Design for ease of access and instrumént removal in a gimbal structure generally
" conflicts with packaging density objectives and, as such, tends to be negated to
ayoid substantial weight and volume penalties, Structure-mounted design allows more
flexible consideration of packaging concepts that are consis{'ent with modularity de-
sign features typically employed in electronic assemblies, Modularity design .
features are a necessary requirement if comprehensive mertial subsystem in-flight
repair is to be realized, Fop the mem}ngrade in,ztrument however, modular in-
. flight interchlngeabtlity representg an unrealized goal.

, Unh.k,e the electronic module, the nature of the inertial c:omponent and its

' application requirements necessitate precise mechanical alignment, thermal control,
and electronic design compatibility, In the strapdown configuration these precision
vequirements are significantly more gevere than a comparatwe gimbal system, For
the same appllcatlon, superior alignment and torquing performance is an absolute
frt?qui,rement (see Section 1,2.3), Thus, although strapdown xnllows eonﬂideragmn of ’
modulav concepts, it also imposes more severe requi?emente on \\.he module design,

Initial studies were conducted to revelop modular desigii congepts for inertial
“gyros.° The layouts shown in Figs, 1,4-1 and 1,4-2 represent some of the concepts
that were reviewed, These figures illustrdte a modular design centered about the
18 IRIG MOD B, a gingle-degree-of-~ freedom pulse- restrained gyro developed for
strapdown application (see Chapter 3), Self-contained within the module dre the gyro
pulse-orquing electronics, tempersature controllers with thermoelectric control
€lements, suspensgion and qua.dvatu"e adjustment ccmpanents, digital- to-analog
"conversion channels for direct signal-conditioning monitoring, and mechanical align-
ment ad;ustment provtsions, ’I’he ‘inciugion of the torquing electronicns and sug\gension

s} ., < <@ e
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o components within the mOdule adlaws a compatible elec:tronic normalization Qf

' .the instrument for infemhangeabilit&y Normally adjusted parameters to
account for torquer soale factor and tuning, instrument tx'anafer function,
ete, are thereby self- contained within the functional aaaembly\ The primary electronic
interfaces then reduce to power, clock, and output data lines whiah are identica) for,
all units, Inclusion of the diglta1~ analog convergion module implies gelf-contained

" monitoring and signal conditioning. The digital monitoring interface allows for onboagdn )
data management using the computer and facilitates test and maintenanae procedures, -

The, thermal degign shown (consigtent with studies descmibed in Velume I;
Section 2,2,7, and ,Appendix A) congidered the use of thermoelectric materials for
the control elements, The gtudies have shown Khat the thermoelectric elements
‘exhibit a higher performame coefficient compared to conventional heaters, For
example in a teat in which a 109 difference exigted between the heat gink and the
-desired instrument temperature the thermoelectria device used one-third the pawer
of an equivalent conventional heater, The device ig alsqbidivectiqnal and.therefore

- allows heating or cooling depending wpon the environment,

e .Figgre\,l,. 4- 1 show# integral coolant passages within the gyro module tiad “
directly to heat sinks that are attached to the instrument with thermal isglation and
“ooritrol provided by the thermoelectric modules, Figure 1,4-2 shows the end-mount
. heat sink tied to A liquid cold plata (or system heatsink) via thermal strapg (heat-
‘pipes are shown gince they reppesent a poteatiai m%rmal short circuit), The use of, ‘
separate tempex‘atuve controllers for each instrument end was considered to correct
for aaymetrio heat disaipation due to the lavge currents required by the gyro torguer
~af 1-radisnper-second input rates. Torquer magnet improvements (Section 8, 8, 6D) .
" ghould eliminate thig congideration, The overall thermal mgdula design features in
hoth illustrations are compatible with éyatem variable thermal registance deatgn
eoncqpta described in Chapter 4, Section 4,3, In total,- the thermal mechanization
allowse @daptahuity to a variable envtvonment while maximizing thermal control power
efficiency, * :

Finally, the module design illustrates a mechanical alignment concept for the
gyro, Note that the ingirument alignment and thermal control function are essentially
aepamteg _The inatrument alignment adjustment is achieyed by ratating the entire
gyra cmadled between ita two end~gupport heat sinks, A flat and aonical geat is located
an-the base af one end suppqrt and a V groove on the other, They form a mraenpoim
kinematic-mount, Adjuat{ment m achieved by ratating the fine screwa in the maogule
hase which advance or retract the balld that mate with the seats’ on the end supports,”

" Pifferential mtation of the two screws at one of the base adjust the gyro 1A ‘Bhout 04,
while ad;qutment of the sarew on the V«groow emd adjuata the gym IA abqut 8RA,

o "y



The module illugtrations represent a first-cut conceptual design, As such
congiderable’ impvovementa are realizable, and other design approaches should be
reviewed, 'I‘hey do, however, gerve to illustrate many of the design considerations
that are easentiag to the atta.inment of modulam inertia1~ instrument in- fltght intepr- -
changeabilitv. :
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15 )Strapdown”Svstezn"Sxiaﬁ“aqr\af’t *Pestiné

Ajpollo experience has shown that for an extended period of time prior to
vahiqle launch thé inertial subaystam*‘ls ingtalled: in the spaoecmt‘t. - During this’
peniod the aystem is useci“ in combined spacecraft-systems integration testing, It
ig in this phaae of operations-in which the spacecraft is earth-fixed thata

A gi'nballed inertial subsystem's (l;Tvg/U) orientation flexibility is advantageoua. For
example in the spacecraft stacked qonﬁguraﬂgn MU gxmbal rotations may be
Qommanded 80 that acgelerometer and the correaponding gimbal a,ngla sengor out~
puts pmvlde gtimuli for functional spacecraﬂ: dystem teats (thrust v&ctom and
Teaction control aystem phaaing and sqa.ling). Further, t:hia gimbal grientation
+ flexibility. allows the stable member to be ;v@tated 8o that 1nertial qompanenta may
_be oriented with Tegpect to the ear’rhwa*‘a vector and loqal veft‘tiqal Thus, the
“inertial inatrument pavameters (bias, ag\mlaratmn aenaitive hiaa, etci) may be
monitored during the extended apacaecvaﬁ: buildup a,nd pre -*lfa,unoh phases and &

" high degvee of performance confidence is assured prior to J.aunoh In contpast,
the same measure of confidence with auvremlz‘ strapdown qystem conﬁgur‘afi&on
qqneepts can only ‘e achieved by removal of the sensor paol‘kage and subsequent
la,boramx‘y festivg. Thig single factor can repmaam; a serious constrainton .

o spaaewaft oﬁax‘atxona. Procedura) system mmav.s\l and test impli@g that the. :
apacecraft ingtallation is such that the packageé is readily acaaaaabw and aasily
x‘amqved. ‘Extremely c\urabla electrical and coolant intereonnection interfaces
a,x;'ea alao required tq withetand the hﬁ&ﬁl‘dﬂ of pariadic paokage ramgval a,nd tesc,

One ghvious ﬂoiutian to this: oqnatraiut is to mount tha atrapdown paqkage
" on a navigati (ﬁéaa@ that inqarpmmt@s a provision for rotation of the package in the

' spacecraft, ije., Mpuicthe package on a-gimbal", This dods not imply that a
multiaxis gimbal strueture, which would nullify all of the advarxtageg cited for tha ©
strapdown syatem, 18 required, A aatisfagtory solution may: he achieved with a’ .
" single~degreerof~freedom gimbal tha.t is manuauy ariented to detent positions Qz',

. af most, driven to desired positions b'y a stapp@v motor, The multis:maor ' o

configuration, by virtue of the pen-arthaggnal ingtrument Qriantm:iang, ia readily’
adaptable to-a high cenfidence instrument teat with only a single degree of ’
rotational freadom, Further, its aelfngomainad comparative qapahi;la,tiea c:oupled
Wwith nonnorthngnamty With. regpect ta the earth rate and loeal vertical veators
agsures A considerable level of ingtrument performance confjdence without'any
rotaticnal teast fneedam. _ 1t one werxe to ponaidey 1mplemamigg a aingle test gimba_ |

’ c;mlyg limited motion would he’ required and slipx\inga, ato, would nof Qe needed, ©
In m;gaian Qperations the gimhal wquld be locked and not aﬁ‘eth the gyastem r@liability.

)
1

<

,. A more aophiﬁtieated approaeh whioh oﬁgmbm@a th% radiation sengor syatem
and the” max\tial sendora was concepmally 1nvaatigatad as Q&I‘t of the Advanced antml



Guidanoe, and Naviga,tion atudy. Thesinstrument is sohematieany illustrated -
Fig. 21,871/ 'I‘he radw,ticm sensora and concepts ,u:e ‘fully desgpibed in Vol, III °
qt‘ th'e study reportg Brieﬂy, the radiation senag/r qonﬁgura.tion depicts a dual-line~

agf‘r—sight automatis photommmo qextant that has/ four’ degrees of freedom and :
‘allows maximum apharical coverage; 'I‘he sepsar assembly inqqrporatea
phoﬁometezt‘g and star: traakax‘a a.nd utilizes af/viclic;(m for functional aatrona,ut
mqnitaring. \

. With regam i;q tha inert:ial, aung/stem. the meohanizatmn shows the inert:ial
inst:rumem;s mcaum;ed on the ‘outet he /\mphere, " In thigf study a triad of three )
216 PM PIBSé and thraa 18 MOD B II@”LG\S were: uaed. "The hemisphare, which is
also the oute:p mction iaolation gimbal, of the ra,diation sensor package, constitutes
the aquivalgmt: of the- naviqgtianal base between the aptical and inertial: references.
Both sendar aystems can “be thought of a8 og;erating ooeperatively for mutual
meaaurement baok-up and Qalibratmn.

" In the case of the iﬁertial sensorg; their ¢ alibration can be ok mqed by
uaing the radiation sensor. aya‘qem to ordent and preoisely define-the inatx‘ument
axes, via the rotation of the outer gimbal and its aensqr\peadouts. _The inertial.

