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FOREWORD 

This handbook has been produced by the Space Systems Division of the 
Martin Company under Contract NAS8-S03l with the George C. Marshall Space 
Flight Center of the National Aeronautics and Space Administration. The 
handbook expands and updates work previously done by the Martin Company 
and also incorporates , as indicated in the text, some of the work done 
by Space Technology Laboratories, Inc. and Norair Division of Northrop 
Corporation under previous contracts with the George C. Marshall Space 
Flight Center . The Orbital Flight Handbook is considered the first in 
a series of volumes by various contractors, sponsored by MSFC, treating 
the dynamics of space flight in a variety of aspects of interest to the 
mission designer and evaluator. The primary purpose of these books is to 
serve as a basic tool in preliminary mission planning. In condensed form, 
they provide background data and material collected through several years 
of intensive studies in each space mission area, such as earth orbital 
flight, lunar flight, and interplanetary flight. 

Volume I, the present volume, is concerned with earth orbital 
missions. The volume consists of three parts presented in three separate 
books. The parts are: 

Part 1 - Basic Techniques and Data 
Part 2 - Mission Sequencing Problems 
Part 3 - Requirements 

The Martin Company Program Manager for this project has been 
Jorgen Jensen; George Townsend has been Technical Director. George 
Townsend has also had the direct responsibility for the coordination 
and preparation of this volume . Donald Kraft is one of the principal 
contributors to this volume; information has also been supplied by 
Jyri Kork and Sidney Russak . Barclay E. Tucker and John Magnus have 
assisted in preparing the handbook for publication. 

The assistance given by the Future Projects Office at MSFC and by 
the MSFC Contract Management Panel, directed by Conrad D. Swanson, is 
gratefully acknowledged . 
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I. INTRODUCTION 

The material within the manual is arranged in 
three major areas and these areas are further 
divided into related discussions . The classifi­
cation of material is as follows: 

Basic Techniques and Data--Chapters II 
through V. 

Mission Sequencing Problems - -Chapters VI 
through IX. 

Requirements - -Chapters X through XIII. 

These areas encompass most of the material in 
the f ield of earth orbital mechanics. The intent 
in all of these discussions is to provide analytic 
relationships which define the problem, and to 
augment the se discussions with an error analysis 
and graphical or tabular data. In some of the 
material, however, the number of variabl es is 
so large that it is not practical to present graphi­
cal data; in others, the problem is so involved 
that it is not possible to obtain analytic solutions 
(such investigations were conducted numerically). 
In all cases , however, the prescribed purpose 
has been achieved without sacrificing the scope 
of the investigation. 

A brief resume of some of the more important 
features of these chapters is presented in the 
following paragraphs . 

II. PHYSICAL DATA 

The material in this chapter reviews some of 
the work published by R. M. L . and by W. M. Kaula 
for the purpose of presenting a set of constants 
necessary in the computation of trajectories. 
Appendix B extending this data is an internally 
consistent set of constants developed by Dr. H. 
G. L. Krause. 

The chapter then discusses other geophysical 
factors which can affect the selection of an orbit . 
Included in these discussions is material on the 
radiation environment, the meteoroid environ­
ment and the upper atmosphere and its variabil ity. 

The chapter concludes with a discussion of the 
measurement of time, distance, mass, etc. This 
portion of the chapter contains tables constructed 
for the purposes of making the transformation of 
units as simple and accurate as possibl e. 

III. ORBITAL MECHANICS 

The discussions of this chapter present the 
basic central motion trajectory equations to be 
used in the balance of the text . Relations de ­
fining the 3-D motion are developed and a large 
number of identities and equations are presented 
for elliptic motion . These equations (numbering 
in excess of 400) are followed by approximately 
75 series expansions of the time variant orbital 
parameters with arguments of the mean anomaly, 
the true anomaly, and the eccentric anomaly. The 
chapter concludes with a discussion of the n-body 
problems. 
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IV. PER TURBA TIONS 

Special and general perturbation techniques 
are discussed, and the results of several general 
perturbation theories are catalogued and compared. 
This presentation provides the reader with the in­
formation necessary to evaluate the theories for 
each individual application and with an awareness 
of the subtle differences in the approaches and 
results. 

V. SATELLITE LIFETIMES 

The material of this chapter presents in suc­
cession discussions pertaining to the aerodynamic 
force s in free molecular flow, to analytic approxi­
mations for use in determining the lifetime of 
satellites in circular orbits in a nonrotating atmos­
phere, and, finally, to decay rate s in a rotating 
oblate atmosphere . Where possible, analytic ex­
pressions have been obtained, but accuracy has 
not been sacrificed for form, and extensive use 
has been made of numerical computation facilities. 
Here again, however, attention to detail revealed 
several nondimensional decay parameters and made 
it possible to make these computations more e ffi­
ciently. 

VI. MANEUVERS 

The general problem of orbital maneuvering 
is approached from several directions. First, 
the case of independent adjustment of each of the 
six constants of integration is presented both for 
the case of circular motion and elliptic motion. 
Then the general problem of transferring between 
two specified terminals in space is developed. 
These discussions, like those of the other chapters, 
are fully documented . 

The chapter concludes with a discussion of the 
effects of finite burning time, of the requirements 
for the propulsion system to accomplish the pre­
viously described maneuvers, a discussion of the 
error sensitivities, and a discussion of the sta­
tistical distribution of errors in the resultant 
orbital elements. 

VII. RENDEZVOUS 

Rendezvous is broken into two basic phases 
for the purpose of the discussion in this handbook. 
The first of these phases contains the launch and 
ascent timing problems, the problems of maneu­
vers and of the relative merits of direct ascent 
versus the use of intermittent orbits or rendezvous 
compatible orbits. The second phase is the dis­
cuss ion of the terminal maneuvers. Included in 
this final section are the equations of relative 
motion, a discussion of possible types of guidanc e 
laws, and information necessary to evaluate the 
energy and timing of the terminal maneuver whether 
it be of a short or long term nature. 



VIII. ORBITAL DEPARTURE 

The problem of recovering a satellite from 
orbit at a specific point on earth at a specific time 
is essentially the reverse of the rendezvous prob­
lem, and the approach taken here is the same. 
First, an intermediate orbit is established which 
satisfies the timing constraints, then the maneuver 
is completed by de orbiting without requiring a 
lateral maneuver. For cases where this approach 
should prove impractical, data for a maneuverable 
re-entry is also presented. 

The presentation progresses from the timing 
problem to the analyses of the intervals between 
acceptable departures, the finite burning simu­
lation of the deorbit maneuver, and the error 
sensitivities for de orbiting . 

IX. SATELLITE RE-ENTRY 

Once the satellite leaves orbit it must penetrate 
the more dense regions of the atmosphere prior 
to being landed. This chapter treats analytically 
and parametrically (i. e., as function of the re ­
entry velocity vector ) the various factors which 
are characteristic of this trajectory: Included 
are the time histories of altitude, velocity and 
flight path angle; also included are the range 
attained in descent, the maximum deceleration, 
the maximum dynamic pressure , and equilibrium 
radiative skin temperatures, as well as a dis­
cussion of aerodynamic maneuverability . Thus, 
this chapter makes it possible to analyze the tra­
jectory all the way from launch to impact in a 
reasonably accurate ma=er before progressing 
to a detailed numerical study of a particular vehi­
cle flying a particular trajectory. 

X. WAITING ORBIT CRITERIA 

The balance of the book treats problems as­
sociated with the flight mechanics aspects of 
specific missions. However, these are some 
problems which are not of this nature but which 
can influence the selection of orbits . (The radi­
ation environment etc., of Chapter II is an example 
of this type material.) Accordingly, Chapter X 
presents some information pertaining to the solar 
radiation heat level, and to the storage of cryo­
genic fluids. This information is treated only 
qualitatively because it is outside the general 
field of orbital mechanics and is itself the subject 
for an extensive study. The material is included 
however, because of the requirement for fuel in 
many of the discussions of maneuver outlined in 
the re st of the text. 
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XI. ORBIT COMPUTATION 

The discussions of this chapter tie many of the 
previous chapters together since all trajectories 
to be of value must be known. The discussions 
progress from the basic definitions of the basic 
coordinate systems and transformations between 
them, to the determination of initial values of the 
six constants of integration, to the theory of ob­
servational errors, and finally to the subject of 
orbit improvement. In this process, data is pre­
sented for most of the current tracking facilities 
and for many basic techniques applicable to the 
various problem areas (e. g ., orbit improvement 
via least squares, weighted least squares, mini­
mum variance, etc.). The chapter concludes with 
a presentation of data useful in the preliminary 
analysis of orbits. 

XII. GUIDANCE AND CONTROL REQUIREMENTS 

The discuss ions of this chapter re late the 
errors in the six constants of integration to errors 
in a set of six defining parameters. This 6 x 6 
matrix of error partials has been inverted to ro­
tate the parameter errors to errors in the ele­
ments. The result is that it is possible to pro­
gress from a set of parameter errors at some 
time directly to the errors in the same parameters 
at any other time. This formulation has proved 
itself useful not only in the study of error propa­
gation but in the analysis of differential corrections 
and the long time rendezvous maneuver . 

Also included in the chapter is information 
related to problems of guidance system design, 
the attitude disturbing torques and the attitude 
control system. 

XIII. MISSION REQUIREMENTS 

The purpose of this chapter is to present many 
problems which directly affect the selection of 
orbits for various missions and experiments. The 
data include satellite coverage (both area and 
point ), satellite illumination and solar eclipses, 
solar elevation above the horizon, surface orienta­
tion relative to the sun, sensor limitations (e. g. , 
photographic resolution considerations, radar 
limitations), and ground tracks. Thus, giveh a 
particular mission, one can translate the accompa­
nying requirements to limitations on the orbital 
elements and, in turn, pick a compromise set 
which best satisfies these requirements (when the 
radiation environment, meteoroid hazard and radi ­
ation heat loads have been factored into the selec ­
tion). 

l 



II. PHYSICAL DATA 

SYMBOLS Coefficient obtained from t distribution tb 

a 

e 

f 

Semimajor axis of the instantaneous 
elliptical orbit 

Eccentricity of the instantaneous ellipti­
cal orbit 

Flattening = (R - R ) equator ial polar 

Requatorial 

G Universal gravitational constant 

i. Inclination of the instantaneous elliptical 
orbit 

Coefficients of the potential function 

Solar gravitational constant = G 
m0 

L Latitude 

L' Coefficient of the lunar equation 

m Mass 

Mo Mean anomaly of epoch 

n Number 

P Probability 

Legendre polynomial of order n 

r Radius 

* r Radius of action (Tisserand' s criteria) 
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U 

x 
f.L 

f.L' 

1T 

a 

a 

T 

w 

o 

Gl 

p 

X 

Potential function 

Mean of a sample of size n 

Gravitational constant for a planet = Gm 
p 

Mean of population from which sample is 
taken 

Parallax = ratio of two distances 

Variance of population from which sample 
is taken 

Estimate of the variance assuming the 
parent population is normal 

(a ~ = * I {Xi - x) 2) 
Orbital period 

Longitude of the ascending node of the 
instantaneous elliptical orbit 

Argument of perigee of the instantaneous 
elliptical orbit 

Subscripts 

Lunar 

Solar 

Earth 

Planet 
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INTRODUCTION 

In the study of trajectories about the earth, 
factors defining the trajectory must be accurately 
known. Since these factors fall into two areas: 

Astronautical constants 

Geophysical constants 

each of these general areas will be investigated. 
In addition, information which is not of a flight 
mechanics nature but which can effect the selection 
of orbits will also be presented. This type of in­
formation includes: 

Radiat ion hazard data (all types) 

Micrometeoroid data 

Shielding data. 

Finally, information necessary to convert this 
data from one set of units to another will be pre­
sented. This discussion goes beyond unit con­
version, however, to include a review of time 
standards and measurement. This review is ap­
plicable to the material presented in all of the 
chapters whic h follow. 

A . ASTRONAUTICAL CONSTANTS 

Three noteworthy articles dealing with the 
constants which define the trajectory of a mis­
sile or space vehicle have been published within 
the past two years. These articles are: 

"Analysis and Standardization of Astro­
Dynamic Constants" by M. W. Makemson, 
R. M. L. Baker, Jr., and G. B. Westrom, 
Journal of the Astronautical Sciences, Vol. 
8, No.1, spring 1961, pages 1 through 13. 

"A Geoid and World Geodetic System 
Based on a Combination of Gravimetric, 
Astrogeodetic and Satellite Data" by W. 
M . Kaula, Journal of Geophysical Research, 
Vol. 66, No.6, June 1961, pages 1799 
through 1811. 

"On a Consistent System of Astrodynamic 
Constants" by H. G. L. Krause, NASA 
Report MTP-P&VE-F-62-12, Marshall 
space Flight Center, 12 December 1962. 