- instrument . alignments Wem selected inthe conceptyal mg\del such that the instrument
JA triad was configured atan,m the xis of ratation of the outer gimbal. The IA's are

orthogonal but the gimbal ax&ia is set a0 that it is angularly\aquidistgm from eaoh
axls,” (approximately 54°), With this ovientation, if we conaider the senaor

" package inatalled on thergide of thie vehicle with_. he outer rgmt: onal axia essegtiglly
‘perpendioulan to local vevtjc;al\ a series of rofations may be ds?rmad that Qrient

s {natrument axes with rgspeqt to.earth rate and local vertical. r'L‘he uge of this ,
aet of Qmentg’cions an&bma an aqcur&tMetarmination o&‘ ea@h ifxatx‘ument‘a param@mrq‘

Fxguna 1,5%2 18 & deaign layout or the oomgmad aensan asaembly dn which”
0 twqw;f the inertial matmmam:a are ghown, L‘leqtriqal mmmmfneatians a.re made
using a flexible oa.ble gasembly« Inemial instrument acceas i this case waild’
‘e attained hy. eamqval of the qova;\ or gover plates on the asaemhly. This aeot&on
af the inatmmmtz aaaambl,y is wiﬁ:hin t;h@ sga@ecrat‘t ggmpancmant,
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2.’ ATTITUDE ALUGORITHM AND INSTRUMENT MODEL DEVELOPMENT

R Introductmn

Tkus ehapter summarizes analysxs studxes cond\mted to provide a foundatmn
-~ for s’cx‘apdown system development and, id addmom as direct suppert for the thrae ¢
axis test evaluation pmwrar{&desembect in Chapter IV, Specxfmally ‘the deve:lqpment
of suitable computational attxtude algorithms, instrument dynamic anror models ‘and -
dynamic models of the combined pulse-restrained-instrument control loop were -
T undertaken, .

In the are,a of attitude algomthmsi the quaternion and dlrectmn cosine matrix
wa.a studxed* Empkxasxa was placed on the development of \ghole -number algorithms. -
suxtable for 1mp1emen’catxon in’ general-purpese computer,’ Whele ~number a.lgc.z,ithms
were clearly- more compamble with the mulu-processan c:on%pt*‘ developed under
tha mmputen study portion (Val, ‘1) of the overall Advanced CG&N program.
Eurthem th,ey may be flexibly adapted ia available smallvgeaeral*purposes computez\
Fmst dnd thi; d-orden“ quatarmon and directior cosine algorithms wexre developed '
“and compamtl,va error analysis fox constam slew rates and coning inputs * were.

o fe‘rmulated “Algorithm’ pal‘ametar that were, evaluated ares computatxonal updata
: ra’ces& data quanuaatxom and word length These studies are described in se(:tm;l
2.2 @1‘ tf};us ﬂhaptez,‘,, bh‘\ relative ad\(antages of each algomthm are alsca dxscmsspdﬁ’
S gexxmal* ‘the- analﬁxs smdxe& showed that a thu:d-order algomthm operatmg at
" moderate. updatg rates. wcmld %ausfy all anticipated system re qmrements\ For .
exa,mple, ‘in a gon{;lg exwxronment of 1/2° amplitide at 4 cps, a "34-bit thxrd-orden ‘
algomthm operating at 100 chp\xtex\ hpdate per second with &' gyre quantxzatmn of ..
6 arc seeonds wonld result in Dbetter than one mem attitude drift performam:& -

[

3

See’mn& 2.3 and 2\ 4 formulate. sxmphﬁed %quauon,s of momn des¢x~xb1ng ikx,e
ﬁmgle«dagree-of«ﬁref’édem gytroscope and pendulous aogelemmeter\ The equation
development is ome;nted towards dafimng‘ and gmvxdmg an un(lesrstmdmg of scme
af'“tha ma;[on mngla -d@grea“ot-tx‘eedom mstmmem error sonrces encountered inc
i\xll dyx\amxe ermmnment of the strapdown applmatmm <




The gyro dynamic errors are then humerioplly evaluated for representative
environment and test ‘inputs using the desigh parameters of the 18 IRIG (Chapter IIN),
A separate derivation of the output-axis coupling error eguation that acecounts for
the radial motion freedom of the gyro in a magnetiﬂally sugpended=floated
instrument is also included, 'This treatment showé the frequency response character=.
isties of the output axis coupling equation.

Combined gyro-pulse-torque=to=-balance model and simu&ationé are
deseribed in section 2.5, These studies and simulations served o illustrate the
dynamie interplay of the conirol=lvop and gyro parameters., The simuldtions fon
example, clearly demonstrated that the gyro float response limitations cause the
ternary=-torque-to-balance control-loop to issue pulse burats in lieu of regularly
spaced torquing pulses for constant input rates., The pulse burating takes place
because only a small percentage of a single torque pulse's final=value float motion
occurs in a control-loop sampling pe?iod This phenomenon was subsequently
corroborated during instrument testing, These findings stimulated further
investigations of control development techniques to eliminate pulse~bursting and
minimize float hang=off. Development of an improved torquing loop with a new
~ approach to loop dynamic compensation is described in section 2¢6. Analog
simulations llustrating the potentiai‘improvements for various test inputs are
included,

2=2



3.9 *1‘vamsmrm*\uon Alporithm Study

The term "ulgorithm" is defined by Webster“ ?.lE 'a t‘ule of procedure for

eolvmg a recurrent mathematieal pmblem » A trangformation algorithim represents
a btecurrent mathematioal form wmx which daty can be transformed from one cr)m‘din nte
frame to another,

Sinee the ldeal tranaformation equation would involve trigonometrie terms mu,l
would, in geneml, not only be u funetion of angulap veloc;uy but ulso the devivatives

of angular veloeity over a sampling time interval, ceprtain approximations ure required -
to implement the transformation algorithms,

Formulation of an algorithm for use in general purpose digitul computers dintm
considerably from an algorithm for use in a DDA (Digital Ditferentinl Analyzer). Both
approaghes have been investipated, however, for this study, Compatibility with the
general purpase digital*computer multiprocessor concept'™ 1 developed in detail,

The performance attained ig then compared with that obtalned using a flrsteovder DDA

mechanization, The DDA is eapable of very high datn~processing rates but 18 limlted

by hardware complexity when algorithms of higher than frst-oprder nre considered,

The DDA attempts to reduce rectangulay ntegration errors by the uge of high processing
rates. The practical limit of this approach ig the sampling speed with which meuaningtul

ineremental angles can be extracted from the gyro loop. The digital computer ig more

compatible with higher=order algorithm approximations which ean be updated at o muen

slower repetition rate, In higher-order algoritimes, the integration errors are smoothed

between updates by using both past and eurrent gyro-output information,

for comparison purposes a firat-order DDA algovithm nechanization program
has been reviewed for uge on the Honeywell DDP=516 computer, ''ypes of DDA
mechanization of the first=order direction cogine algorithm have been considered,
Bumsgtead and Vander V@ldé“mpromsed an alternating=order serial»updating method
reversing the order each update time, 'Thig reduces errvors assocluted with both
limiteeyele and constant=rate inputs when compared to a straigm derinl updating. Ilession
presents a serial=parallel mechanization requiring three samples iimes fov a complete
update in which sets of direction cosine elements are updated each sampling time,
Broxmeyer m‘has ghown a grouping algorithm mechanization to reduce the error in the
off-diagonal elements, A summary of the types of DDA mechanizations suggested for
the first-order direction cosine matrix is presented by Ball, (

The informuation which follows is concerned with the development of
higher=-order whole-number algorithm expansions and is extracted from MecKern,(18)
ull details and derivations are included in this reference which wag prepared as
Master's thesis conducted under the auspices of this program.,
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2,1 [igher Order Algorithme

Several transformation methods huve been investigated, such as Muler -
angles, vector transformations and Cayley=<Kleln purameters, Only the
direction cosine matrix and the quaternion offer transformations that are
sompletely describable at all possible orientations and have linear
differentinl aquations that enable higher order expansion development,

The gquaternion trangformation and the divectionscosine matrdx ure
digcugged in thig text, The quaternion and its assoclated algebra iy discussed
later in some explanatory detail sinee it is rarely referred to in eurrent ltera~
ture, (See Appendix A.) It does, however, offer some interesting advantages for
gtrapdown attitude algorithm applications.

A) Quaternion of T'ransformations
The quaternion of transformulion represents the rotation of the body
frame with respect to the ineriinl frame., Vieuallze a rotation of the body
frame about the lnertisl frame desoribed by some angle & about the rotation-
al axis I, Then a unit gquaternion desoribing this rotation ls defined as:

q=cose/2+ Thslha/2 (2.2.1)
The conjugate which eorresponds to the apposite rotation can be
represented ag! |

gt eose /2-Tn slne/? (2.2,2)

Notice by the unit quaternion definition above a constraint has been {mposed
guch that the gealar squared plus the vectoromapnitude squared i8 equal

to one, A similarity transformation uping the guaternion éan now be formed
which will deseribe an arbitrary vestor being tranaformed from the body
frame into the inertial frame ag:

Hoe g® gt (2.2, 3)

A b
where v s an arbitrary vector in the inertial frame and v 18 the game
vector repregented in the hody frame, The rate of change of the quater-
nion is defined by:
b

ci . (5&*7;“) ¥ 1/2qw - = 4R (2.2,4)
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wheren has the quawrnian forin
(0 * b

"he ﬁ*ayloruseﬁies axp&nsion for the quaternlon 181

Y
G+ AN ¢ i) Q) At + ) A 5" 4 gl Ak A L (2.2, 5)
wher . o /
4= 4 o= (gt 0g) = q@ +aa) N
‘e q@ ke enad) (2.2.7)

The Inforraation available from the gyro.loop outputs over a At interval
cgh ulgo be expressed as! s A (3.2, )
BIAL) = /; w(n) dr

+a.o]d’f (2(2;9)

0 (a0 [y F A [0+ aw ety U ) L
and by expanding w i( 7 a8 o Taylor series:
The firat-, second-, and third-order quaternion algorithm expansion
gah be expressged in terms of the present mm‘ememal gyro inputs (§At) and
the last gyro output 6% (At) as: !

alt + At) = qt) U &, At) t (2,2,10)

where for:
- First Order Expansion

Ut At = (149 (2,2, 11)
Second Order Bxpansion
& ) E i | . t
vt A (148 -1 & 5] (2.2, 12)
Third Order BExpansion ,
(2.2-18)
, L0 1@ B.ag 5T.Lgh.E
Ul ath w1k g -5G . PG . 5 gG*7
(2.2,13)

The incremental veloeity transformation can be made using the gimiln-
rity trangformation as:
AV = ATP 4 aF x ATY 4 25w (5 x ATY) (2.2.14) -



B)  Direction Cosinus
Slintiar expansions can be written for the direction vosine ma‘wim The
differential equation of the direction-cosine matrix is:

S = cma | (2.2.15)

where C(t) 18 the direstion cusine matprix dnd 1 18 the anti-gymmetric matrix
repregentation of the angulat* ‘elbdity Védtm‘ it the body frame, ot

0 ey 4oy (1) 7
o = ) 0 “ugelt) (2:2.10)
cwglt) Hugelt) 0

-To propugate the direction-cosine matrix over some interval,an expansion is
found of the form:!
Clt + At) = C() M (t, At) (2.2.17%)

- whepe M(t,At) 18 & matrix which represents the incremental attitude information
obtained from the gyro loops. Knowledge of the M(t,At) matrix would permit
the recursive caleulation of the current value of C(t) represented ag C(t+At)

The Taylor series expansion of C(t) can be shown as:

' . 2 e 3 S L )
C(t + At) = C(t) + C(t)At +,\,c(e)£—é‘-—~ 4 C(t) »96—*~+... (2,2.18)

where!
¢ = Cn (2.2.19)
C = cla® +a] (2,2,20)
= o’ 4 o+t ) (2.2,21)

Again by using the gyro-loop output information over two adjacent intervals the
required matriz M(t,At) can now be formed as:
Oth-()rder Bxpanglon

C(t + At) = C(t) M, (t, At) (2,2,22)
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where,
M, (8, At)is the unity matrix,

H‘ifst Order' ligpangios

C(t oo At) = d(ﬁ) Mbe, Aty H,97028)
: where, . " - 0 ., o
mibAY = [1 4 0 at]s] 8, 1 6., (2.2, 24)
Second Order Tixpansion o
alt+ Ay = comlly, ay B o (2.2.28)
il At = M AY + 2| o0, w0240l oy, | (220
,, %’ 92 w02+ 0d)
Third Order Iixpunsiot - : e
alt + At) = o) M, At) : (2,9.27)
MU, A = MG+ Al 4 f
- so2n wa o™ o oa? ”m‘:‘
1 0 * 20%0,, + 0,0y - 0405 2029 4 "x"z 0, x
g, .5 2 T W .
o | -20 Z+0Y0X 050y 0 . 20%0y +00) ozoy
) 2 2 L) 0 »
i 20%0,, + ezex axoz -26%0. %o "z"y g0y 0 ]
(2.2,28)

"~ These expansions are then evaluated for various types of dynamic inputs,
2.2.2 Algorithim Hvaluation
A comparison of both the direction-cosine matrix and quaternion algo-
rithms through the firgt three orders of expansion is made for a theoretical
coning motion. A similap evaluation is made for constant three-axis slewing
and the constraint conditions associateéd with each transformation are evaluated.
All evaluations are made over a single iteration time. The coning environment

2~



i genemted by qbplying equal gine and codine inputs to two of the's lgorithmm
Bxes snd monitotifig the coning error which ig shown about the third axis.
UPgre 2,9 «1 ghows a normalized respoiise of all three orders of slgorithm
expansion fo & coning input, It was found that both the quaternion and direc~ °
tlon-cosine transfarmations yield identical results to coning half-amplitudes
of b degrees or less, *I‘he“firsi, and econd-order algorithms shown agree well
Wwith computer simulations made by Ottets, (19) 1y third-order ourve was c‘o%“
fivmed by computer simulations conducted on thig progrant:.. Both curves were
‘developed analyﬂcaﬂy from bagic coning gecmetry considerationg " The large
inprovement in diift error shown in the third-ordeyr expansion i8 directly due
to the ude of both past ahd present incrementil gyro outputs in the nlgorithm,
The point tAt = 0.5 represents the Umit in the abllity of uny algorithm to recog-
hize coning (1. e., at least two samples for each cycle 6f a sinusoida] input are
required for any recognition of the actual input by the algorithm), -
Flgure 2.2-2 ghowd the equivalent information where the cone ha]fﬂtmgle
18 nssumed to be one degree, In this figure the coning frequency is plotted
apgainst the ‘computet update gpeed, Lines of equivalent constant-algorithm ]
drift ave shown to relate the required computerwupdate rate for vax‘ious coting
iiput frequencies, :

Table 2. 2 1 shows the drift’errors for constant slewing rates over a
single itemtlon time for the first-, second~, and third-order dir‘ectidn&'cosme
algorithms, It also shows the magnitude of the errors which can be expected
from the degradation of the six orthoganality constraints, Table 2, 2-2 shows
similay results using the quaternion. The quaternion has only a unit=length
constmint; Comparing both tables, the quaternion performance is guperior to
the direction-cosine mat 1% in all orders, Por example, the third~order quater=~
nion slew error is one-sixteenth that of the direction cosine third-order slew
error, A comparison of computer timing requirements is shown i Table 2, 2<3

o using actual programs mechaniZed for use on the Honeywen b16 test~system
computer (ref, Chapter 4), These programs represent each algorithm
mechanized in double-precision using two fifteen-bit words (a twenty=nine-bit
word length with o sign bit), The AV transformations are also assumed to |
require double~precision calculations, It actual practice, the AV «tr ansformation-
update rate requirements may be less than that of the attitude algorithm update
transformation. As such, the velocity update could be run in paraliel with the
attitude trangformation or interleaved with attitude updates

Figure 2.2-3 shows the effects of gyro-loop quantization and the compu=~

ter word length upon the performance of both the firet“ and third-order algorithm
to a coning iﬁput
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TABLE 2.2-1

CON§TANT SLEW RATE - DIRECTION COSINE ALGORITHM

ALGORITHM s, MATRIX ORTHOGONALITY ERRORS"
ORDER THREEAXIS .=} . | . N
N |/ SLEWING ERROR' N LENGTHOFM - o= PERPENDICULARITYOFM
N e N N 1N LN | N |
« i M 9“3:‘ i A e 21 ”%1 |
;I ° o 2 BRI 62 D 9 9.8 0 g ho 7
~°3 % | % 3 %% %% 1Y%
3 2, 2, o2, . |2 2 » 2
9% e 2 o 2 | e 2 - ) ° ) :
" 6 Y A% .| 4% a % a4 %% %%
5 ) z°gz | -2 2 2 2< 2° 2 2 2 o2 o2 |
9 T oo 2| o .4. 2] @ n.9, 2 0 o 0 ) ) ) ‘
H . 3 12(l e % 12(l )>°2jj: 12(l 3)e3j 12(‘1,“3).3(9 ‘12 1- 3)09 12(1 3)(90);
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TABLE: 2.2-2

CONSTANT SLEW RATE - QUATERNION ALGORITHM

THREE AXIS

ALGORITHM _ UNIT LENGTH -
ORDER SLEWING ERROR DEGRADATION ERROR
| 83 g2
12 7)
63 84
2 23 64

8 IS THE TOTAL ANGLE TRAVELED OVER A SINGLE At UPDATE ' INTERVAL
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TABLE 2.2-3
ALGORITHM TIMING AND MEMORY REQUIREMENTS

COMPUTER REQUIREMENTS
ALGOR ITHM RELATIVE COMPLEXITY [ MEMORY (WORDS) | ACTUAL UPDATE
PROGRAM | DATA | TIME (psec)

DIRECTION COSINE MATRIX
FIRST ORDER 36A +36MPY +72LS 207 46 544
SECOND ORDER 54A+78MPY +156LS | 402 54 985
THIRD ORDER 78A+114MPY +216LS | 519 63 1292
AV TRANSFORMATION 18A+18MPY +39LS 100 17 271
QUATERNION
FIRST ORDER 20A +28MPY +48LS 148 23 3R
SECONDORDER | 30A+3IMPY +62L5 180 25 466
THIRD ORDER 45A +52MPY +98LS 273 3] 704
AV TRANSFORMATION 57A+45MPY +75LS 267 3 693

A = ADDS
MPY = MULTIPLYS
LS =LOAD AND STORES
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Fig. 2.2-3 Algorithm coning drift vs coning frequency.

2-14



2.2.3 Summary

The results of this study demonstrate that a third-order algorithm opera~
‘ting at low processing rates in a general-purpose computer yields drift-error
performance that is comparable with extremely high DDA processing rates using
a first-order algorithm. For example, from Fig,2,.2-2 it is seen that one-meru
performance is attained at a ten-cycle-per-gecond coning frequency with a first-
order algorithm oberating at a processing rate of 10, 000 updates per second.
The equivalent performance for a third-order algorithm requires a processing
rate of 500 updates per second. Similarly, for constant slew rates up to 0.3
radian per second, the equation in Table 2, 2-1 can be used to show that the third-
order direction-cosine algorithm operating at 100 updates per second yields better
performance than its cerresponding first-order algorithm at 10, 000 updates per
second. The constraint degradation errors of the third-order algorithm are also
reduced in two ways. Smaller errors are propagated during each update interval.
Fewer updates are required for the same general performance and therefore,
for the same operational period, fewer errors are introduced. Finally, the
general purpose computer allows flexibility in programming algorithm selection
in accordance with mission requirements.