The first paper reviews measurements of 
heliocentric, planetocentric and selenocentric 
constants; the second treats the determination 
of the geocentric constants by statistical methods 
using the gravimetric, astrogeodetic and satellite 
data. The work reported in these papers is 
excellent and will not be reproduced since it is 
readily available. Rather the published data 
will be summarized and the best values selected 
for use in trajectory analysis. It is felt that 
this step is necessary because (1) there are 
small inconsistencies in the data, and (2) there 
is no mention in the first article of a method of 
analysis or an approximate confidence interval. 
"Confidence interval" will be used here to in­
dicate that the sample interval brackets the true 
mean some prescribed percentage of the time. 
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The discussion of these constants will be 
followed by a presentation of desirable data 
which is obtained from the constants and tables 
of conversions relating these quantities to the 
corresponding quantities in other sets of units. 
This latter set of tables is particularly important 
since there is much confusion as to the meaning 
of generally used units and the accuracy of the 
conversion factors. 

Dr. Krause ' s paper, which is presented as 
Appendix B to this volume by consent of the 
author, presents a slightly different set of con­
stants. This results from the fact that the 
approach taken was to produce an internally con­
sistent set of constants based on the author's 
adopted values of the independent quantities 
rather than to accept the slight inconsistencies 
resulting from the development of "best values" 
for each of the quantities. It is noted, however, 
that in nearly every instance Dr. Krause's 
values differ from those quoted in this section 
by a quantity less than the uncertainties quoted 
in this chapter. Thus, the two approaches seem 
to complement each other. 

1. Analysis of Constants 

Although Baker's exact analytical procedure 
is not known, his results indicate a process 
similar to the following: 

(1) Collect all available data pertinent to 
a particular quantity. 

(2) Obtain the mean and standard deviation 
of this sample 

X-

2 
(J 

X-

2 
(J 

n 
l I n 

i = 1 

n 
nI 

i = 1 

n - 1 
n 

x. 
1 

-2 
(Xi - x ) 

2 
(J 

'if 

(3) Throw out all points deviating from 
the mean by more than one standard 
deviation. 

(4) Recompute the mean and standard 
deviation. 

Assuming that the various pieces of data are 
of roughly the same accuracy (this assumption 
is necessary since the uncertainties quoted for 
the number are inconsistent) and that there is no 
uniform bias to the determinations, this procedure 
will result in a reasonable estimate for the 
quantity and its uncertainty, provided that the 
sample size is sufficiently large. However, 
there is no guarantee that the estimate will be 
reasonable for small samples. A general feel 
for the maximum number of random, unbiased 
determinations required for a specified accuracy 
of the resultant analysis can be obtained from 
Tchebycheff' s inequality. 



* n 

2 
1 - IT 

nb 2 

2 
a 

b
2 

(1 - p) 

an estimate of the minimum 
sample size. 

Since the general accuracy of the determina­
tions is quoted to about 1 to 5 parts in 

10
4 

and since the standard deviations are of 
the same order, 

* K n '" (1 - p) K '" 1 

or 

* n '" 10K P 90"/0 

'" lOOK P 99"/0 

where K is a constant of proportionality. 
Because the sample sizes are generally smaller 
than 10, it may appear that the confidence l eve l 
for the quoted constants will be less than 90% 
but probably greater than 80% for most but not 
all of the constants. This, however, is not 
true as will be shown in the following para­
graphs. 

Tchebycheff' s inequality provides a general 
feel for the concept of assigning a probability 
of correctness to the quoted value of any of the 
discussed constants. However, the question 
arises as to the definition of the number K; 
moreover, even if K is defined, the estimates 
are in general too conservative. For this 
reason, the method described below will be 
utilized. 

Assuming once again, that the samples come 
from a normal distribution, the probability P 
that a given value will fall in a quoted region 
about the mean is 

P [x-av! < 1-1' < x+~J = P. 

However, care must be taken because the 
quantities f.L' and q used in this expression are 
the mean and variance of the true population, 

not the estimates of fl', x = i. 2. xi' 

A (Xi - x ) ~
~ 

and a, a = n While these 

estimates may be utilized there is no assurance 
for the correctness for any but the large sample . 
The solution to this problem is found in the "t" 
distribution 

t 

L-- ___________ _ 

X - 1-1' (n _ 1 )1/2 

6-
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This distribution involves only fl' and the data 
xi and is of n - 1 degree of freedom. Since this 

distribution is also tabulated it is possible to 
write 

\ 
P (-\ < t < \) = S f (t; n - 1) dt = P = 1 - b 

-\ 

and convert the inequalities to obtain 

L (x. - X)2 
1 

n (n - 1) < 1-1' 

1 - b 

The coefficient tb is called the b percent level 

of t and locates points which cut off b/2 percent 
of the area under f(t) on each tail (f(t) is sym­
metric about t = 0). 

f (t)----

Thus, the problem of defining the probability of 
correctness which can be assigned to a quoted 
constant is one of defining \. Since in all the 

work to be discussed 1 a variation will be quoted, 
tb times the radical can be defined as a. This 

assumption results in an estimate of the probable 
correctness of the quoted constant which is a 
function only of the number of data points. 

tb F 
At this point it is possible to refer to a table of a 
cumulative t distribution and obtain the estimate 
of the confidence level for a given value of tb 

(i. e., a specified sample size). However, since 
this solution requires nonlinear interpolation, 
the confidence levels have been plotted as a func­
tion of the sample size in Fig. 1. These data 
will be utilized for all estimates to be made in 
this section. 

In view of the facts that the original measure­
ments do not agree to within the probable errors 
quoted for the experiments and that the confidence 
levels for the results are reasonable, this pro­
cedure appears to be the most attractive means 
of resolving the confusion associated with these 



constants until more and better data can be ob­
tained. This is not meant to imply that Baker's 
data should be used as presented because in 
several cases his constants deserve special 
attention. In any event, when superior data be ­
come available they should either be weighted 

[ 
~ (xi - x) ] 

heavily x obtained from 0 = L 2 
i = l (ji 

or utilized in preference to any other value. 

Kaula's data will not be reviewed specifically 
because it is included in the analysis which fol­
lows . However, in the discussion of the geo­
centric constants, special note will be made of 
the agreement of Kaula' s data with Baker's 
and that obtained by the criteria outlined above . 

2. Heliocentric Constants 

a . Solar parallax 

Planetary observations and theories of 
planetary motion permit preCise computation 
of the angular position of the planets. Although 
angular measurements are quite accurate, no 
distance scale is readily available. Attempts 
to resolve this problem have led to the compari­
son of large, unknown interplanetary distances 
to the largest of the known distances available 
to man, the equatorial radius of the earth. In 
the process, solar parallax was defined as the 
ratio of the earth's equatorial radius to the 
mean distance to the sun from a fictitious un­
perturbed planet whose mass and sidereal 
period are those utilized by Gauss in his com­
putation of the solar gravitation constant (i. e. , 
one astronomical unit). This definition renders 
unnecessary the revisions in planetary tables 
as more accurate fundamental constants are 
made available, since the length of the astro­
nomical unit can be modified. 

In the broadest sense, the solar parallax is 
the ratio between two sets of units: (1) the 
astronomical set utilizing the solar mass, the 
astronomical unit and the mean solar day, and 
(2) the laboratory set (cgs, etc.) . 

Before reviewing solar parallax data obtained 
from the literature, it is worthwhile to consider 
the means of computing the values and their un­
certainties. 

The first method, purely geometric, is 
triangulation based on the distance between two 
planets, between a planet and the sun, etc. One 
such computation was made by Rabe following a 
close approach of the minor planet Eros. The 
second method is an indirect approach based on 
Kepler's third law (referred to in the literature 
as the dynamical method). The third method 
employs the spectral shift of radiation from 
stars produced by the motion of the earth. 
Perturbations on the moon produced by the sun 
constitute a fourth means of computing solar 
parallax to good precision provided that the 
ratio of the masses of the earth and moon is 
well known. A fifth approach utilizes direct 
measurements of distance between bodies in 
space obtained from radar equipment. 
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Other approaches have also been advanced, 
but the five listed constitute the most frequently 
employed. 

Table 1 presents the adopted value of solar 
parallax (from Baker) along with the unweighted 
mean of the data and the mean of the adjusted 
sample . (Special note is made that the value 
adopted by Baker corresponds most closely to 
that of Rabe which has been widely utilized 
during recent years.) The corresponding value 
of the astronomical unit is also presented. 

TABLE 1 

Solar Parallax 

Uncorrected 
Adopted Mean and 

by Standard 
Baker Deviation 

Solar parallax 8.798± 8.7995± 
(sec) 0.002 0.0049 

Astronomical 149.53 149.507± 

unit (10 6 km) 0.03 0.083 

Confidence ? 99% 
level 

Adjusted 
Mean and 
Standard 
Deviation 

8.8002± 
0.0024 

149 . 495± 
0.041 

92% 

The data in Table 1 show reasonably good 
agreement between the various estimates. 
However, it is interesting to note that the adjusted 
mean moved away from the value adopted by 
Baker. This behavior is undesirable but was not 
unforeseen because of the limitations of the 
method and the fact that more of the measure­
ments were situated in this direction. However, 
most of the reported measurements were made 
before 1945 and the general trend during subse­
quent years has been toward slightly lower values 
of the solar parallax. If it is assumed that this 
trend reflects increased accuracy in the measure­
ments (resulting in part from the availability of 
radar data), and if the more recent measure-
ments are weighted by the time of determination 
(since the uncertainty in the various measure­
ments is much larger than the quoted error in the 
experiment), a value of solar parallax of 8.7975 sec 
± 0.0005 is obtained. This value is almost ident­
ical to Baker's which, as was noted, agrees with 
that of Rabe (generally accepted by those perform­
ing astronomical computations). For this reason, 
and for conSistency in calculations by various 
groups within industry and the government, Baker's 
value of the solar parallax should be used . How­
ever, his assignment of probable error in this 
constant apparently is too large in view of the 
agreement of these data. A maximum uncertainty 
of ± 0.001 is more realistic. 

b. Solar gravitational constant 

In 1938 it was internationally agreed (IA U 1938) 
that to maintain the Gaussian value of the solar 

gravitational constant (Ks 
2 

= Gm0 where G = 

Universal gravitational constant) in spite of 
changes in the definition of the sidereal year 
and the mass of the earth, the astronomical unit 
(AU) would be modified when necessary. Thus 
the solar gravitational constant has remained. 



K s 

where 

2TT 
7" 

0,017, 202, 098, 95 

1 AU 

AU 3 / 2 

solar 
day 

365.256,383,5 mean solar days 

solar mass = 1 

ratio of earth mass to solar mass 

0.000,002,819 

This value of Ks is accurate to its ninth signifi­

cant figure by definition. The precision in this 
determination is contrasted to the accuracy of a 
determination in laboratory units from the fol­
lowing equation 

K 2 Gm 
s 0 

where 

G the universal gravitational constant 
in the cgs or English system of 
units (mass in same system). 

Utilizing even the most accurately known 
values of G and m (obtained from westrom) the 
result is accurate only to its third place. 

Ks 
2 

{[6.670 (1 ± 0.0007) 10-
8J 

. G. 9866 (1 ± 0.007) 10
3j} 

Ks 1.511 (1 ±0.0005) 1013 cm3/2 /sec 

The evaluation of Ks in laboratory units using 

the solar parallax proves equally as inadequate 
since the uncertainty is large. When the adopted 
~~l~: indicated in Table 1 is used, Ks is found 

Ks = 1.1509 (1 ±0.00015)10 13 cm 3/ 2/sec 

It is thus advantageous to compute in the 
astronomical system of units, converting only 
when necessary. This procedure assures that 
the results will become more accurate as better 
values for the astronomical unit are obtained 
and produces a much lower end figure error due 
to round-off. 

3. Planetocentric Constants 

a. Planetary masses 

Planetary masses are Significant in comput­
ing transfer trajectories to the planets and tra­
jectories about these bodies. The two most 
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common methods of determining planetary mass 
are by the perturbation actions on other bodies 
or by observations of the moons of the planet. 
While the accuracies of the two approaches differ, 
each involves such complex functions as near­
ness of approach, mass of the planets, size and 
number of moons, etc., that no general conclu­
sion can be made as to the superiority of one to 
the other. 

Table 2 presents data reduced from deter­
minations of the mass of each of the planets in 
terms of the solar mass, the related mass in 
kilograms, and the probable uncertainty in the 
measurement. In addition, since the number of 
points in the sample varies from planet to planet, 
this quantity is noted along with an estimate of 
the confidence level for the result. 