_ The comparison of transformation methods using the quaternion or the
direction-cosine matrix shows no overwhelming advantage for either transfor-
mation, The quaternion of transformation, however, has a single-length con-
straint to normalize rather than the complete reorthogonalization of the direc-
tion-cosine matrix, The normalization of unit length in the quaternion can be
. accomplished on the Honeywell DDP-516 computer (double-precision) in 192 micro-
seconds., The orthogonalization of the direction-cosine matrix is more involved
and care must be taken in determining the order of the orthogonality corrections,

No clear choice of orthogonalization equations was found in this study, for the

method used should be modeled to the mission requirements. The third-order

quaternjon transformation constant slew errors were less than the direction
cosine matrix. The coning frequency response of both algorithms are essentially

identical, The processing time found using a Honeywell DDP-516 computer is
nearly equivalent assuming both attitude and AV transformations are required at
each update time. The quaternion attitude algorithm has useful testing advantage
since the actual attitude is visualized by an inspection of the four quaternion ele-
ments. In dynamic testing,if real-time comparisons were desired, four elements
must be read out of the computer at each comparison time as compared to a
possible minimum of six direction-cosine matrix elements. Thus, the output

processing required while the algorithm operation continues is reduced.
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2,3 Single=-Degree-of-Freedom Gyro Dynamics

The purpose of this section is to provide a background treatment of dynamic
errors associated with the single-degree-of-freedom (SDF') floated-inertial gyro-
gcope. 'The varioug dynamic errors are then evaluated for re'presentative inputs.
Special treatment is given to the output axis coupling functions so that its frequency
response characteristics will be clearly evidenced. A numerical error summary
using 18 IRIG gyroscope parameters ig also included,

2.3.1 General BEguations

The principle of operation of the gyroscope is formulated in terms of
angular momentum. Equations describing the motion of the gyroscope are
defined in both case (C) and gimbal element (f-float) coordinate frame. A
pictorial schematic il}ustrating the float case frame is shown in Fig. 2. 3-1,
The applied torque IVIt expressed in the float coordinate frame is:

- gk
=f o (dH_
M = (57) (2.3.1)

where:

ﬁf = float angular momentum in the float coordinate frame (Upper
subscripts correspond to reference coordinate frames; lower sub-
scripts indicate the frame with respect to which an operation vector
is defined.)

It is convenient to express the rate of change of angular momentum in terms
of the equation of Coriolis:

__.f
—f _ dH wf o =f
M ‘(d“‘“t )f +wﬁxH (2.3.2)
where:

W& = the angular rate of the float with respect to inertial space.

The angular momentum of the gyro may bd expressed in terms of
its spinning element (H s " the wheel) and its non-spinning gimbal structure

i),
—f = —=f —f = wf  =f
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where: W

SA Msa
Wi = (Wi W= My,
Yo Moa
H, I, 0 O ]
H = |0 | ., H=IWj I= [0 I, o0
0 0 0 1,

(The operator p is introduced for the derivative expression, )

The float axes are defined as the spin (SA), input (IA), and output
(OA), and are selected to correspond to the principal axes of inewntia, I.
The case axes are defined as spin reference (SRA), input reference (IRA),
and output reference (ORA).

The angular rate of the float may be defined in terms of the case
inertial rates (ch) and the relative rates between the float and the case
(WL o).

t _ [of 1 wc | =f |
Wi = [RC ] Wio + Wee (2.3.4)
where:
- - [ 7
Wsra Aga
—c =f  _
Wie = Wma| -+ Wet Arp
| WoRra) Ao

[Rg] is a transform matrix that relates the case rates in the case
coordinate frame to corresponding rates in the float coordinate
frame. (Brackets or a bar below a letter will be used to denote a
matrix representation. )

Torques are generally applied to the float with respect to the case
by suspension forces and fluid damping. The corresponding torque equation

is:
=f _ =f _ —f = —f '
M = [c]wcf [K]Acf+ Mfg2+MTG (2.3.5)
f f
+ My + My
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Where C is the float damping, K represents the suspension and other ‘
elastic spring restraints, Mf2 represents anisoelastic torques, and MfI‘G
represents the command or control torques from the instrument torque
generator, Mf and Mg are acceleration sensitive and the bias (acceleration
sensitive) torques respectively., For the remaining sectiong they are
omitted since thay are not dynamic error sources in the sense of these
derivations.

2.83.2 Simplified SDI* Gyro Equation of Motion:

As a starting point it is desirable to develop the equations of motion
of the float for a simplified gyro representation. The simplifying
assumptions are:

1. All internal rotations of the fleat within the case are about OA;
no other relative rotations exist, Thus, the C and F frames are
aligned when the gyro is at a null. (The float OA and case ORA"
axes are coincident.)

2. There are no spring restraints about OA, ie: no signal generator,
flex lead, suspension, or torquer elastic restraints.

3. There is no bearing friction between the float and case or
between the whsel and float.

4, The wheel mount is perfectly rigid within the float, ie: there
is no compliance, and the gimbal structure is perfectly rigid.

We may develop the float equations directly from (2.3.3):

Mgy = Igp Wgp + (Igp = I1p) (Wop Wip) + H
Mpa = Ijp Wip + Ugp = Toa) Wop Wga * Woa Hg (2.3.6)
Moa = Toa Woa © U1a = Tsa) Wia W = Wia Hy

The pertinent angular inputs to the SDF gyro are the inertial rates
that are applied to the case. In the strapdown application the torque
generator, MTG’ about the ORA is used as a measure of the angular rate
applied about the case input reference axic, WIRA' Equation (2.3.4) may
be used to relate the case rates to the float rates.

Using the simplifying assumptions allows one to define _B_i and Wf:f

in terms of the angle and angular rate between the case ORA and float OA
axes. )
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cos 0 sin o 0.

R, = |- sing cosf O (2.3.17)
0 0 1
0
wi. = |o (2.3.8)
cf te
6
where: 6 =AOA
Substituting (2.3.7) and (2.3.8) into (2. 3.4) yields:
WSA = WSRA cos 0 +WIRA 8in @
WIA = WIRAcose-WSRAsinO ,, (2.3.9)
Woa ® Wora ¢

Substituting (2.3.9) into (2. 3.6) and then using a small angle
approximation gives: "

(Note that WIA = WIRA cos 0 - WIRAé sinf - WSRA gin@ - ‘WSRAéCOSG)

Mgp = Igp (Wopp= 00 Wepa T Wigp 0 + Wiy 0)
+ (Iop = Tia) (Woga *0) (Wigp - Wgga O +Hy
(2.3.10)

+ (ISA - IOA) (WORA +0) (WSRA +WIRA 6) +Hs (WORA +0)

Moa = Toa Wora *9) + (Ipp =~ Ign) (Wig s = Wopp 0) (Wogpp + Wi, 6)

These equations represent the torques on the float MS A’ MIA' MO A in
o
terﬁns of input rates about the case axes, WIRA' WSRA’ WORA .
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A further idealization of the gyro (not listed in the original set
of agsumptions) would have been to consider ISA = IIA = IOA' Clearly
this would. have eliminated the corresponding anisoinertia terms in each
of the three equations.

The output axis equation is of major interest and its characteristics
will now be reviewed.

2,3.3 Output Axis Fquations

The output axis torques derived from (2. 3.5) using the same
assumptions as in the previous section are:
=-C

M OA0+MTG+ M (2.3.11)

OA z20OA

The anisoelastic torque may be formulated by relaxing the previous section's
assumption that the wheel suspension was perfectly stiff and that a finite
compliance (k) of the wheel within the float exists. A linear acceleration

a of the gyroscope would then produce a corresponding gyroscopic torque.
For example, the force resulting from the acceleration of the wheel mass
(m) produces a deflection of the wheel CG along all three float axes:

LAY,
TN

L
-4

d = kF
where: as .
F=m ay (2.3.12)
0!
The resultant M;Z sensitive torque is:
Mfgz =dXF = kF XF (2.3.13)

The wheel compliances are represented in matrix notation:

[ N
kss kg1 kg0
k = kg kqy k1o (2.3.14)
¥os  ¥or oo
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"Each glement kmn is defined such that the subscript m denotes the
deflection direction and the subscript n denotes the direction of the force.
Evaluation of (2.3,13) using the compliance matrix for the float output

s

axis torque yields: - \\

g
= m2 - o2 2 R
MgZOA - m [aS ap (kgg - kyp) - ag kxs(\* a; kgr - ag ar kg

+ag ag kso] 1 (2,3.15“)

Adding (2.3.15) to (2.3.11) and equating the torque equation to the output
axis equation of (2.3.10) results in the total output axis dynamic equations.
(The second order terms in 92 are omitted, note that the terms 6 and AOA

are usedjinterchangeably in these equations. )
d"Aoa Aoa

on 32 "CoaT®m A

= Hg Wiga * Mg = Hg Wepa 404 = Ioa Wora

2

2
*(Igp -~ I1p) [WIRA Wsra * Wgra -

WsRrA

)AOA]

2 ) h 2 : 2 - o
tm [as ay (kg = kpp) - ag” kg tap kg

Kk (2.3.16)

“agap kg tagag kso] |
where: I( ) = the moment of inertia of the float about each of its
principal axes (SA, 10, OA).