In each case shown in Table 2 the results ob­
tained with the adjusted sample approach those 
of Baker to within the uncertainties quoted for 
the masses and are practically identical. How­
ever, it should be noted that the uncertainties 
quoted for these masses are different at times. 
This discrepancy is believed to result from the 
somewhat arbitrary handling of the limits in the 
reviewed reference. On the basis of the data 
available, it seems more proper to use the 
standard deviation, as obtained from the adjusted 
sample, rather than Baker's value. 

b. Planetary dimensions 

While the physical dimensions of the planets 
have no effect on the trajectories of interplanetary 
vehicles and the dimensions are generally 
smaller than the uncertainty in the astronomical 
unit, the constants must be known for self-con­
tained guidance techniques and for impact and 
launch studies. For these reasons the best shape 
of the various planets will be discussed. 

Table 3 presents equatorial and polar radii 
and a quantity referred to in the literature as 
the flattening which is defined to be 

R -R 
f e~uatorial polar 

equatorial 

The table also presents comparisons of various 
data, the number of points in the sample and an 
estimate of the confidence level. 

The sample size for the planet Uranus is 
questioned because Baker references only one 
source for this planet and that is a weighted 
average of several determinations. In the tabu­
lation on Mars, note should be made of the 
excellent agreement on the best value of the 
radius given by the statistical approach and by 
Baker, and of the slight discrepancies in the un­
certainties of the radius and in the best value 
of the flattening. Therefore, it is once again 
proposed that Baker's value of the radii and 
flattening (with one exception) be utilized but 
that the uncertainty obtained via statistics be 
associated with this number. The exception 
exists in the case of Mars for which it is pro­
posed that l/f be 75 ± 12, rather than Baker's 
value (150 ± 50) since this estimate is consistent 
with the data. 



Planet 

Mercury 

Venus 

Quantitv of Interest 

Solar mass / mass of Mercury 
Mass of Mercury in kg 

Sample size 
Confidence l evel 

Solar mass /mass of Venus 

Mass of Venus in kg 
Sample size 
Confidence l evel 

Earth-Moon Solar mass/earth-moon mass 

Mass of earth-moon in kg 
Sample size 

Mars 

Jupiter 

Saturn 

Uranus 

Neptune 

Pluto 

Confidence level 

Solar mass /mass of Mars 

Mass of Mars in kg 
Sample size 
Confidence level 

Solar mass /mass of Jupiter 

Mass of Jupiter in kg 
Sample size 
Confidence l evel 

Solar mass /mass of Saturn 

Mass of Saturn in kg 
Sample size 
Confidence level 

Solar mass /mass of Uranus 

Mass of Uranus in kg 
Sample size 
Confidence level 

Solar mass /mass of Neptune 

Mass of Neptune in kg 
Sample size 
Confidence level 

Solar mass {mass of Pluto 

Mass of Pluto in kg 
Sample size 
Confidence level 

TABLE 2 

Planetary Mas s es 

Adopted by Baker 

6,100,000 01 50,000 

0.32567 x 10
24 

4 

407,000 ± 1,000 

4.8811 x 10
24 

8 -

328,450 ± 50 

6,04841 x 10
24 

6 -

3,090,000 ± 10,000 

6.04291 x 10
24 

6 

1047,4 ± 0.1 

1. 89670 x 10
27 

8 -

3500.0 ± 3 

0.56760 x 10
27 

4 -

32,800 ± 100 

87.132 x 10
24 

2 -

19,500 01 200 

101. 88 x 10
24 

3 -

350,000 ± 50,000 

5.6760 x 10
24 

3 --

Underlined digits are questionable 
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Uncorrected Sample 

6.400.000 01 630,000 

0.31041 x 1024 
--

4 
81"/0 

406,200 ± 1,900 

4.8907 x 10
24 

8 -

97"/0 

328,500 ± 100 

6.04749 x 10
24 

6 -
92"/0 

3,271,000 ± 795,000 

0.60733 x 10
24 

6 -
92"/0 

1047.89011.87 

1.89581 x 10
27 

8 -
97"/0 

3497.3 ± 4.5 

0.56804 x 10
27 

4 -
81"/0 

22,810 ± 60 

87.093 x 10
24 

2 -
50"/0 

19,500 ± 200 

101. 88 x 10
24 

3 -
70"/0 

333,000 ± 27,000 

5.9658 x 10
24 

3 - -
70"/0 

Adiusted Sample 

6,030,000 ± 65,000 

0.32945 x 10
24 

3 -
70 "/0 

407,000 ± 1,300 

4.8811 x 10
24 

6 -

92"/0 

328,430 ± 25 

6.04878 x 10
24 

4 --

81"/0 

3,092,000 01 12,000 

0.64250 x 10
24 

4 -

81"/0 

1047.4101 0.08 

1. 89670 x 10
27 

4 -
81% 

3499.8 ± 1.7 

0.56763 x 10
27 

3 -
70"/0 

-1 



I 

I 

TABLE 3 

Planetary Dimensions 

Planet Quantity of Interest Adopted by Baker Uncorrected Sample Adjusted Sample 

Mercury Equatorial radius (km) 2,330±15 2, 355 ± 39 
1 If ? ? 
Polar radius (km) ? ? 
Sample size 4 4 
Confidence level ? 81 % 

Venus Equator ial radius * (km) 6, 100 ± 10 6,154 :i 100 
llf ? ? 
Polar radius (km) ? ? 
Sample size 6 6 
Confidence level ? 92% 

Mars Equatorial radius (km) 3,415:1. 5 3,377±47 
1 If 150 ± 50 108.4 ± 54 
Polar radius (km) 3,392±12 3, 346 ± 55 
Sample size 9 9 
Confidence level ? 98 % 

Jupiter Equatorial radius (km) 71,375 :I. 50 71,375 ± 20 
I If 15.2 :i O. 1 15.2:i 0.1 
Polar rad ius (km) 66,679 :I. 50 66,679 ± 50 
Sample size 2 2 
Confidence level ? 50% 

Saturn Equatorial radius (km) 60, 500 ± 50 60,160 ± 480 
I If 10.2:i ? 10.2 ± ? 
Polar radius (km) 54, 569 ± 45 54,262 :I. 450 
Sample size 2 2 
Confidence l evel ? 50% 

Uranus Equatorial radius (km) 24,850 ± 50 24,847 ± 50 
I If ? 14 ± ?** 
Polar radius (km) ? 23,072 ± 50 
Sample size ? ? 

Neptune Equatorial radius (km) 25 , 000 :I. 250 24,400 ± 2100 
I I f 58.5 ± ? 58.5 ± ? 
Polar radius (km) 24,573 ± 250 23,983 ± 2000 
Sampl e size 2 2 
Confidence level ? 50% 

Pluto Equatorial radius (km) 3,000 ± 500 2,934 ± 500 
1 If ? ? 
Polar radius (km) ? ? 
Sample size 1 1 
Confidence level ? 20% 

*Equatorial radius for Venus includes the distance from the surface to the outer boundary 
of the d ense atmosphere . 

**From K. A. Ehricke 's book "Space Flight Trajectories. " 
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2, 333 :i 11 
? 
? 
3 
70% 

6,106:1.12 
? 
? 
3 
70% 

3,414 ± 12 
75 ± 12 
3,40 3 ± 12 
5 
88% 

---
---
---
---
---

- --
---
- --
---
- --
---
---
- --
---

---
---
---
---
- --

-- -
---
---
---
-- -



As was the case with some of the planetary 
masses, there was insufficient data available 
to allow for refining dimensional computations 
for all planets . Even where such computations 
were possible the confidence level of the re­
sultant quantity was low. 

c . Planetary orbits 

Because the motion of a planet about the sun 
approximates an ellipse for relatively long 
periods of time, it has become standard practice 
to express the paths in terms of an ellipse with 
time-varying or osculating elements. To assure 
tha t the terminology is familiar, the six ele­
ments (or constants of integration) necessary 
to determine planetary motion are defined below. 

(1) Planar elements 

(1) Semimajor axis (a)--This element 

(2) 

is a constant, being one-half the sum 
of the minimum and maximum radii. 
Element (a) is also a function of 
radius and velocity at any point. 

Eccentricity (e)--This element is re­
lated to the difference in maximum 
and minimum radii and is used to 
express a deviation in the path from 
circularity. 

(3) Mean anomaly of epoch (MO)--This 

element (referenced to any fixed 
known time) defines the position of 
the orbiting body in the plane of 
motion at any time. 

(2) Orientation elements 

(1) Argument of perigee (w )--This is 
the angle measured in the orbital 
pla ne from the radius vector defining 
th e ascending node to the minimum 
radius. 

(2) Orbital inclination (i)--This angle 
e xpresses rotation of the orbital 
plane about a line in the ecliptic 
(or fundamental) plane. 

(3) Longitude of the ascending node (n)-­
This is the angle measured in the 
f undamental plane from a fixed ref­
e rence direction to the radius at which 
the satellite crosses the fundamental 
plane from the south to the north. 

These osculating elements obviously are of 
primary importance in the computation of inter­
planetary transfer trajectories. Thus, the 
procedure for obtaining these elements will be 
rev iewed; then the values of the elements will 
be presente d . It is assumed only that a table 
of the time variation of a c celeration is available . 
One such table is pres e nte d in Planetary Coord­
inates 1960 to 1980 available through Her Majesty's 
Statione r y Office. 

This r e ference quotes position and accelera­
tion component s in ecliptic rec tangular coordin­
ates. The most direct t ransformation is thus 
v ia the vectorial elem e nts p. Q and R (whe re f 
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points toward perihelion. Q in the direc tion of 
the t rue anomaly equals 90· and R completes the 
right handed set). The computation proceeds as 
follows: First the velocity components a t the 
instant are computed. This is accomplished by 
numerical integration of the acceleration com­
ponents rather than by differentration of the 
position data in order to obtain bett e r accuracy . 

Sums Function Differences 
Argument 2nd 1st (Acceleration) 1st 2nd 3ed 4th 

t -2 - 1· · x -2 .. 
6 x-3f2 6X_3 f2 

t 
-2 ·· 2·· 

-1 6 x - x -1 6 X_I 
-}". 

6 x-lf2 6x -1 f2 
3·· 

6 X_ I f2 

to 
-2·· 2·· 4·· 

6 Xo Xo 6 Xo 6 Xo 
-}". .. 3·· 

6 x 112 6x 112 6 x 1I2 

t 1 
-2·· 

6
2
x 1 6 Xl x

2 
-1 · · 

6 x 3f2 6x3 f2 

t2 x
2 

Thus •. at the argument to 

1 [-1". 1 .. 11 3·· 
x "wK

S 
IJ.O x - 12 IJ.OX + 720 IJ.O x - .. J 

where 

w " the interval between points in mean solar 
days 

" Gaussian constant 

and similarly for y and z. 

Now 

2 2 2 2 
r "X + Y + z (evaluated at to) 

2 ·2 ·2 ·2 
v "X +y +z 

H "XX + yy + zz 

1 
a " 2 

2/r - G 

e sin E "HI ra 
ecosE"rG 2 -1 

(1) 

(2) 

(3) 

_In ~ . . 1\ • • A • • 1\ 

l P R " (yz - zy) x + (zx - xz) y + (xy - yx) z. 



= r 

.(cos E - e) 

.!. sin E + ::; a 1 / 2 
r 

P = r .!. cos E + ::; a 1 /2 sin E 
r 

And finally 

And 

sin i sin n = R x 

sin i cos n = - R cos E - R sin E 
y z 

cos = R cos E - R sin E z y 

(1 ± cos i) sin (w ± n) = ± P cos E 

Y 

± P z sin E - Qx 

(1 ± cos i) cos (w ± n) = ± Q cos E 
Y 

(4) 

(5) 

(6) 

(7) 

(8) 

where: E '" obliquity of the ecliptic of date given 
below: 

t = 1960 • =23°26'40.15" sin. = 0.39786035 cos' = 0.91744599 

1962 23°26'39.21" 0.39785618 0.91744780 

1964 23°26' 38. 28" 0.39785201 0.91744960 

1966 23°26 1 37.34" 0.39784784 0.9i745141 

1968 23°26' 36 . 40" 0.39784368 0.91745322 

1970 23°26' 35. 93" 0.39783951 0.91745503 

Equations (1). :2 ) and (3) define a, e and E (analo­
go us to M) at the selected epoch . Then Eqs (4) 
through (8) define the orbital planes and the quad.­
rants of the three orientation elements. 

Data for these six elements is presented in 
Tables 4 and 5 . These tables present each of the 
six elements for a two-year period and the re­
gression and precession rates of the nodal angle 
and the argument of perigee, respectively. These 
data are accurate to the last quoted digit for the 
quoted epochs and provide reasonably good ac­
curacy when linearly interpolated. In order to 
maintain prec ision in such computations it is nec­
essary to have the elements evaluated at much 
smaller time intervals. 