0
i

OA the viscous damping coefficient of tle float about OA

i

the spin angular momentum of the wheel

>
i

OA the angle about OA (6), of the float with respect to
the case

W( y = the angular velocity of the gyro case about each of its
respective reference axes (SRA, IRA, ORA).

the linear acceleration of the gyro along float axes
(S, 1, O).

k = the compliance of the wheel withinithe float along the
mth axis due to force along the nth axis.
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. The terms on the left correspond to, the-float 'rotatiénal:dy;zamibc
response. OThe f1rst and second terms on the right correspond to the
desired mput rate and measurement control torque.. The remaining terms (
on the right side represent measurement error sources correspondmg )
to: \'

= o

H WSRA OA axis“ crosscoupling i
O A WOR A - output axis ‘gcp.pling

(()I‘SA— IIA) [WIRA WSRA,J + ] - anisotr;ertia“

v D _ . oy
m” |aga; (k kH) - anisoeldstic

(Torques arising from ﬂoat mass unbalance, etc., that result in ~
acceleration sensitive tordques are not cons1dered in this dynamlc ana1y51s,

-\

they are discussed in Chapter 3.) The most simplified representation of
the gyroscopic behavior corresponds to equating the restrzammgttorque
Mrg

‘(a steady-state, Constant-rate solution is inferred).
\

to the input axis case rate and fieglecting float r{;‘pmtational dynamics

M, =H_ "W 2 (2.3.17)‘?

="1G IRA -

A linearized ana1y51s may be applied to the output axis equation descrlbed
in (2.3.186) so that soT/t/ons for 6 can be- developed independently for each
input and error source term on the r1ght hand s1de of the equation. The
total § solution is then the sum of all individual solutmns, o It Qrﬁepresénts :
the float rate that wouldl be measured and fquanti.tzggmg&\s@janw;npnt Vto‘ a
strapdown attitude algorithm. Dependent upon the attitude performance ="
desired it may be n/ecessary to dynamlcally correct for these error terms.
To provide some: m51gh7t into the, character of each error source, time
dependent solutions for various rate and acce{eratmn cond1t1ons (steps, ramps, J
and sinusoids) expressed in terms of an equivalent input error rate are
outlined rn the £ol}ow1ng subsections.© The equivalent input rate 1s defined as:

we o= 94 g (2.3.18)

273.4 'Error Sources
©A)  Basic Input Requr;se >

To.provide a base line consiaer the gyro response equation:

G+ C

OA OA0=Hs WIRA «7(2.3.19%),

I
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The output flogt rate response may then be defined for each of ‘he
following input rates, when the initial float conditions are:

t=0,6=0,6=0 (2.3.20)

1) WA WU @)

a stepofrateatt =0

. H -
6 =W, [l-e t/"] (2.3.21)
OA
I
where 7 =COA
OA
2) Wgra =W, U 50,

arampofrateatt =0

) H - .
9=WI—C—S——[t+’r(e t/T- 1)] (2.3.22)
OA .
3) WIRA=WIsinwt

If wr <<1 then cos wT 1 and

Ao~ HS -t/'r
G-WIC [sin(wt-\p)*‘v-we
OA
‘ H -
’-‘WIC_S [sin wt + 7 wle thr . cos wt)]
OA
where: ¢ '—'tan"1 (Tw) (2'“.3.23)

(The 18 IRIG Mod B time constant equals 450 usec.)

Equations {2.3.21) through (2.3.23) demonstrate that the float
dynamics introduce measurement errors in the form of an exponential
transient in the case of step and ramp input. For an oscillatory\i\'input both

an exponeéential-transient and phase lag is introduced.
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B) Output Axis ‘Coupling

This error term is principally introduced by the inertia of the float
output axis. Physically"‘we may view this effect as the tendency of the float
to remain at rest when the case is accelerated about the output axis. (A
more comprehensive treatment of output axis coupling that evidences the
interaction of the float input and output axis dynamics i& presented in
Section 2. 3. 5).

The applicable gyro response equation is:

Ina 8 *Coa @ = “Ina WorA (2.3.24)

The float response expressed as an equivalent input rate error, WD’ is
presented for each of the following rate functions applied at t = 0 about the

case output axis when the initial conditions are:

t=0,6=0,6=0 (2.3.25)
1) WoRA = WQ U., (t), a steprateatt =0
- W
- O -t/
Wy = ———HS Coa © (2.3.26)
where: T =IOA/COA
2) Woga = ¢ U-g (t), a ramp of increasing rate applied at
t = 0 and constant slope, ag-
o
= -0 oot/
Wy = H_ Inp (1 -e ) (2.3.27)
3) WORA = WO sin wt, a sinusoid applied att =0, for (w'r)z <<1
W -
~_0 -t/T. i ] ’
Wo 1 Ioa [we w (cos wt - ) (2.3.28)

s

where: ¢ = tan” tr w
If rw<<1

W W, 28 [we't/T - weos th (2.3.29)
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Equations (2.3.26) through (2. 3.29) demonstrate that the output-axis
errors introduce

for a step~rate input a decaying exponential rate
transient error,

for a steady-state constant.angular acceleration a
constant rate error, and

for a sinusoidal input 2 quadrature error that is
proportional to the frequency of oscillation
of the applied sinuscid input and a decaying
exponential rate transient error.

C) Anisoinertia Error

As indicated previously the anisoinertia terms arise from the
difference in the inertia of the float spin and input axes. To simplify our

, 2 2 . .
analysis the (ISA - IIA) (WIRA - WSRA) 6 term will be neglected( is
controlled to be small, less than 10 sec).

The applicable gyro response equation is:

I, 6+C

OA (2.3.30)

oa? =Uga™ I1p) Wrp Wara
The float response expressed as an equivalent input rate error, WD’

is presented for each of the following rate functions applied at t = 0 with

the inertial float conditions t = 0, 6 = 0, aud 6 = 0.

1) WIRA = WI U_ 1 (t), WSRA = WS U_1 (t), step inputs about each axis
att =0

The combined input corresponds to a step whose magnitude is WI WS and the
equivalent input rate error is:

(1 -1, )W. W
- .SA " 1A’ "1 s [ _ -t ]
WD Hs l1-¢e (2.3.31)
2) WIRA =W sin w t, WSRA = WS sin wt + z), sinusoids about each

axis applied at t = 0.
Trigonometric identities may be used to express the product of the two
sinusoids as:

sinwt sin(wt + z) =%[cosz-cos(2 wt+z)] (2.3.32)
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_ Wi Wg (ISA - IIA) [

-t -t
Wp = ST (1-e /'r)cosz+e /Tcos(z-xp)-cos(Zwt+z—np)]
\ -1 oa
where: ¢ =tan - Qw7T), T = (2.3.33)
Coa

D) Anisoelasticity

As derived previously the anisoelastic terms arise from the
compliance of the wheel within the float. Resultant error torques arise
when components of acceleration are seen along the float input axes.

The applicable gyro response equation is:
I., 6+C é=m2[aa(k “k)‘azk
OA OA S I SS II S IS

2 -
+tal kg " ag ap ki +ag ag kSO] (2.3.34)

The float response expressed as an equivalent input rate error, WD, is
presented for a three axis acceleration step and sinusoid. These forcing
functions are applied at t =0 with initial float conditions of 6 =6 =0.

%s
1) 3 = a U4 (t), a three axis step of acceleration

20

Wp =g [as ap (kgg " kpp) -ag kg tay kg -agar kg

_ -t/'r]
+aOaSkSO][1 e (2.3.35)
B . h
ag Sin wt
2) a3 = ay sin(wt + 2z) , a sinusoidal input of the same frequency
Lao sin (wt + )\)‘

but phase displaced applieﬂ along each float axis. (The time averaged error
term is tabulated below. The complete transient response is quite lengthy. )

2
W —

m 2 o2
D= 3H [aSaI(kSS-kII)cosz— aSkIS+aI k

SI

- aqay kIO cos(z - A) + an ag ksoicos )\] (2.3.36)
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E) Coning

This error does not correspond to one of the dynamic error
sources derived in the previous sections. It is included here for com-
pleteness and is evidenced when one considers simultaneous phase-dis-
placed oscillatory rates about the float output and spin axes. The error is
a kinematic drift rectification which results from the geometric
characteristics of a single-degree-of-freedom gyroscope. This error
source is particularly significant if one considers a strapdown platform
subjected to angular vibrations. (Coningis discussed in detail in MIT/IL
report E-1399, August 1963.)

Consider a vibratory input of the form:
WOA = A Wwcos wt

WSA = B wcos (wt + §) (2.3.37)

where: A and B are the respective magnitudes and wcorresponds to the
oscillatory rate expressed in radians/sec. The resultant kinematic
rectification corresponds to:

_ A B wsiné
A (2.3.38)
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2.3.5 Output Axis Coupling

This section develops a more comprehensive treatment of output
axis coupling so that a better understanding of the output axis transient
response is afforded. We may formulate the desired analysis by considering
(2.3.5) and (2. 3.6)and relaxing the restriction that rotation exists only about
OA.

To allow a manageable analysis we will, however, simplify the
equations by assuming that anisoinertia and cross-coupling effects are
) = 0, (Compliance

OA
torques will also be neglected.) These approximations linearize the equations

negligible, i.e. |A|is small and (Ig, - I;,) = (Igy - 1

and decouple the SRA equation, leaving the output axis term intact.

The removal of the float rotational restriction allows us to formulate
the float input and output axis rates in terms of the inertial rates applied to
the case and the relative motion of the float with respect to the case,
1a = Wira T A

Woa~™ Wora T20a

I

W
(2.3.39)

It also allows us to formulate the input axis torque equation in terms

of the suspension radial spring constant (KIA) and damping (CI_A)‘

C.. A (2.3.40)

M = 1A~ Crafia

1a - K h
Equating (2.3.5) and (2.3.6), accounting for the linearizing assumptions
and substituting (2.3.39) and (2.3.40) as required yields (The transform

operator p is introduced as the differential operator. ):

9 _
(Lap™+ Crap+ Kpp)Apy = H(Wopa +PAGA) - TaP Wiga
(2.3.41A)

(I H(W

IRA ) - 1

+ pA + M

5 _
0aP” T CoaPMpp = 1a) = 1oaAPWorat Mg

(2.3.41B)

Solving for AIA (2.3.414A), substituting the solution in (2.3.41B), and clearing
fractional notation results in the output axis equation:

2 2 _ 2\ 1rr
(PIA Poa THp )AoA = H(CaP +KIA)WIRA - IgpPra+ B Wopa
(2.3.42)
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where:

_ 2
Pra = (Iap™ + CiaP * KIA)
2
Poa = ToaP™ + CopP)
The output axis transfer function response to an input about ORA is then
given by:

(1., P., +H%

A, = —0A IA pW (2.3.43)
OA ( P. P + H2 2 ORA
1a Poa T H'PY)
Substituting the values for PIA and POA yields:
I, (L ,p2 + C,,p+K,,)+H
A = —|_OA 1AP 1aP 7 Pia -
OA 2 2 ORA
I_(IIAp + Cipp t KIA)(IOAp + COA) + Hp
(2.3.44)

The next stage in the analysis is to selectively simplify the equation
so that the significant dynamics may be visualized. If we divide the

numerator and denominator by CIAIOA :

“lia o Kia . g2
c, P tpte "*1 T
= 1A 1A OA "IA (2.3.45)
Aoa T[T R C 5 :
(e ) o)
1A IA OA 0s°1A

I

Since the 2= < < 1 (for the 18 IRIG MOD B I, is 436 gm-cm? and
1A

CI_A >> COA = 500, 000 dyne-cm- sec), the p2 terms may be neglected. We

may further simplify the equation by noting that:

C K 2
_-—IOA > > —CLA > i HC . (2.3.46)
OA 1A OA™IA
2 (A
That is, manipulating (2. 3.45) after removing the p ( C )terms
IA

and using the relationships in (2. 3.46) allows one to neglect the HZ/IOACIA'

in the denominator of (2.3.45). This last simplification yields the
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following form:

2
H
o pt+ « <1 + -—————>
Aoa I Ioa¥ia
W = ( +a )( +a. ) (2.3.47)
ORA praplipTag
where:
RS 7 ~ Coa
@4 = T 0 T 1
IA OA

For the 18 IRIG MOD B:

Ty = l/a/I:lOsec
5 l/aog450usec
H2/1 K., =~ 0,2
OA 1A — 7

The frequency respanse of the output axis function is obtained by
substituting p = 2rJf into eq. 2. 3,47, The magnitude of the resultant
function is shown in Fig. 2. 3-2. Note that at extreme low frequencies
the response magnitude includes an''effective output axis inertia term"
(IOA + H2/KIA). For all higher frequency ranges only the float inertia,
IOA’ influences the response.

2.3.6 Numerical Error Analysis

A numerical error analysis of the Apollo 18 IRIG gyroscope errors for
various dynamic environment conditions was constructed. The results of

this analysis are provided in Tables 2.3-1 through 2. 3-5,

The Apollo 18 IRIG is a single-degree- of-freedom torqued-to-null

gyroscope. Its basic parameters are:

H_ = 1,51 x 10° (gm—cmz) /sec
Coa ® 5,02 x 10° dyne- cm/rad/sec
T = 450 wu sec
Hy
0. 296

Coa

- 2
IOA = 225 gm-cm
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In addition, the compliance drift rate has beenlexperimentally
determined to be on the order of 0.8 meiu/g2.

_ Suggested Dynamic Environment Inpnts:
1, Angular Rates:
Maximum maneuvering rate - Tl(T rad/sec
Normal maneuvering rate - -1-01—0 rad/sec

Residual rate - 10°° rad/sec

2. Angular Acceleration:
. 1 2
Maximum - 15 rad/sec

Normal - L rad/sec2

200
3. Linear Acceleration:
Boost - 4¢g
Maneuver - 1lg
4, Oscillatory Environment:
Body bending - (thrust) -  limit cycle - 1/10 degree P-P
frequency 2 Hz
Slosh effect -(thrust) -  limit cycle - 1 degree P-P

frequency 1/2 Hz
Basic autopilot deadzone - limit cycle - 1 degree P-P

frequency - 1/20 Hz

These rates represent an educated guess to the Apollo dynamic
environment.
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Fig. 2.3-2 Sensitivity to output-axis sinusoid.
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TABLE 2.3-1

SUMMARY OF DRIFT ERROR FORMULAE

TOROUE

FORM - REQUIRES INPUT EQUIVALENT DRIFT RATE <“b> ERROR
dwW Angular o
. _ ORA , A : - ._O - t/r =
OA Coupling Ina —GF — Y ‘Aggﬁieé'ztlon “ora = ¥oU-at) Hg Ioa (1-e/')dt 7=I0A/COA
Angular w = Const = w wiwe Tap - I ")
(IS A~ II A) “IRA “SRA Rates about IRA I 1S HSA IA *
= IRA & SRA WoRpA = Const = wg S
Anisoinertia *
! " " “IRA = A sin of AB
(ISA - II.A.) cos E
©WSRA = B sin (wt + E) ZHS
- - i = —_— -1 - %k
m-[agag{kgg kypl-kyg ag tiopal | & T Constant H L2571 Kss kyp) - kigag * kg
. - 2 -
Anisoelasticity | + kgr ay -kIOaOaI+ kSOaOaS] kIO o3t k50 20 aS]
. i;-mz
ag = a sin wt TIE [ab (kSS- kII) cos § +ac kg cos A
" a; = b sin (ut + §) 9 9 N
-a"kya + b"kgr - be ky~ cos (§ Q)]
a_=c sin {wt + ) IS +SI 10
O .
Sinusoidal oA = A wsin wt
Coning |  =mmmmee- Vibration ABw . g
g . about OA & -B (t+E) g — Sin
SA wgy = Bwcos (w &

*
" Steady State Solution.



TABLE 2.3-2
OA COUPLING - NUMERICAL EVALUATION OF EQUIVALENT DRIFT RATE

GE-¢

o H
‘ANGULAR ACCELERA TION
‘ 1 . G
INPUT TYPE -MAGNITUDE | (Meru)
MAXIMUM | = CONSTANT i =4, L 2,05 x 10°
‘ o : sec ;
)
Ry
: N . < . 1 rad \ R . 2 H
hTad ‘ o , ' ’ o
_ _

Constant Angu\_\lar Acceleration buratipn ~ 4 séc max.
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TABLE 2.3-3

CONING - NUMERICAL EVALUATION OF EQUIVALENT DRIFT RATE

INPUT
| S
SOURCE INPUT MAGNITUDE (meru)
Body Bending Sinusoidal Limit cycle
(Thrust) f = 2HZ %+ 0. 05 Degree 65
Slosh Effect Sinusoidal Limit cycle
(Thrust) £f=1/2 HZ % 1/2 Degree 1630
Basic Autopilot Sinusoidal Limit Cycle
DEADZONE 163
f=1/20 HZ + 1/2 Degree




TABLE 2. 3-4

ANISOINERTIA - NUMERICAL EVALUATION OF EQUIVALENT DRIFT RATE

LE-C

RATE - BOTH AXES
SOURCE - INPUT MAGNITUDE <wD>
; (Rad/Sec) MERU
Maneuvering (Maximum) Constant 1071 6.14
| Maneuvering (Normal) Constant 1072 6.14 x 1072
Residual Constant 10"5 6.14 x 10—8
Body Bending Sinusoidal i 3.66 x 1072
1.095 x 10”2
f=2HZ '
Slosh Effect Sinusoidal -9 2.28 X 10-1
- 1/9Hz 2.73 x 10
Basic Autopilot Sinusoidal 5,48 X 1075 _
2.28 x 10”3
Dead Zone f= 1/20HZ :




8¢-¢

TABLE 2.3-5

ANISOELASTICITY - NUMERICAL EVALUATION OF EQUIVALENT DRIFT RATE

ACCELERATION <‘°D>
SOURCE INPUT MAGNITUDE (meru)
g

Boost - (Maximum) Constant 4g 1.28 X 10t
Boost {Linear Accel- Constant
eration and RMS and 5.66g (RSS) 2.56 x 10%
Vibration) Sinusoidal
Maneuvering (Maximum) | Constant 1g 8.0 x 101




2.4 Pendulous Accelerometer Dynamics in a Rotating Frame

‘ The differential equations describing the dynamics of a single-degree-of-
freedom pendulum in a rotating system may be derived in the same manner as
those of the gyro. The dynamic equation is formulated here for background pur-
poses. Error analysis for representative inputs is not included since it is

essentially the same as the gyro analysis in the previous section.

2.4.1 General Equations

The principle of operation is formulated in terms of angular momen-
tum and the equations describing the motion of the pendulum are defined in
both case (c) and float (f) coordinate frames. The applied torque l\_llf, ex-

pressed in the float coordinate frame is:

(2.4.1)

where ﬁf is the float angular momentum in the float coordinate frame.
The rate of change of angular momentum is expressed in terms of the
Coriolis equation.

am
dt

f
f

+Wi xﬁf+'5ffx1‘3f (2.4.2)

1\71=( .

where

V_Viff is the angular rate of the float with respect to inertial space, i. e.:

Wpa
_.f _
Wie = Wi
Woa
. -t

f’f is the float pendulosity (mass m displaced by a length 1l along

[P ]

P = 0

the pendulous axis) i.e.:

0

Ef is the acceleration vector of the float, i.e.:

Fa n
PA

Ef = a
IA

oA

- -t
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The angular momentum of the float (no spin angular momentum) is

s
if
where
r =
IPA 0 0
1= 0 Ia 0 (2.4.3)
g 0 0 IOAJ

The float axes are defined as pendulous (PA), input (IA), and output axes
(OA) and correspond to the principal axes of inertia, I. The case axes are

defined as pulse reference (PRA), input reference (IRA), and output refer-
ence (ORA).