4. Geocentric Constants 

a. Potential func tion 

The potential func tion of the earth (i. e .• the 
relationship between potential energy and pOSition 

relative to the earth) is not simply - G;.n Ef)as is 

assumed in most Keplerian orbit studies because 
this approximation assumes that the mass is 
spherically symmetric. This assumption is suf-
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ficiently accurate for many preliminary studies 
but is not valid for precise orbital studies. For 
this reason it is general practice to expand the 
potential function in a series of Legendre polyno­
mials. The coefficients of this series may then 
be evaluated from satellite observation . . 

Since the perturbations in the motion (i. e .• 
deviations due to the presence of the terms in­
volving mass asymmetry of the earth) are very 
sensitive to the uncertainties in the coefficients 
of the resulting potential function, one form of 
this function will be presented and discussed. 
The form selected, because of its simplicity and 
the fact that it was recently adopted by the IAU 
(1961), is that of J. Vinti of the National Bureau 
of Standards. The coefficients of other generally 
used expansions will be related to this set in later 
paragraphs. 

where 

/.I = gravitational constant = Gm
EB 

J = coefficients 
n 

R = equatorial radius of the earth 

r = satellite radius 

P n (sin L) = Legendre polynomials 

L = instantaneous latitude 

The first few terms of this series are: 

[ 
J2 (R)2 2 

U = - ¥ 1 -"2 r (3 sin L - 1) 

J 3 ( 3 
2 ~) (5 sin

3 
L - 3 sin L) 

J 4 4 
8 (~) (35 sin

4 
L - 30 sin

2 
L + 3) 

~ (_R
r

)5 5 3 o (63 sin L - 70 sin L + 15 sin L) 

J 6 (R)6 6 4 - 16 r (231 sin L - 315 sin L 

+ 105 sin
2 

L - 5) ] 

As is immediately obvious, this function contains 
the potential function for a mass spherically sym­
metric earth and a series of correction terms re­
ferred to as zonal harmonics. The odd ordered 
harmonics are antisymmetric about the equatorial 
plane (L = 0) and the even ordered harmonics. 
symmetric. This function was introduced merely 
to aid in the discussion of the factors affecting 
motion in geocentric orbits ~ therefore, the func­
tion as a whole will not be discussed further but 
its coefficients will be treated. 
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Planet Year 

Mercury 1960 
1961 
1962 

Venus 1960 
1961 
1962 

Mars 1960 
1961 
1962 

TABLE 4 

Mean Elements of Inner Planets 
(from American Ephemeris, 1960, 1961, 1962; 

referred to mean equinox and ecliptic of date. ) 

Epoch s : 1960 September 23 . 0 = J . D. 243 7200.5 
196 1 October 28 . 0 = J . D . 243 7600 . 5 
1962 Der.ember 2 . 0 = J . D . 243 8000 . 5 

i* n* -;;'* a 
(deg) (deg) (deg) (AU) 

7.00400 + 1 47 . 86575 + 325 76.8444 1 + 426 0 . 387099 
7.00402 + 1 47.8 7873 + 325 76 . 86 145 + 426 0 . 387099 
7. 00404 + 1 47.89171 + 325 76 . 87849 + 426 0 . 38 7099 

3. 39424 + 0 76 . 32625 + 247 131 . 01853 + 385 0 . 723332 
3 . 39425 + 0 76 . 33611 + 247 131. 03394 + 385 0 . 723332 
3.39426 + 0 76 . 34597 + 247 13 1. 04934 + 385 0.723332 

1. 84993 + 0 49 . 25464 + 211 335. 33609 + 504 1. 523691 
1. 84992 + 0 49 . 26308 + 211 335 . 35625 + 504 1 . 52369 1 
1. 84991 + 0 49 . 27153 + 211 335 . 37641 + 504 1. 52369 1 

e 

0.205627 
0 . 205627 
0.205627 

0 . 006792 
0 . 006791 
0.006791 

0 . 093369 
0.093370 
0.093371 

*Plus variation per 100 days . 

MO** 
(deg) 

152 . 303 
349.237 
186 . 171 

108 . 652 
29.504 

310.356 

62.572 
27 2. 180 
121. 789 

**The large differences between the mean anomalies at epoch are due primarily to the shift in the epoch and 
not to pertur bations . 

~ = w + n 

Planet* 

Jupiter 

Saturn 

Uranus 

Neptune 

Pluto 

TABLE 5 

Osculating Elements of Outer Planets 
(from American Ephemeris, 1960, 1961, 1962; 
referred to mean equinox and ecliptic of date. ) 

... 
i n w a 

Date (deg) (deg) (deg) (AU) e 

1960 Jan. 27 1. 30641 100 . 0560 12. 3279 5 . 208041 0 . 048. 335 . 1 
196 1 Jan. 21 1. 30626 100 . 0651 13 . 2393 5 . 203825 0. 048. 589,9 
1962 Jan. 16 1. 30616 100 . 0725 13.2614 5. 203520 0. 048,459 . 7 

1960 Jan. 27 2 . 48722 113 . 3161 92 . 1031 9 . 582589 0 . 050, 548,4 
1961 Jan. 21 2 . 48718 113 . 3273 90 . 7422 9 . 580399 0.051, 145. 6 
1962 Jan. 16 2.48714 113 . 3385 89.3436 9 . 581007 0 . 05 1. 778,3 

1960 Jan. 27 0.77236 73 . 7218 172. 5311 19 .1 6306 0 . 046 , 906,5 
1961 Jan. 21 0 . 77222 73.6971 172 . 8809 19.1 3202 0 . 045, 282, 3 
1962 Jan. 16 0 . 77221 73.6942 172. 3515 19 . 11431 0 . 044,112,4 

1960 Jan. 27 1. 77329 131. 3233 25 . 9372 30 . 23803 0 . 003, 139, 4 
1961 Jan. 21 1. 77325 131. 3709 22 . 4739 30 .1 7541 0. 005,35 1,5 
1962 Jan. 16 1. 77318 131.4144 26.55 10 30 . 09783 0. 007, 911,7 

1960 Jan. 27 17 . 16644 109.8642 223.8342 39 . 52392 0 . 25 1, 35532 
1961 Mar . 2 17.17057 109.8943 224. 3400 39 . 38437 0. 249, 400, 9 
1962 Jan. 16 17.16791 109 . 8958 224 . 5629 39 . 29379 0 . 247,695 , ~ 

*Osculating elements are given for every 40 days for Jupiter, Saturn, Uranus and Neptune, and for every 
80 days for Pluto. 

~ = w + n 
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MO 
(deg) 

249 .7967 
278 . 7932 
308. 6768 

188 . 9699 
202. 4677 
216.0551 

329 . 2259 
333 . 0587 
33 7.7453 

191.3613 
197. 0665 
195 . 1770 

316 . 9810 
317 . 9194 
318 . 8914 



Since the earth is almost spherically sym­
metric, the I n are all small compared to one (as 

will be shown later)~ thus, the prime factor af­
fecting motion is the gravitational constant, IJ., 
which is defined directly from Newtonian Mech­
anics as Gm

EE
)" Data for this constant were not 

presented in the referenced paper (Baker) though 
a value was adopted . For this reason a review 
of some of the more recent determinations was 
made and a comparison constructed (Table 6). 

Baker's value corresponds to that of Herrick 
(1958) and no data were found which ascribe an un­
certainty or c(,)nfidence level to this value. The 
value corresponds very closely to mean of the ad­
justed sample ; for this reason an estimated un­
certainty would be ±O . 00004 . 

While Herrick's value appears valid, a better 
estimate in view of the work done by Kaula would 
seem to be Kaula ' s value (or the mean o f the ad­
justed sample which is the same). It is proposed, 

therefore, that the value of I-l be 1. 407648 · 10 16 

± 0 .000035 '10 16 ft3(sec 2 or 398,601.5 ± 9.9km3 ( 

sec 2. The selection of this constant, which is 
obviously related to the mass of the earth-moon 
system (previously adopted) , does not produce 
large inconsistencies due to the fact that the con­
version between solar mass and earth mass is ac­
curate to only four places, and to this order the 
two answers agree. 

The remaining coefficients, I
n

, are related 

to the earth 's equatorial radius, the average ro­
tational rate of the earth, the gravitational con­
stant, and the flattening of the earth. For this 
reason , it is clear that the arbitrary selection of 
a set of constants will result in slight numerical 
inconsistencies. However, these uncertainties 
are small and of the same order as the uncertainty 
in the numerical values of the J. Data for the J 

n n 
are presented in Table 7. 

Baker's values of the I n correspond almost 

identically to those o f the adjusted sample while 
Kaula's do not for J 4' J 5 and J 6' No satisfactory 

TABLE 6 

Gravitational Constant for the Earth 

Date 
3 2 

ft (sec Author 

1957 1. 407754 x 10
16 

Elfers (Pro ject Vanguard) 

1958 1.407639 Herrick 

1959 1. 40760 Jeffreys 

1959 1. 40771 O'Kee fe 

1960 1. 407645 Department of Defense (see Baker) 

1961 1. 40765 Kaula 

Adopted by Unadjusted Adjusted 
Baker Sample Sample 

Gravitational con-
3 2 r. 407639 x 10

16 
11.407666 x 10

16 11. 407648 x 10
16 stant (ft (sec ) 

3 2 
398,599.9 398,606.6 398,601.5 (km (sec ) 

Uncertainty (1) ± ? ~ ±O . 000050 x 10
16 

±0.000035 x 10 16 

(2) ± ? ±14 .2 ±9.9 

Sample size ? 6 5 

Confidence level ? 92% 88% 
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TABLE 7 

Coefficients of the Potential Function 

Baker Kaula Uncorrected Sample Adjusted Sample 

J 2 
1082.28 x 10- 6 1082.61 x 10-6 1082.396 x 10-6 1082.303 x 10 - 6 

(J (J 2) ±0.2 x 10 
-6 

±O. 06 x 10 
-6 

Confidence l evel ? ? 

-2 , 30x10 
-6 

-2,05 x 10 
- 6 

J 3 
10-6 10- 6 

(J (J 3) ±O. 20 x ±O. 10 x 

Confidence level ? ? 

-6 -6 
J4 

-2,12x10 -1.43 x 10 
-6 -6 

(J (J 4) ±0.50x10 ±O,06 x 10 

Confidence level ? ? 

-6 -6 
J 5 -O,20x10 -0 ,08 x 10 

-6 -6 
(J (J 5) ±0 .1 x 10 ±O,l1 x 10 

Confidence l evel ? ? 

J 6 
1,0 x 10-6 0,20 x 10-6 

(J (J 6) ±0.8 x 10-6 ±O . 05 x 10 
-6 

Confidence l evel ? 

reason was obtained for this difference, though 
it is believed that the data utilized by Kaula in the 
determ ination of J 4' J 5 and J 6 may have been 

? 

biased. This conclusion is strengthened slightly 
by the fact that the results of Kaula for these three 
constants are somewhat below the majority 'of the 
other independent determinations. Even if the un­
certainty in these three values is increased an 
amount sufficient to include all values , no appre­
ciable change will be noted in the c omputation of 
trajectories , since the numbers are very small 
compared to unity and are even small compared 
to J 2 . 

It is proposed that the values adopted by Baker 
be accepted without change. This procedure seems 
justifiable on the basis of the data and has the ad­
vantage that the set is presumably cons istent. 
This advantage is not clear cut since, even though 
the J I S are interrelated, the uncertainties in the 

n 
values are relatively large. 

At this point Vinti I s set of coefficients will be 
related to those utilized by other authors. Rather 
than discuss each potential, however, the poten­
tials will be t abulated for comparison. Then, the 
coefficients of the various terms will be equated . 
This data is presented in Tables 8a and 8b. 
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±O. 241 x 10- 6 ±0.185 x 10- 6 

98% 95% 

-2.39x10 
-6 -2.39 x 10- 6 

±0.23x10 
-6 ±O. 23 x 10- 6 

980/0 90% 

- 1.82 x 10 
-6 

-2 .03x10 
-6 

±O, 35x10 
-6 ±O,24 x 10 -6 

98% 92% 

-O,25x10 - 6 -O,19x10 
-6 

±O . 16 x 10 
-6 ±O,08 x 10-6 

92% 88% 

0,68 x 10-6 0,83 x 10-6 

±O. 29 x 10- 6 ±O. 10 x 10 
- 6 

81% 70% 

b. Equatorial radius and flattening 

The average figure of the earth is best repre­
sented as an ellipsoid of revolution (about the 
polar axis) with the major axis the equatorial 
diameter. Obviously this model is not exact ; 
however, the acc uracy afforded is generally ade­
quate when computing the ground track of a satel­
lite, determining tracking azimuths , etc. For 
this reason the best values for the parameters of 
the ellipsoid are desired. These data are pre­
sented in Table 9 in the form o f values of the 
equatorial radius and flattening (previously de­
fined ) along with polar radii , also for each pair of 
values . 