The angular rate and acceleration of the float may be defined in
terms of the case inertial rates (ch) and acceleration (ﬁfc) and the relative
rates between the float and the case Wif . (It is assumed that no relative

acceleration between the case and float exists.)

c cf
_ (2.4.4)
5? = Rf] '5.9
if c ic
where:
™o -
APA
—-—-f .
Wee = [ A1a
A
_ OA]
f

Rc is the transform matrix that relates the case coordinate frame to
the corresponding float coordinate axes. (Brackets or a bar below the letter

is used for matrix representations. )

Torques are generally applied to the float with respect to the case
by suspension forces and fluid damping,

__ - f — f
M ='_QWCf'.I_<_ACf"‘MTG (2.4.5)
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where

= the damping coefficient matrix,

the suspension and other elastic restraints,

2l R 0
1}

t”I‘G = the command or control torques from the instrument
torque generator.

2.4. 2 Simplified SDF' Pendulous Accelerometer Equation

As in the case of the gyro, the equation development may be sim-
plified by assuming that:

1. All internal rotations of the float within the case are about OA;

no other relative rotations exist.
2. There are no spring restraints ahout OA.
3. There is no bearing friction between the float and case.

4. The float structure is perfectly rigid.

Using these assumptions allows one to define ch and chf .
— =
cos 6 sin @ 0
_: = |-sing@ cos 6 0
c
0 0 l_j
- (2.4.6)
-
0
o
ch = |0
6
.
where
0 = AOA

Using (2.4.6) in (2.4.4) and substituting the results in (2.4.2) yields an
outnut axis equation of the form

Moa = Toa Wora + 8+ (Ips ~Ipp) (Wips - Wpps O (Wpp, +Wig, 6)
- P(ajga - 2pRa 9) (2.4.7)

The output axis torques derived from (2.4.5) are
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Equating (2.4.8) and (2.4.7) and dropping the 62 term (6 is small) yields

the SDF pendulous accelerometer output axis equation.

Ioa®*tCoaf = Pagp ¥ Mqpg - Papppa 6 - 154 Wora
2 2
(Ipp - I1a) [ ra Wpra * (Wiga - Wpra) 9]
(2.4.9)
where

I( y = moment of inertia of the float about each of its principal
axes (PA, IA and OA)

C = the viscous damping coefficient about OA
= the float pendulosity (ml)

ac ) = the linear acceleration of the PIP along its respective
axes (PRA, IRA, ORA)

W( )= the angular velocity of casge

6 = the angle about OA of tl.e float with respect to the case.

The terms on the left correspond to the float rotational dynamic response.
The first two terms on the right correspond to the desired PIP input axis
acceleration response and the measurement control torque. The remaining

terms represent the dynamic measurement error sources:

P aPRAe - axis cross coupling

IOA \;VORA - output axis coupling

2

- + - | R :
(Ipa Iia) [WIRA WoRA (WIRA WPRA) 6] - anisoinertia

(Other terms could have been introduced had one considered additional
misalignments of the float about the input and pendulous axes. They have
been omitted so that a simple representation could be developed that would

clearly evidence the nature of the error source terms.)

The output axis coupling term is basic to the nature of the device
and cannot be eliminated by design. The axis cross-coupling error can be
minimized by torquing control loop design. Similar other misalignment

errors may be minimized by suspension and system alignment procedures.
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Because of the method of location of the .pendulous mass on the
float of the 16 PM PIP its anisoinertia coeficient (IIA - IPA) is equal to
approximately one gm-cmz. Thus an anisoinertia error does.exist. For
example, a constant rate of 1/3 radian per second about IRA and PRA
would result in an indicated error of 0. 11 cm/secz. This error does not
appear to be significant for an Apollo type mission (reasonably low level
angular body modes are assumed). However, in a long burn application
(Nerva engine) body bending type angular rate inputs could introduce
significant anisoinertia error effects., It would be desirable therefore to

consider design of a 16 PM PIP pendulous float that minimizes the (II -1

A PA)'
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Gyro Pulse-Torque Model and Simulation
2.5.1 Summary

A dynamic digital program for simulation of gyro and control loop was

developed. The 18 IRIG gyro and the ternary torque-to-balance parameters were
used and actual hardware test conditions were duplicated. Thus, the simulation
model allowed investigation of the dynamic character of the gyro and control
loop. As such it provided means for a better understanding of the test results.
The simulation also allows analysis of parameter variation influences for control
loop optimization studies.

The most significant simulation result was the prediction of gyro control-
loop-pulse-bursting operation during torque-to-balance rate testing (Section 3.3).
The simulations clearly demonstrate that gyro float response limitations cause
the ternary torque-to-balance loop to issue pulse bursts in lieu of regularly
spaced torquing pulses. For example, for an ideal instrument and control loop
subjected to an input rate equal to 20% of the torquing loop-gyro scaled input
rate capability one would expect a pulse pattern of one pulse on and four off.

The simulation showed that the gyro float lags dominate the dynamic operation
and, for a 20% input, a three-on twelve-off pulse pattern resulted at a simulated
9.6 kc sampling (interrogation) rate.

The characteristic grouping of on-and-off torquing pulses was termed
pulse-bursting. The average rate measurement over a long period is not
affected by pulse bursting; however, it does represent an error source for a
high-frequency DDA or whole-number algorithm mechanization. Since the
maintenance of the attitude matrix is time dependent and non-commutative,
pulse-bursting from all three gyros will result in attitude matrix errors.

In other words, at the 20% rate input the pulse-bursting phenomenon

represents an effective quantization that is three times larger than the

pulse scale factor. Because of these findings development of control-loop
techniques to eliminate pulse-bursting and minimize float hang-off (i.e., reduce
cross-coupling errors; was initiated. Progress on this development effort

is reported in Section 2.6,! For the gyro, increasing the damping-

to-inertia ratio of the float output axis would have the most effect in reducing
pulse-bursting. Discussion of the simulation program and some of the output
plots which provide a more detailed appreciation for the dynamics of operation
follow.

2.5.2 Loop Model
The digital simulation was mechanized in the MIT MAC language
( similarto FORTRAN) for use on the Honeywell 1800 and IBM 360 computer
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facility. Fig. 2.5-1A shows a simplified block diagram of the ternary torquing
loop and gyro. The basic operational principle is to sample the single-degree-
of-freedom gyro's output-axis motion as indicated by its signal generator (SG)
and generate a torquing pulse command to the gyro torquer (TG) to return the
float to its null position. The operation is called ternary since the indicated
motion must exceed some preset level (threshold) before a torquing pulse is
issued. Similarly,the polarity of the torquing pulse is dependent upon the sense
of the motion. Thus, three torque-command states are evidenced: no torque,
plus torque, or minus torque.

The torque commands in the actual hardware are mechanized such that
they are fixed in magnitude and width. Thus, each pulse represents a quantized
command (AB8) of gyro output-axis motion ( or an equivalent measure of input-
axis motion). For a constant input rate about the gyro float input axis the ter-
nary control loop would respond with an output torquing pulse train to keep the
float output axis at null. The average rate of the pulses would correspond to the
input rate. (A detailed description of the torquing-loop electronics configuration
is presented in Section 4.5,) The major parameters in the simulation of the
torquing loop electronics are: the sampling rates {interrogation rate), the
threshold level, the data-processing delay, and the pulse-generator torquing
pulse width and magnitude. Interrogation rates of 3200-pps and 9600-pps were
investigated. (The SG has a 9600-cps suppressed carrier output, and synchro-
nous sampling at the peak of the carrier frequency is employed in the electronics.)
Similarly, the pulse width of the torquing pulse was nominally set to correspond
to 3/4 of an interrogation sampling period (i.e. 78 microseconds for 9600-pps
interrogation rate). The threshold level is nominally set to correspond to the
A8 increment command of a torquing pul¢e. This assured that the control
loop would not mode (unstable operation resulting from a single torque pulse
being capable of driving the float through the threshold and causing opposite
polarity torquing pulse).

The gyro model was developed by considering the torques acting on the
float. Fig. 2.5-1B illustrates the major torques affecting the output axis.
(Mass unbalance, anisoelastic and anisoinertia sources were not considered
as they would unduly complicate the simulation and shed little light on the
dynamic interaction of the gyro and the control loop.) To properly simulate
the gyro dynamics both output- and input-axis equations were mechanized. The
equations are listed in in Fig. 2.5-2 (MAC language coding). The pertinent
gyro parameters are also tabulated. Note that the second-order derivative of

input angle motion in the second equation was omitted. The ratio of input axis
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Fig. 2.5-1A Simplified ternary torquing loop.
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J
inertia to damping (E-LA—) is so much smaller than all other equation coefficients
IA
(i.e.» 0.2% of HI) that its omission resulted in a negligible error. Further

numerical solution of the second term would necessitate multiplying by the
inverse ratio (CIA/JIA is approximately 2x105) resulting in solution instabilities.

A simplified closed-loop program flow diagram is shown in Fig. 2.5-3.

2.5.3 Closed-Loop Response

The gyro float response to a single torque pulse provided a good deal of
insight into the lagged response of closed-loop operation at different sampling
rates. As shown in Fig. 2.5-4, only a small percentage of the total
float motion to a single fixed-magnitud= torquing pulse occurs in the first
sampling period. For example, at a 9600-pps interrogation rate the float has
only begun to move when the torque pulse is turned off and has gone 11% of its
commanded travel when the next torque-loop interrogation sample takes place.
At the 3200-pps interrogation rate approximately 34% of the travel has occurred
by the time the next sample is made. '

Clearly at 9600-pps closed-loop operation an WIA angular rate about the
gyro input axis that is in excess of 11% of the torque-loop, full-on, rate-scaling
capability will result in some form of multiple torque pulsing. For example,
consider an initial condition in which a steady-state WIA was such that the float
travel in a sampling period was slightly in excess of 11%. Thus, at
sampling time (assume the float crosses over the torquing threshold exactly
-at a control-loop sampling point) a restraining torque-command pulse is issued.
The float operates such that the steady-state input and the pulse command are
summed. Thus, at the next sampling interval the float is still outside the
threshold and another torque pulse is commanded. (The return travel due to
the first torque pulse is only11% while the travel due to the steady-state input is
in excess of 11%.) The operational effect over these two sampling periods has
been to command two A8 increments in response to an input slightly in
excess of A6, For the next few sampling periods the float response to the
two successive torque pulses dominate and no further output pulses will
occur. Then, dependent upon the threshold cross-over relationship with the
sampler,another pulse burst may occur. Thus, the average indicated rate
is correct but a pattern of pulse on-and-off bursts may occur.

If the maximum-input-angular-rate capability of the torque loop'were set
at full-on operation (continuous pulsing) to 150/sec, bursting would probably
start to occur at somewhat less than1.65%/sec and 5. 1o/sec (accounting for
additional delays in the control loop) with 9600-pps and 3200-pps interrogation
rates respectively. During 18 IRIG unit #411 testing at 9600-pps with this
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nominal rate scaling, bursting was evidenced at about 1. 3% sec. Fig. 2.5-5
demonstrates a simulation plot of closed~loop operation at a 10K-pps sampling
rate with an input angular rate equal to 20% (3°/sec) of the scaled loop capabi-
lity. The upper curve shows the indicated float input rate relative to the actual
input rate. The middle curve shows the torque state with respect to time. Note
the steady-state three-pulse-on, twelve-off sampling-period bursting pattern.

The lower curve shows the float angle with respect to the torquing threshold.
Note the float excursion beyond threshold and its subsequent return after

the issuance of three command-torque pulses.

In general, this simulation has provided a valuable tool for the investi-
gation of various gyroscope parameters and torque-loop parameters on closed-
loop dynamic operation. For example, Fig. 2.5-6 presents the closed-loop
response for a 20% input rate with an increase of the output-axis damping
coefficient from 502, 000 to 875, 000 dyn-cm-sec. Note that in this case a 2-o0n,
8-off pattern results. Similarly,the single-pulse response shown in Fig.

2.5-4 for this increased damping shows a superior response.
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2.

6

Improvements in Pulse-Rebalanced Instruments

2.6.1 Introduction

(20)

'moding' problem of the delta-modulated,

The closing words of Weiner's
!

strapdown survey are a recommenda-
tion that someone should solve the
or pulse-rebalanced, inertial instrument. Over the last decade considerable
study has been directed toward this end and although analytical tools such as
describing functions have been improved, only Hayum(zl) seems to have
formulated a sound basis for synthesizing compensation. His scheme was

11(22)

however described "as an afterthought and apparently was never deveioped

further. In a master's thesis supported by this contract, Lory(23)

presents
an analysis which places noise filtering and moding compensation in proper
context and develops techniques for synthesizing simple compensation net-
works (e. g., for the 18 IRIG MOD B). The following descriptive material
presents a condensation of the major findings of this thesis. Although the
work is applicable to gyroscopes or accelerometers and to ternary or binary

interrogate logic, this discussion is specialized to the ternary-torqued gyroscope.

The greatest stumbling block in the design of pulse-rebalance loops is
the failure to consider carefully what may legitimately be called an ideal sys~
tem. For instance, the choice of pulse rebalancing along with quantized, im-
pulsive communication of the output to a digital computer implies that a nonlinear
element having jump discontinuities is a necessary and desirable component of
the system. Therefore, attempts to ''eliminate’’ the nonlinearity by quasi-linear
analysis (describing functions) obscures the ideal solution. Furthermore, with-
out some standard of comparison and an organized approach, one searches for
a filter that simultaneously shapes the signal, rejects the noise, and stabilizes

the loop. The confused intermingling of specifications precludes successful
solution. '

2.6.2 The Ideal System

A) System Specification

If we assume, as a specification, that an integrating gyroscope and a
periodically-sampled, constant-area pulse-rebalance loop must be used, the
simple system shown in Fig. 2.6-1.is a useful idealization. That is, it serves
as a staridard of comparison for the evaluation and optimization of the actual
system, The ideal has no float time constant, no torquer-current rise time,
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no noise filter, and, indeed, no noise. Its interrogator and switch (modeled

by the step discontinuity, sample, and zero-order hold) have a symmetric, one-
step-wide deadband without hysteresis. The deadband is assumed as a system-
level specification forbidding a null-innut limit cycle. For convenience and
without loss of generality, the input and output have been normalized and the
loop gain has been associated with the integration.

Now consider the differently arranged but equivalent system of
Fig. 2.6-2, By superposition, the integration of the sum of the input and feed-
back have been replaced by the sum of their integrals. The result is one we
could have adopted initially, for we now have an ideal one-step-at-a-time
quantizer. But the combination of these is not yet an ideal system. The quanti-
zer acts only on its current input at sample time. Thus, we would better
represent the signal in each period if we quantize its value as predicted in the
middle of the period. This we can do in our conception of the ideal linear sys-
tem, and therefore we use the system of Fig. 2.6-3,

B) Modeling the Real System

The selection of a suitable model for the actual systemneed not be overly
sophisticated. Error terms such as output- and spin-axis cross-coupling,
anisoinertia and anisoelastic torques, while sources of error, are not of
sufficient magnitude to alter the dominant dynamics described by a linearized,
single-axis model of the instrument. It is sufficient, at the start, therefore,
to take the view that the purpose of the instrument is to measure all other
torques about the input axis by proper application of rebalancing torque. Thus
the familiar model for a delta-modulated inertial instrument shown in
Fig. 2.6-4 will serve. A noise input is assumed, as well as a filter, H(s),
for the design of which we must derive some strategy.

C) The Strategy of Solution

Because of its linearity, the model of the actual system can be divided
in two, as shown in Fig. 2,6-5, one branch having the torquing commands as
the input, the other having all other inputs. The outputs of these two branches
add to form the input to the nonlinear interrogate logic. The key innovation
necessary is to recognize that, although cascade compensation of the loop 1s
impractical at the input and undesired at the output (for then it would have to
appear in both branches), parallel compensation can be applied from the torquer
input to add to the signal-generator output. Adding this as the transfer, G(s),
and rearranging the diagram to emphasize comparison to the ideal system, one
obtains Fig. 2,6-6, which is a graphic guide to the steps necessary to arrive
at a solution,
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These steps are:
1. Formulate the optimum filter problem by choosing a
linear filter, H(s), to minimize some function of the error

between points C and D.

2, After the filter, H(s), has been chosen, calculate the necessary
compensating function, G(s), to match the ideal by.

a) selecting G(s) so that the overall transfer function from
points A to B is X/s, and

b) setting the trigger level, b, to equal the ideal value, a.

2.6,3 Design of the Compensation

To be able to solve for the ideal compensating transfer function is not
enough, Its use in a system is dependent on the relative complexity and
reliability of its circuit mechanization, The above theory has been formulated
to achieve these objectives, i.e., the invention of a practical compensation
mechanization. For example, if we wish to compensate the 18 IRIG MOD B
when tested with no output filter, the method below is applicable, The
right half of Fig. 2.6-6 shows that proper cdmpensation requires that:

P (s) Fyls) H(s) + Gls) = L (2,6.1)
Note that:
F.(s) F.(s) = LS (2.,6.2)
1 2 s(’rls + 1) (725 +1) t

where; T, is the float fime constant of 450 microseconds and T, is the torquer-
current rise time of 40 microseconds, If we set H(s) to unity the solution for
G(s) is:

. K 1 :
Gls) = 3 [ - (7,8 T INT,5F 1)]
) T To8 + (fr1 + 'rz)

= K 75 + 1
Gls) = K (ry + 1)) [('rl s F 17,8 7 1)]

2-61



where

;e 12
‘Tl + 7'2
But, since ’7'1 » 72.
T =~ 72
and thus
K(’rl + 'rz)
G(s) = 7'13+I (2.6,4)

Hence, a single-time-constant, R-C network which supplies a bias voltage either
to the gyro preamplifier output or to the interrogator thresholds is sufficient to

compensate the instrument and eliminate moding in a ternary control loop,

2,6.4 Analog Simulation Results
To illustrate the effectivenegs of such simple compensation, an analog

simulation of this gyro and rebalance loop was congtructed., Even though an
output filter having an additional lag of 55 microseconds was added, a single-~
time-constant compensation was still sufficient, requiring only a sglight modifir-
cation in the gain derived above, Figure 2,6-7 is the response to an initial
float displacement of five-pulse quanta with no input and no compengation, The
deadzone is plus or minus 3/4 one-pulse weight, Observe that ‘?ﬁgteady-state
limit cycle was established. With the compengation, the response-is shown in
Fig, 2,6-8, In another test, the deadzone was set to the absolute minimum,
plus or minus 1/2 a pulse weight. Then a quite severe ramp to one-half the
méximum rebalance rate was applied. The uncompengated response, shown

in Fig, 2,6-9, displays a poor initial transient and six-gsix steady-state moding.
The compensated unit responded as in Fig, 2,6-10, with an excellent representa-
tion of the ramp and ideal one-on one-off moding to indicate half-rate.
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3. INERTIAL COMPONENT EVALUATIONS 18 IRIG MOD B AND
16 PM PIP

3.1 Introduction

In addition to consideration of systems configurations and computational tech-
niques it is important to evaluate the bagics of instrument performance and reliability,
In order to provide a realistic agsessment and projection of strapdown systems capa-
bilities, two state-of-the~art inertial grade instrument designs were gelected for
development study and test evaluations. Hvaluation studies were programmed to in~-
clude both instrument level and integrated Body-Mounted Sensor Package (Chapter IV)
testing, The ingtruments evaluatéd were the;

1, Size~18~Integrating-Rate-Inertial-Gyro Mod B
(18 IRIG MOD B)

2. Size-16-Permanent-Magnet Pulsed-Integrating-Pendulous Accelerometer
(16 PM PIP)

The 18 IRIG MOD B is a single~degree~of-freedom gyrogcope that is currently
under development at the MIT Instrumentation Laboratory, Apart from reduced size,
its gas-bearing wheel package and permanent-magnet torquer are the basic features
that di<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>