Although the discrepancies in the sets of data 
shown in Table 9 are minor , they are sufficient 
to justify the selection of one particular set . 
Based on the data reviewed, it is felt that the 
data o f Kaula is probably slightly superior to the 
remaining values. This conclusion is strength­
ened by the good agreement between Kaula and 
some of the m ore recent standards. While this 
is by no means conclusive proof, the fact indi ­
cates a wide degree of acceptance. For this 
reason , an estimate of the confidence level would 
be greater than 90%. 

I 
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Author 

Vinti 

Jeffreys 

Kozai 

Brouwer 

TABLE 8a 

Potential Functions Found in the Literature 
(Kork, J "First Order Satellite Moitons in Near Circular Orbits About 

an Oblate Earth" Martin Company (Baltimore ) ER 12202, January 1962) 

Potential function 

[ ~ 3 4( i\ U=-~ I-J2 (~) (~sin2L--}) -J3 (~) GSin3L-~sinL) -J4(~) ~sin4L-~sin2L+~F "]=-~ 

r. R\2(1 2 :\ OR
4 

4 2 ~ 
U = - ~ l! + J (r:) 3" - cos 'J + 35" (r:) (35 cos a - 30 cos + 3j where a = 90° - L 

GME r. A2 ( I 2) A3 ( 5 2 ~ A4 ( 3 I 2 1 2 \ J U = - -r- l! + 2 IJ - sin L + 3 ! sin L - Z sin L + 'I: ~ + '7 sin L - "4 sin 21;1 + . .. 
r r r 

fr -i Jk (~/ P k (sin J 
L k =2 '] 

Iu=-~ E +~ 0 -3sin2L) +A:iO ~ ~sinL+~sin3 0 +~ (I -I0sin2L+~sin4L) +~~50 (ifsinL-~sin3L+~sin50 + .. ] 

AO 0 A 2 , 0 0 A 3 , O 0 + A 4 , 0 0 + 
O ' Keefe , Eckels , Squires lu = ---' - + ---r- P2 + --q P3 ----s-- P4 ... 

r r r r 
where A O, 0 = "' ; Pk 

0 
= P k (sin L) 

Roberson 

Garfinkel 

Krause 

Sterne 

Herget and Musen 

Struble 

Laplace 

Proskurin and Batrakov 

GME f, ( R 2 2 ( R) 4 2 4 J u = - -r - l + '" r:) (1 - 3 sin L) + "'2 r: (3 - 30 sin L + 35 sin L) + . .. 

U = - } ~ - ~ P 2 (sin L) - ~ P 4 (sin L)J 

fE r. k2 ( , . 2 '\ k4 
,u = -r l! + ~ ~ - 3 sm L) + 4: o -10 sin

2 
L +.?i sin 

4 0 + .. J 
r r 

U = - ~ ~ + 7 (1 -~ sin
2 L) J 

u = - ~ G + ~ ~ - 3 <jJ~ + ~ (3 - 30 <jJ2 + 35 <jJ4~ 

2 r. (R 2 (1 2 :\ ( R) 4 r.. 4 6 2 3 )il IU=-g~ t +J \ r ) !-cos 8) +0 '4 ~os 8-,(cOS 8+3[ ~ 

fM 
U=-~ 

r 

iU = _fm 
r 

r. B2 ( 3 . 2 1\ B 4 ( 35 . 4 15. 2 3\ J 
t + 7 ! sm L -!) + 7 \lr sm L - 4 sm L + 0/ + ... 

G -~ (~) 2 (3 sin
2 

L - 1) + ~(~ 4 (35 sin
4 

L - 30 sin
2 

L + 3)J 

whe r e IjJ = s in2 L 

whe r e 8 ; 90 - L 

r 
• k m r, L B""o, -',--' t· i -;, " -• ""' LH} ;'l (3 - , ""' L) .," L .,\, ~ " - " .m' L· " ,,"a L) •. . J 



TABLE 8b 

Comparisons of Constants Used in 
Potential F unctions 

Vintt J, J, J, Recommended 

Laplace -82 /R 2 
-B3 /R3 -84 /R4 

Jeffreys i J H -:s. 0 

KenaI. ' A, -A a/R
3 8 A, 

~..- -'35"~ 

Brouwer "', -A
3

/ R3 8 k, 

fiT - ~ R" 

O' Keere. Eckels, Squi.res - A 2 , OIl/. R2 -A 3 , O/J.l R3 -A 4 , OIl/. R4 

R. E. Roberlon '" None -8"'2 

Garrinkel 2k/R2 None kllR4 

Struble j J None -:s- D 

Krause 2k2/R2 None 
8 k, 

- !J R" 

Sterne 'B None None ;? 

Herget and Musen 2k2/R2 None -8k
4

fR 4 

Proakurln and Balrakov -j J None 8 D -3> 

W. deS!tter j J None -~K 

TABLE 9 

Equatorial Radius and Flattening 

Uncorrected Adjusted 
Baker Kaula Sample Sample 

Equatorial radius (km) 6378.150 6378.163 6378.215 6378.210 
::to. 050 zO . 021 ~O.lO5 ;£0.045 

II! 298 . 30 298 . 24 298.27 298.27 
• 0. 05 .0 . 01 .0. 05 .0.03 

Polar radius (km) 6356 . 768 6356.777 6356.831 6356.826 

• Req (1 -m-) ±0.050 ±-0.021 %0.105 '0.045 

Sample size 9 ? 10 7 

Confidence level ? ? 98r, 95% 

5 . Selenocentric Constants 

The determination of the lunar mass has been 
made from the lunar equation (involved in the 
reduction of geocentric coordinates to those of 
the barycenter , i . e. , the center of mass of the 
earth -moon system), through the evaluation of 
the coefficient, L , defined to be 

TT 

L' o 
sm TT q 

where 

TT q is the lunar parallax (i. e . , 

RID equatorial 
average lunar distance 

Since there are no lunar satellites whose orbits 
can be used in determining lunar mass, the calcu ­
lations for the most part have been based on ob ­
servations of Eros at the time of closest approach. 

The method consists of finding the solar and 
lunar parallaxes, comparing the observed positions 
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of Eros when nearest the earth with an accurate 
ephemeris, fitting the residuals to a smooth 
curve that has the periodicity and zero pOints of 
the lunar equation , and using the curve to im ­
prove the adopted value of L '. Once this is ac-

m 
complished --q- is evaluated from the previous 

m Ea 
equation. Thus , the first step in the evaluation 
of the lunar mass is the evaluation of the lunar 
parallax or equivalently the lunar distance. 

Baker presents data for the lunar distance 
evaluated by several different methods . These 
data have been used to produce Table 10. 

TABLE 10 

Lunar Distance 

Adopted Uncorrected Adjusted 
by Baker Sample Sample 

Lunar distance (km ) 384.402 384.402 . 6 384,401. 6 

Uncertainty (km) ~I .:t 2• 6 -tI.l 
Lunar parallax ( rad) 0 . 016,592,4 0 . 016.592.4 0.016.592.4 

(sec) 3422 . 428 3422.428 3422 . 428 

Uncertainty (rad) :to. 000, 000. I ~O . 000,000,1 ~O . 000. 000, 1 
(sec) :t. 021 -t . 021 -t. 021 

Sample size 6 6 5 
Confidence level ? 92'10 88r, 

The data of Table 10 all agree very well and 
exhibit no inconsistencies of the type shown in 
other data. F or this reason it is believed that 
Baker's value should be utilized as it is quoted 
in Table 10. It is interesting to note that the 
value of the lunar parallax and its uncertainty 
were the same for all of the evaluations . 

The next step in the evaluation of the lunar 
mass is the determination of the best value of 
the coefficient of the lunar equation. Once again 
several values are available, each determined by 
different individuals at different times . The re­
suIts of the analysis of these data are presented 
in Table 11. 

TABLE 11 

Coefficient of Lunar Equation 

,Adopted Uncorrected 
by Baker Sample 

Coefficient L ' (sec) 6.4385 6.430 

Uncertainty (sec) ±0.0015 .0 . 005 

Sample size ? 8 

Confidence level ? 97'1, 

Adjusted 
Sample 

6 . 4381 

.0.0016 

6 

92'70 

Once again good general agreement is noted. It 
is propos ed , therefore, that the value of L ' be 
6.4385 ± 0 . 0015 with a confidence leve l of about 
90%. With this value of L ' and that of lunar 
parallax adopted in Table 10 , the best value of 

m 
the quantity ~ is found as m i 

TT o 
sin TT ~ 

8 . 798 

1 
~ -1 

o. 016592 
8 . 7981 
6. 4385 - 1 81. 357 



The estimate of the uncertainty is obtained by 
differentiating this equation with respect to 1T 

and L ' . It is not necessary to differentiate with 
respect to 1T « since this constant is known to a 

much higher precision . 

(:: + ~ (
dL 
L' 

82.357 ( 0.0015 _ 0.001\ 
6. 4385 -a.79ff) 

0.0098 

m 
Thus the best value of the quantity ~ is 81. 357 

m q 
± 0.010 with a confidence level of approximately 
900/0. This value was obtained using Baker's data 
and is contrasted to his adopted value of 81. 35 ± 
0.05. Since the uncertainty of Baker ' s value 
seems inconsistent, it is proposed that the value 
and uncertainty developed here be utilized. 

The remaining information required pertains 
to the figure of the moon. The figure of the moon 
is best represented by a triaxial ellipsoid with 
the radii of lengths a , band c where a is directed 
toward the earth, c is along the axis of rotation 
and b forms an orthogonal set. Very little data 
are available for these lengths. Some informa­
tion. however, is presented in: 

Alexandrov, I, "The Lunar Gravitational 
Potential" in Advances in the Astronautical 
Sciences, Vol. 5 , Plenum Press (N. Y.), 
1960, pages 320 through 3·24 . 

This reference gives data for determinations of 
the dynamic dimensions and the methods of com­
putation as· 

Forced Free Adopted by 
Libration Libration Baker 

Semiaxis a(km) 1738.67 ± 0.07 1738.57 ± 0 . 07 1738.57 ± 0.07 

Semiaxis b(km) 1738.21±0 . 07 1738.31 ± 0.07 1738.31 ± 0.07 

Semi axis c(km) 1737.58 ± 0.07 1737.58 ± 0.07 1737.58 ± 0.07 

There is no reason to assume a value other than 
that of Baker due to the general lack of data . 

6. Summary of Constants and Derivable Data 

Because several values have been discussed 
for each constant , there is need to combine in one 
table the best value, its uncertainty and approxi­
mate confidence level. This is done in Table· 12. 
Note is made of the source of each number given . 

In addition to a tabulation of constants , there 
generally exists a requirement for data which 
are easily derivable from this more basic data. 
Table 13 presents the mass , the gravitational 
constant (p = Gm) and the radius of action* in 
metric, English and astronomical units . Table 14 

275 
*Tisserand I s criteria, r* = d (~) where d 

is the average distanc e between the two bod ies , 
m is the mass of the smaller body and M is the 
mass of the larger body. 
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presents the geometry of the planets in metric 
and English units , and Table 15 presents surface 
values for the circular and escape velocities and 
for gravity. 

B. ASTROPHYSICAL CONSTANTS 

In the previous section certain of the astro­
nautical constants were reviewed. The purpose 
of this section is to include other factors affecting 
the trajectory. Accordingly, atmospheric models 
and density variability will first be discussed. 
The discussions will then be oriented toward the 
definition of other factors which must be con­
sidered in satellite orbit selection such as the 
radiation and meteorid environments. 

1. Development of Model Atmospheres for 
Extreme Altttudes 

In November 1953 an unofficial group of 
scientific and engineering organizations, each 
holding national responsibilities related to the 
requirement for accurate tables of the atmosphere 
to high altitudes formed the "Committee on the 
Extension of the Standard Atmosphere" (COESA). 
A Working Group, appointed at the first meeting, 
met frequently between 1953 and the end of 1956. 
This committee developed a model atmosphere 
to 300 km based on the data available at that time. 
This model was published in 1958 as the "U. S. 
Extension to the ICAO Standard Atmosphere, " 
(Ref. 1). 

. At the time of the development of this standard 
only two methods of direct measurement of upper 
atmosphere densities were available: 

(1) High altitude sounding rockets. 

(2) Observations of meteor trails. 

Both methods have severe limitations in the 
interpretation of the measured data. First, the 
rocket made only short flights into the upper 
atmosphere and. the density measurements were 
made mostly inside the rocket 's flow field, not 
in the undistrubed free stream. Second, meteors 
were visible only in a small range of altitude (85 
to 130 km) and their aerodynamic characteristics 
contained too many unknowns (unsymmetrical 
shapes, loss of momentum by evaporation of 
melting surface layers, etc.) . 

The extent of the limitations of the rocket and 
meteor trail data became evident with the launch­
ing of the first sate llites. The orbital periods of 
the first Sputnik indicated that the densities of the 
upper atmosphere were off by approximately an 
order of magnitude. 

The Smithsonian 1957-2 atmosphere (Ref. 2) 
was developed based on the density estimates 
from the decay histories of the Sputnik satellites. 
This standard was soon superseded by the ARDC 
1959 Model Atmosphere (Ref. 3). Up to about 50 
km this atmosphere was the same as the U. S. 
extension to the ICAO Standard Atmosphere . 
Above that altitude some IG Y rocket and early 
satellite data were used. Since all these data 
were obtained during the period of maximum 



L 

Heliocentric Constants 

Solar parallax 

Astronomical unit 

K2 
s 

Plane to centric Constants 

Mercury 

Solar mass/mass Mercury 

Equatorial radius 

l/f 

Venus 

Solar mass/mass Venus 

Equatorial radius 

l/f 

Earth-Moon 

Solar mass/ earth-moon 
mass 

Equatorial radius 

l/f 

Mars 

Solar mass/mass Mars 

Equatorial radius 

l/f 

Jupiter 

Solar mass/mass Jupiter 

Equatorial radius 

l/f 

Saturn 

Solar mass/mass Saturn 

E quatorial radius 

l/f 

NOTE: 

aBaker's value. 

bvalue obtained in this report. 

cGauss ian value . 

dEhricke's value. 

eKaula's value. 

TABLE 12 

Adopted Constants 

Approximate b 
Confidence Level 

Best Value Uncertainty ("!o) 

a 8. 798 sec b±O . OOI 90 

a149.53 x 10Skm a±0.03 90 

c~. 2959122083 a±0.010-10 
99+ 

A U3/ solar day 2 

as. 100. 000 b±S5.000 70 

a 2330 km b±ll 70 

? ? ? 

a407.000 b±1300 90 

a S100 km (inc! b±12 70 
atmos) 

? ? ? 

a328.450 b±25 81 

-- -- --
-- -- --

a3.090.000 b±12. 000 81 

a3415 km b±12 88 

b
75 b±12 80 

al047 .4 b±O.1 81 

a71 • 875 km b±20 50 

a 15• 2 b±O.1 50 

a 3500 b±2. a 70 

aSO. 500 km b±480 50 

a 10• 2 ± ? ? 

( continued) 
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Uranus 

Solar mass/mass Uranus 

Equatorial radius 

l/f 

Neptune 

Solar mass/mass Neptune 

Equatorial radius 

l/f 

Pluto 

'Solar mass/mass Pluto 

Equatorial radius 

l/f 

Geocentric Constants 

'" (km
3

/sec
2

) 

J 2 

J 3 

J 4 

J 5 

J 6 

Equatorial radius (km) 

l/f 

Selenocentric Constants 

Lunar distance (km) 

L' 

me /m<!. 

Semiaxis a (km) 

b (km) 

c (km) 

NOTE: 

aBaker's value . 

bValue obtained in this report. 

cGaussian value. 

dEhricke's value. 

eKaula's value. 

TABLE 12 (continued) 

Approximate b 
Confidence Level 

Best Value Uncertainty (%) 

a22.800 b±60 50 

a 24• 850 km b±50 ? 

a 14• 0 ± ? ? 

a19.500 b±200 70 

a 25 • 000 km b±2100 50 

a 58• 5 ± ? ? 

a350.000 b±27.000 70 

a 3000 km b±500 20 

? ? ? 

e 398• 601. 5 e±9 .9 88 

a 1082 • 28 x 10-6 a±0.2 x 10-6 95 

a_ 2• 30 x 10-6 a±0.2 x 10-6 90 

a- 2• 12 x 10-6 a±0.5 x 10-6 92 

a_O• 20 x 10-6 a±0.1 x 10-6 88 

a_1.0 x 10-6 a±0.8x10-6 70 

e6378.163 e±0.021 95 

e298.24 e±O.Ol 95 

a 384. 402 km a±l km 88 

a6.4385 a±0.0015 92 

b8l.357 b±O.Ol 90 

a1738.57 km a±0.17 km 50 

a 1738 • 31 km a±0.07 km 50 

a1737.58km a±0.07 km 50 
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TABLE 13 

Gravitat ional Propertie s of the Planets 

Mass E.. 
(km 3 /sec 2 

(ft
3 1 sec 

2 AU3 (sola r 

Planet (1 0 24 kg) (1 0 24 slugs) mo/mp x 106 ) x 10 16) dai x 10 -9) ( 106 km) 

Mercury 0.3257 0 . 022 32 6. 100.000 
±65,OOO 

O. 021, 7~ 0.076, ~ 0.048,509 0 . 111 78 

Venus 4.8811 0.3345 407,000 
±1300 

0.325,~ 1. 149. ~ 0.726,987 0 . 61696 

*Earth 5 .97 58 0.40947 332,440 
±50 

0.398, 60 1, 5 1. 407, 6~ O. 890 , O~ 0.92482 

Earth -Moon 6 . 0484 O. 41444 328,400 
±25 

O. 403, 4~ 1. 424, ~ O. 900, 8~ 0.92933 

Moon 0.07 3 451 0.005033~ me ; 81. 357 0.004,899,i 0 . 01730~ O. 010, 93~ 0.066282 

m, ±0 . 010 

Mars 0.6429 0.04405 3, 0 90,000 0.042, 8~ 0.151, 440 0 . 095,7~ 0.57763 
±12,OOO 

Jupiter 1896. 7 129.97 1. 047 . 4 126.515 446 . 783 282.493 48.141 
±0 . 1 

Saturn 567 . 60 38.89 35 00 
±1. 7 

37 . 8~ 133.703 84.5~ 54 . 774 

Uranus 87. 132 5.970 22, 800 5. 811, 91 20.5~ 12. 9~ 51.755 
±I00 

Neptune 101. 88 6 . 981 19, 500 
±200 

6 .795,75 23. 999,0 15.1~ 86 . 952 

Pluto 5 . 676 0.3889 35 0, 000 
± 27 ,OOO 

0.378, 596 1.3~ 0.845 , 364 35, 812 

Sun 1. 9866 x 106 0 . 13613 x 106 1.00000 132,5!.!, 467, 9~ 295.912 .208. 3* --

- Unde rlined digits are questionable. 

*Solar gravitational constant is Gaussian value. 

r* 

(10 9 ft) AU 1960 Epoch 

0.36674 0.000, 74~ No change 

2.0241 O. 004, I~ No change 

3.03429 0.006, 18~ No change 

3.04898 0 . 006, 21~ No change 

0.217460 0.000,443,~ No change 

1. 8951 0.003,863 No change 

157 . 943 0.32I,9~ January 27, 1962 

179 . 70 O. 366 . ~ January 27, 1962 

169.80 0 . 34~ January 27, 1962 

28~ 0.58~ January 27, 1962 

11~ 0.2~ January 27, 1962 

-- -- --
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Equatorial Radius 

P lanet (km) (stat mil (naut mil 

Mercury 2330 1448 ±6 1258 ±5 
±l0 

Venus 6100 3790 ±30 3290 ±25 
±50 

Earth 6378 . 16 3963.20 3443.93 
±0.02 ±0 .0 3 ±0 .02 

Earth - Moon -- -- - -

Moon** a 1738. 57 1080 . 30 938 . 75 
±0. 07 ±0 . 04 ±0.03 

b 1738 . 31 1080.14 938.61 
±0. 07 ±0 . 04 ±0 . 03 

c 1737.58 1079.68 938.22 
±0. 07 ±0.04 ±0 . 03 

Mars 3415 ±5 2122 ±3 1844 ±2 

Jupiter 71, 375 44, 350 38,539 
±50 ±30 ±25 

Saturn 60,500 37,590 32 , 670 
±50 ±30 ±25 

Uranus 24. 850 15, 440 13, 420 
±50 ±30 ±25 

Neptune 25.000 15,530 13, 500 
±250 ±l50 ±130 

Pluto 3000 1860 1620 
±500 ±300 ±250 

Sun 696 , 500 432, 800 376,100 
±500 ±300 ±250 

(ft x 107) 

0.7644 
±0 . 0032 

2. 00 1 
±0 . 016 

~i~:~5;0-7 

--
0 . 57040 
±0.00002 

0. 57031 
±0.00002 

0.57007 
±0.00002 

1. 1204 
±0. 0016 

23 . 417 
±0.016 

19 , 849 
±0 .016 

8.153 
±0.016 

8.202 
±0.080 

0. 984 
±0 . 16 

228. 51 
±O . 16 

TABLE 14 

Geometry of the Planets 

Polar Radius 

Ilf (km ) (stat mil (naut mil 

00* 2330 1448 ±6 1258 ±5 
±10 

00 * 6100 3790 ±30 3290 ±25 
±50 

298.24 ±O . 01 6356.77 3949.77 3432 . 38 
±0.05 ±0 .03 ±0 . 02 

- - -- -- --
-- -- -- --

-- 1737 . 58 1079.68 938 . 22 
±0.07 ±0. 07 ±0.03 

-- -- - - - -

75 ±12 3369 ±5 2094 ±3 1819 ±2 

15.2 ±0 . 1 66, 679 41,432 36,004 
±50 ±30 ±25 

10.2 ± ? 54,560 33, 900 29, 470 
±50 ±30 ±25 

14* ± ? 23.070 14, 340 12. 460 
±50 ±30 ±25 

58 . 5 ± ? 24,600 15, 260 13, 270 
±250 ±l50 ±l30 

-- -- -- - -

-- -- - - --

*T aken from K. A. Ehricke, "Space Flight, " O. Van Nostrand, In60 . 

**Moon is best presented by triaxial ellipsoid--a: toward earth 
b: orthogonal to "a" and" e" 
c: along axis of rotation. 

Radius of Sphere of Equivalent Volume 

(R
3 = R; Rp) 

(ft x 10 7) (km ) (stat mil (naut mil (ftx 107) 

0 . 7644 2330 1488 ±6 1258 ±5 0.7644 
±0.0032 ±l0 ±0. 0032 

2. 001 6100 3790 ±30 3290 ±25 2. 001 
±0 . 016 ±50 ±0 . 016 

2. 08555 -7 6371. 02 3958.77 3440 . 08 2.09023 -7 
±l64 x 10 ±0 . 05 ±0 .03 ±0 . 02 ±164xl0 

-- -- - - -- -- I 
I 
I -- -- -- -- --

0. 57007 1738.1 6 1080.04 938 . 53 0. 57026 
±0 . 00002 ±0. 07 ±0. 04 ±0.03 ±0.00002 

-- - - -- -- --

1. 1055 3400 ±5 2113 ±3 1836 ±2 1. 1155 
±0 . 0016 ±0 . 00 16 

21.876 69,774 43, 356 37, 675 22,892 
±0.016 ±50 ±30 ±25 ±0 . 016 

17.990 58, 450 36, 320 31, 560 19 . 176 
±0.016 ±50 ±30 ±25 ±0 . 016 

7. 571 24. 240 15,060 13,090 7. 953 
±0 . 016 ±50 ±30 ±25 ±0. 016 

8 . 062 24, 870 15,450 13, 430 8.159 
±0 . 080 ±250 ±l50 ±l30 ±0. 080 

-- 3000 1860 1620 0. 984 
±500 ±300 ±250 ±0. 16 

-- 696,500 432, 800 376, 100 228.51 
±500 ±300 ±250 ±0 .16 

- - _ .-
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TABLE 15 

Planetary Circular and Escape Velocities and Planetary Gravity 

Circular Velocity at Sea Level Escape Velocity at Sea Level Gravitv at Sea Level 

(AU/solar (AU/solar 
(em/ sec2) (rt/ sec2) (stat mi/hr2) Planet (km/sec) (rt/ sec) (stat mi/hr) day) (km/sec) (rt/ sec) (stat mi/hr) day) 

Mercury 3. 05361 10.01!!.:.i 6.83~ 0 . 00176444 4.31846 14, 16~ 9.660 . 13 0.00249530 400 . 212 13.1303 32.2~ 

Venus 7.30630 23,9~ 16, 34~ 0.00422174 10.33266 33, 8~ 23 . 1!l.:2. 0.00597043 875 . 261 28.7159 70.484.5 

Earth 7. 9097~ 25.950 . 2- 17.693.2- 0.00457044 11.186~ 36,699.~ 25.022.~ 0.00646357 982.0 214 32.21855 79,081. 88 

Earth-Moon -- -- -- -- -- -- -- -- -- -- --
Moon 1.678900 5.508.~ 3. 755 . 59 0.00097010 2.374~ 7 , 789 . ~ 5, 311 . ~ 0.00137194 162.169 5 . 32049 1 3,05~ 

Mars 3.55141 11,65~ 7.94~ 0.00205208 5. 02243 16, 47~ 11,23~ 0.00290207 370 . 951 12.1703 29.8~ 

Jupiter 42. 58 18 139, 704 95 , 2~ 0. 0246047 60 . 2196 1 97 .~ 134,707 0 .0347962 2598 . 63 85 . 2569 209, 267 

Saturn 25 .4511 83,5~ 56.9~ 0.0147062 35.9932 118. 088 80,5~ 0. 0207977 1108.26 36 . 3601 89.2~ 

Uranus 15.4841 50.8~ 34.6~ 0.00894705 21.8978 71,8~ 48.9~ 0 . 0126530 989.073 32 . 4499 79,6~ 

Neptune 16.5308 54,2~ 36.9~ 0 . 00955183 23.3780 76 . 6~ 52.2~ 0.0135083 109~ 36.0512 88.4~ 

Pluto 11.23(?) 36.860( ? ) 25. 130(?) 0.00649(?) 15.89(?) 52. 130 ( ? ) 35 . 540 (? ) 0 . 00918( ? ) 4209 (?) 138.l( ? ) 338.900 ( ? ) 

Sun 436. 181 1.431.040 975. 709 0 . 252035 616.853 2,023 . 795 1.379. 860 0.356431 27.3~ 896 . ~ 2.199. 730 

Underlined digits are questionable. 

(AU/ solar day2 ) 

0.199801 

0.436964 

0.4902632 

--
0.0809608 

0 .1 85193 

1. 29734 

0 . 553284 

0.493784 

0 . 548584 

2. 101( ? ) 

13 . 6371 



solar activity, the resulting model was more 
representative of these conditions than average 
atmos pheric properties. An example of the effect 
of solar conditions on upper atmosphere density 
is shown in the following sketches taken from 
Ref. 4. These sketches show the data calculated 
from the orbits of Explorer IX compared to 
earlier satellite data and the 1959 ARDC Model 
Atmosphere. Also shown are the portions of the 
solar sunspot cycle represented by the data. 
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A new COESA Working Group was convened in 
January 1960. Using data and theories from more 
recent satellite and rocket flights, the Working 
Groups prepared a new standard atmosphere that 
was accepted by the entire committee on March 
15, 1962 (Ref. 5). This new U. S. Standard 
Atmosphere depicts a typical mid -latitude year­
round condition averaged for daylight hours and 
for the range of solar activity that occurs between 
sunspot minimum and maximum. Supplemental 
presentations are being developed to represent 
variability of density above 200 km with solar 
position and a set of supplemental atmospheres 
that will represent mean summer and winter con ­
ditions by 15° latitude intervals to an altitude of 
90 km. 
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a. U.S. Standard Atmosphere--1962 

The U.S. Standard Atmosphere--1962 was 
developed by four Task Groups of the Working 
Group of COESA. (Although U. S. Standard 
Atmosphere- -1962 is the general terminology, 
the Working Group considers the region above 32 
km as "tentative" and above 90 !un as "specu­
lative. ") The recommendations of Task 
G roup I for the region from 20 to 90 km were 
adopted. However, Task Group IV was appointed 
to resolve the discontinuity and inconsistency of 
the models prepared by Task Groups II (70 to 
200 km) and III (200 to 700 km). The reports 
of Task Groups I and IV (Refs. 6 and 7) have been 
used extensively in deScribing the new atmosphere. 

Suggestions agreed upon by the Working Group 
were that up to 79.006 geopotential km (80.000 
geometric km using the ICAO gravity relations) 
geopotential altitude would be the basic height 
measure. Geometric heights would be basic 
above this level. Above 20 krn (the top of the 
ICAO Standard), temperature laps e rate is pos i­
tive at 1 deg/krn to 32 km. This gives a value of 
228.66 which is in good agreement with measure­
ments. From 32 to 90 km, the temperature lapse 
would be linear in geopotential height with changes 
(of whole or half degrees Celsius) to occur at 
whole kilometer levels. A 5-km isothermal layer 
(268.66 ° K) at 50 km was suggested. and densities 

3 3 
close to 1 g/m and 0.02 glm at 50 and 80 km 
(geometric), respectively were recommended. 

Re-examination of constants from those used 
previously resulted in new proposed values as 
follows: 

ICAO u.s. Ext Proposed Units 

Universa l gas constant 8.31436 8.3143 9 8.31470 jou les /g-deg 

Speed of sound 331.43 331.316 331.317 m/sec at 00 0 

Sutherland's constant 120.0 110.4 110.4 OK 

The new value of the gas constant decreases 
temperature values by 0.01° (0° C = 273. 15° K) 
and density and pressure values. The differences 
are summarized in Table 16 (from Ref. 6). The 
column labeled "N" is the adopted revision, while 
"H" and "D" refer to earlier revisions. The 
speed of sound at 0° C also changes slightly and 
the new relationship is 

1/2 Cs = 20.046707 T m/sec , T in OK 

The dynamic viscosity, j..l., is slightly changed by 
the new value for Sutherland I s constant , S, so 
that 

j..l. = 1.458 x 10-6 T 3 / 2 / (T + S) 

In analyzing the temperature and density obser­
vations an average temperature of 270.65° K was 
indicated at 50 km, meeting the requirements of 
linear temperature lapse (above 32 km) that fit 
the observed data then placed the isothermal 
region at 47 km. The value of density at 50 km 
fell within the suggested value of the Working 
Group. From 30 to 50 km the new temperature 

. profile is between the mean annual measured 
temperature for high and low latitudes as indi­
cated in Fig. 2 (from Ref. 6). Above the iso­
thermal layer, two temperature lapse regions 
define temperature to the next isothermal layer 



TABLE 16 

Comparison of Properties of ICAO, U. S. Extension, ARDC 
1959 Model and U. S. Standard Atmospheres--1962 

Height Temperature Pressure (mb' s x 10n) Density (g/m 
3 x 10n) 

Geopot U. S. Ext ARDC U.S. Ext ARDC Iu. S . Ext ARDC 
(km) 56 - 58 59 IIH'1 liN II 56-58 59 "HII "N" n 56 - 58 59 "H" "N II n 

88. 743 196.86 165 . 66 190.65 180.65 2. 258 1. 353 1. 8980 1. 6437 -3 3.995 2. 846 3 . 4682 3.1 698 -3 
0. 0 0.0 0.0 0 . 0 

79.006 196 . 86 165.66 190.65 180.65 1. 224 1. 008 1.0868 1.0364 -2 2.1 65 2.120 1.9859 1. 9986 -2 
0. 0 0.0 0.0 0.0 

79 . 000 196.86 165 . 66* 190.65* 180 . 65* 1. 225 1.009 1. 0879 1. 0376 -2 2.1 67 2. 122 1. 9879 2. 0009 -2 
0.0 -4.5 -3.2 -4.0 

75 . 000 196 . 86* 183.66 203 . 45 196 . 65 2. 452 2.1707 2 . 1771 2 . 1420 -2 4. 3394 4.1176 3 . 727 9 3.7 946 -2 
-3.9 - 4. 5 - 3. 2 - 4. 0 

61. 000 251. 46 246 . 66 248.25 252 . 65 2.0934 2.0372 1. 8224 1. 8209 - 1 2. 9002 2.8774 2. 55 74 2. 5108 -1 
-3 . 9 - 4. 5 - 3.2 -2 . 0 

54. 000 278 . 76 278.16 270.65* 266 . 65 5.1 637 5.1 630 4. 5834 4. 5748 - 1 6. 4534 6. 4664 5. 8996 5. 9769 -1 
-3 . 9 -4.5 0.0 -2 . 0 

53.000 282 . 66* = 282.66* 270.65 268 . 65 5. 8320 = 5. 8320 5. 200 1 5.1 977 -1 7.1881 = 7.1881 6. 6934 6. 7401 -1 
0.0 0.0 -2.0 

52.000 282.66 270.65 = 270.65* 6. 5813 5. 8997 = 5. 8997 -1 8.111 3 7. 5939 = 7.5939 -1 
0 . 0 -rrrr- 0.0 ~ ~ 

49.6 10 282 . 66 268.66 270.65 8.7 858 7. 9969 7. 9772 -1 1.0829 1. 0370 1. 0268 +0 
0.0 0.0 0.0 

48.000 282 . 66 268.66* 270 . 65 1. 0673 9. 5880 9 . 77 48 -1 1. 3155 1. 2433 1. 2582 +0 
0.0 +2.5 0.0 

47 . 000 282.66* 266 . 16 270. 65* 1. 2044 1. 0895 1. 1090 +0 1. 4845 1. 4261 1. 4275 +0 
+3 . 0 +2.5 +2.8 

32 . 000 23 7. 66 228.66 * 228.65 * 8. 6776 8. 6800 8. 6798 +0 1.2721 1. 3225 1.3225+1 
+3.0 +1. 0 +1. 0 

25 . 000 216.6 6* 221. 66 22 1. 65 2. 4886 2.5110 +1 4. 0016 3. 9461> +1 
lCAO 0.0 +1. 0 +1. 0 lCAO lCAO 
-- -- --

20.000 216 . 66 = 216 . 66 = 216.66* 216.65* 5. 4749 5.4748= 5. 4748 5. 4747 +1 8. 8035 8. 8034 = 8. 8034 8. 8033 +1 
0.0 0.0 0.0 

11. 000 216. 66* 216.66* 216.65* 2. 2632 = 2.2632 
- 6. 5 -6. 5 -6 . 5 

0.000 288 .16 288 . 16 288.15 1. 01325 

*Breakpoint in temperature gradient, given in deg/km . 

79 km (geopotential) . The upper segment 61 to 79 
(km) is based upon observed densities which have 
been considered more reliabl e than measured 
temperatures . Adopted temperatures are seen to 
be at least 20° colder than reported temperatures 
near 80 km. The isothermal layer of 180 . 65° K 
above 79 km provides continuity for density in the 
region above the isothermal layer. The new density 
val ue at 80 km (geometric ) agrees very close ly 
with the target value. The properties of this por ­
tion of the new standard atmosphere are shown on 
Table 17 (from Ref. 6). 

The basic obstacle to a consistent , continuous 
standard atmosphere above 90 km was the de ­
velopment of a mean molecular weight (M ) profile 
for the atmospheric gases together with a mole ­
cular scale temperature TM profile with linear 

lapse rates which would give the secondary atmos­
pheric parameters in agreement wit h theoretical 
and empirical data . 
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2.2632 +2 3 . 6392 3.63 91 3.6392 +2 

1. 01325+3 1. 2250 = 1. 2250 1. 2250 +3 

The boundary conditions applied to the model 
were : 

(1) The density, pressure and temperature 
at 90 km must coincide with those of 
Task Group I, namely: density 3.1 698 

- 6 3 -3 
x 10 kgm/m , pressure 1. 6437 x 10 
milli bars, molecular scale temperature 
180. 65° K . 

(2) The density at 200 km should lie within 
-1 0 3 

the range 3. 3 ± 0. 3 x 10 kgm/m for 
mean solar conditions . 

(3) The model should agree as closely as 
possibl e with the densities in the altitude 
range 90 to 200 km recommended by 
Task Group II and based on rocket and 
satellite data. 



Kilometers 
Geomet Geopot 

90.000 88.743 
89.235 88.000 
87. 179 86.000 
85.125 84.000 
83.072 82.000 
81. 020 80.000 

79. 994 79.000 

78. 969 78.000 
76.920 76.000 
74.872 74.000 
72.825 72.000 
70.779 70.000 
68.735 68.000 
66.692 66.000 
64 . 651 64.000 
62.611 62.000 

61. 591 61. 000 

60.572 60.000 
58. 534 58.000 
56.498 56.000 
54.463 54.000 

52.429 52 . 000 

50.396 50.000 
48.365 48.000 

47.350 47.000 

46.335 46.000 
44.307 44.000 
42.279 42.000 
40.253 40.000 
38.229 38.000 
36.205 36.000 
34. 183 34.000 

32.162 32.000 

30.142 30.000 
28. 124 28.000 
26.107 26.000 
24.091 24.000 
22.076 22.000 

20.063 20.000 

18 . 051 18.000 
16.040 16.000 
14.031 14.000 
12.023 12.000 

11.019 11. 000 

10.016 10.000 
8.010 8.000 
6.006 6.000 
4.003 4.000 
2.001 2.000 
0.000 0.000 

TABLE 17 

Properties, to 90 km, 
of the U. S. Standard Atmosphere--1962 

Density 

Temperature Pressure 1(P3 . 10) 
Grad oK (mb x IOn) n I\.m n 

0.0 180.65 1. 6437 -3 3. 1698 -3 

J 

180.65 1. 8917 

J 

3.6480 i 180.65 2.7613 5 . 3250 
180.65 4 . 0307 7.7729 
180.65 5.8836 1. 1346 -2 
180.65 8.5883 1.6562 

:::'** 180.65 1. 0376 -2 2.0009 

-4.0 184.65 1. 2512 2.3606 
192.65 1. 7975 3.2504 
200.65 2.5444 4.4176 
208. 65 3.5530 5.9322 
216.65 4.8994 7.8782 
224.65 6 . 6776 1.0355 -1 
232.65 9.0034 1.3482 
240.65 1. 2017 -1 1. 7396 
248. 65 1. 5889 2.2261 

~c:,:c* 252.65 1. 8209 2.5108 

-2.0 254. 65 2.0835 2.8503 

i 258. 65 2.7190 3.6622 
262.65 3.5339 4.6873 
266. 65 4. 5749 5.9769 

*"* 270.65 5.8997 7.5939 

0.0 270.65 7.5940 9.7747 -1 
0.0 270.65 9.7748 1.2582 +0 

*** 270.65 1. 1090 +0 1.4275 

+2.8 267.85 1.2591 1.6376 
262.25 1. 6294 2.1645 
256 . 65 2. 1203 2.8780 
251. 05 2.7752 3.8510 
245.45 3.6544 5.1867 
239.85 4.8430 7.0342 
234.25 6.4610 9.6086 

*** 228.65 8.6798 1. 3225 +1 

+1.0 226.65 1. 1718 +1 1. 8011 

j 
224.65 1.5862 2.4598 
222.65 2.1530 3.3687 
220.65 2.9304 4.6266 
218.65 3 . 9997 6.3726 

**:::~ 216.65 5.4747 8.8033 +1 

0.0 216.65 7 . 5045 1. 2067 +2 

i 216.65 1.0287 +2 1.6541 
216.65 1. 4101 2.2674 
216.65 1. 9330 3.1082 

** :o:c 216.65 2.2632 3.6392 

-6.5 223.15 2.6443 4. 1282 

j 
236.15 3.5601 5.2519 
249.15 4.7183 6.5973 
262. 15 6.1642 8.1916 +2 
275.15 7.9496 1. 0065 +3 
288.15 10.1325 1. 2250 + 3 

**~'Altitude at which temperature gradient experiences discontinuity. 
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Sound spe~) 
( ..E:.... 10

2 
sec 

Dyn Visc 2) (gm . 102 
m-sec 

2.6944 1. 2163 
2.6944 1. 2163 
2.6944 1. 2163 
2. 6944 1. 2163 
2.6944 1. 2163 
2.6944 1. 2163 

2.6944 1. 2163 

2.7241 1. 2399 
2.7825 1. 2865 
2.8396 1. 3323 
2.8957 1.3773 
2.9507 1. 4216 
3.0047 1. 4652 
3.0577 1. 5082 
3.1098 1.5505 
3.1611 1. 5922 

3.1864 1. 6128 

3.1990 1. 6230 
3.2240 1.6434 
3. 2489 1. 6636 
3.2735 1.6837 

3.2980 1.7037 

3.2980 1. 7037 
3.2980 1.7037 

3.2980 1. 7037 

3.2809 1. 6897 
3.2464 1. 6616 
3.2115 1.6332 
3.1763 1. 6045 
3.1407 1. 5756 
3.1047 1.5463 
3.0682 1.5167 

3.0313 1. 4868 

3.0180 1.4760 
3.0047 1. 4652 
2.9913 1.4544 
2 . 9778 1. 4435 
2.9643 1.4326 

2.9507 1. 4216 

2.9507 1.4216 
2.9507 1. 4216 
2.9507 1. 4216 
2.9507 1. 4216 

2. 9507 1. 4216 

2.9946 1. 4571 
3.0806 1. 5268 
3.1643 1. 5947 
3.2458 1. 6611 
3.3253 1. 7260 
3.4029 1.7894 



(4) At higher altitudes the density should 
match satellite density data under mean 
solar conditions and agree as closely 
as possible with the density values rec-
0mmended by Task Group III. 

(5) The molecular scale temperature gra­
dients d T M / dz should be linear and 

kept to a maximum of two significant 
figures and, where possible, to one 
significant figure. 

(6) The number of breakpoints or segments 
in the TM(z) function should be kept to 

a minimum, consistent with accurate 
representation of the properties of a 
mean atmosphere. 

(7) The value of T at 150 km should be as 
low as possible, consistent with the ob­
served density values, to give some 
weight to Blamont.s measurement of T 
at this altitude. (These temperature 
measurements are not consistent with 
temperatures deduced from density 
measurements. ) 

(8) The value of dT/dz should approach 
zero above 350 km. 

(9) The value of T above 350 km should lie 
in the range 1500 ± 200° K. 

b. Properties 

The model defined in terms of molecular -scale 
temperature as a function of geometric altitude is 
shown in Fig. 3 (from Ref. 7) together with the 
corresponding defining functions for the ARDC 
1959 model and the current U. S. standard atmos­
phere (ARDC 1956). In Fig. 4 (from Ref. 1) the 
adopted profile (up to 300 km) is compared with 
profiles deduced from several types of observa­
tions. 

The gradients dTM/dz increase steadily from 

0° K/km at 90 km to a maximum value of 20° K/km 
between 120 and 150 km, then steadily decrease to 
5° K/km at 200 km and finally to 1.1° K/km at 600 
km. Because of the requirement that dT/dz tend 
to zero above 350 km, dT M/ dz must be maintained 

at a small positive value determined by the rate of 
decrease of M in the same region. When dT/dz = 0 

2 
dTM/dz = - TIM (dM/dz) 

where dM / dz is negative 

Figure 5 (from Ref. 1) presents density versus 
geometric altitude for the new standard compared 
with some U. S. and Russian data and the 1959 
ARDC Model Atmosphere. A comparis on of the 
pressure versus altitude curves for the new U. S. 
standard a tmosphere with other standards is pre­
sented in F ig. 6 (from Ref. 1). Figure 7 (from 
Ref. 7) is a comparison of the molecular weight 
versus altitude for the different standards. A 
table of the defining properties of the 90- to 700- km 
portion of the U. S. Standard Atmosphere 1962 is 
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presented in Table 18 (from Ref. 1). Table 19 
(from Ref. 1) shows the detailed properties of 
this upper part of the new atmosphere . A brief 
outline of the new standard from 0 to 700 km in 
skeleton form is presented in Table 20 (from Ref. 
1). This table is included along with the data of 
Table 19 because of its compact form and be­
cause of the fact that other data is also presented . 

z 

TABLE 18 

Defining Properties of the Proposed 
Standard Atmosphere 

TM L 
(km) (OK) (oK/km) M T 

90 

100 

110 

120 

150 

160 

170 

190 

230 

300 

400 

500 

600 

700 

180.65 28.966 180.65 
+3 

210.65 28.88 210.02 
+5 

260.65 28.56 257.00 
+10 

360.65 28.07 349 . 49 
+20 

960.65 26 . 92 892. 79 
+15 

1110.65 26.66 1022.2 
+10 

1210 . 65 26.40 1103.4 
+7 

1350.65 25 . 85 1205.4 
+5 

1550.65 24. 70 1322.3 
+4 

1830.65 22.66 1432.1 
+3.3 

2160 . 65 19.94 1487.4 
+2.6 

2420.65 17.94 1499.2 
+1. 7 

2590.65 16.84 1506.1 
+1. 1 

2700.65 16.17 1507.6 

z = geometric altitude 

TM = molecular scale temperature TMO/M 

T = kinetic temperature 

M = mean molecular weight 

MO = sea-level value of M 

L = dTM/dz, gradient of molecular scale 

temperature 

2 . Density Variability 

a. Measurements 

Variations in density of the upper atmosphere 
affect the orbital lifetime and re - entry of satel­
lites. For these reasons considerable attention 
has been given recently to evaluation of these 
variations. 

Tidal variations in the atmosphere are at­
tributed to gravitational va ria tions cause d by 
the sum and moon. This tidal energy is supplied 



TABLE 19 

Defining Molecular Scale Temperature and Related Properties 
for the U. S. Standard Atmosphere -- 1962 

P P 

z TM L Hp (mmHg (~ IOn) n 
(km) (OK) (OK/km) (km) (rilb x lOn) n x lOn) n Log10p/po m 3 . 

90 180 . 65 

t 
5.438 1. 6437 -3 1.2329 - 3 -5.7899 3.1698 -6 

92 186 . 65 5. 623 1. 1448 • 8.5869 -4 -5.9496 2.1368 j 
94 192.65 3.0 5. 807 8.0674 -4 6. 0511 -6 . 0990 1. 4589 

96 198.65 t 5. 991 5. 7476 4. 311 0 -6 . 2462 1. 0080 

98 204.65 6.176 4.1372 3.1 031 -6.3890 7. 0428 -7 

100 210.65 

t 
6. 361 3. 0070 2. 2554 -6.5276 4. 9731 

102 220.65 6. 667 2. 2119 1. 6591 -6.6610 3. 4924 

104 230.65 5. 0 6.974 1. 6497 1. 2374 -6.7883 2.4918 

106 240.65 

j 
7. 280 1. 2460 9.3456 -6.9102 1. 8038 

108 250 . 65 7. 588 9. 5205 -5 7.1410 -7.0271 1.3233 

110 260.65 7.895 7.3527 -5 5.5150 -5 -7.1393 9.8277 -8 

112 280.65 • 8. 50 7 5.7609 4. 3210 -7.2452 7.1512 

114 300.65 10. 9.117 4. 5908 3.4434 -7 . 3438 5. 3196 

116 320.65 

j 
9.731 3.7127 2.7848 -7.4360 4. 0338 

118 340.65 10. 34 3 . 0418 2.2816 -7 . 5226 3.1109 

120 360 . 65 10 . 96 2.5209 1. 8909 -7.6042 2.4352 

122 400 . 65 12.18 2.120 4 1. 5904 -7. 6793 1. 8435 

124 440.65 13.41 1. 8133 1. 3601 -7.7472 1. 4336 

126 480 . 65 14.63 1. 5721 1. 1792 -7 . 8092 1.1395 

128 520.65 15 . 86 1. 3787 1.0341 -7 . 8663 9.2254 -9 

130 560.65 17.09 1. 2210 -5 9.1 584 -6 -7.9190 7.5873 -9 

132 600.65 18. 32 1. 0905 t 8.1797 -7 . 9681 6.3252 

134 640.65 19.55 9.8118 -6 7. 3595 -8.0140 5.3357 

136 680 . 65 20. 20 .78 8. 8852 6. 6645 -8.0571 4.5478 

138 720 . 65 22 .02 8.0923 6.0697 -8.0977 3.9121 

140 760.65 23 .25 7. 40 79 5. 5563 -8.1360 3.3929 

142 800 . 65 24. 49 6. 8124 5.1098 -8.1724 2.9643 

144 840.65 25.73 6. 2908 4.7185 -8.2070 2.6071 

146 880 . 65 26 . 98 5. 8310 4. 3736 -8.2400 2.3067 

148 920.65 28.22 5. 4233 4. 0678 -8.2715 2.0522 

150 960 . 65 29 . 46 5. 0599 -6 3.7952 -6 -8.3016 1. 8350 -9 

152 990.65 • 30.39 4. 7328 3. 5499 -8 . 3306 1. 6644 

154 020.65 15. 31. 34 4. 4359 3. 3272 -8 . 3587 1. 5141 

156 050.65 ! 
32 .28 4.1 655 3.1 244 -8.3861 1. 3812 

158 080 . 65 33 . 22 3.9187 2. 9393 -8.4126 1. 2633 

160 110.65 

• 
34.17 3. 6929 2.7699 -8 . 4384 1. 1584 

162 130 . 65 10. 34. 80 3 . 4848 2.6 138 -8 . 4635 1. 0738 

164 150.65 t 35.44 3. 2919 2.4691 - 8. 4883 9.9669 -10 

Z geometric altitude 

H geopotential altitude 

Log10p/po 

-5.5871 

-5.7584 

-5.9241 

-6.0847 

-6.2404 

-6 . 3915 

-6.5450 

-6.6916 

-6.8320 

-6.9665 

-7.0957 

-7.2338 

-7.3623 

-7.4824 

-7.5953 

-7.7016 

-7.8224 

-7.9317-

-8.0314 

-8.1232 

-8.2080 

- 8.2871 

-8.3610 

-8.4303 

- 8. 4957 

-8. 5576 

-8.6162 

- 8.6720 

-8.7251 

-8.7759 

- 8.8245 

- 8.8669 

-8.9080 

-8.9479 

-8.9866 

- 9.0243 

-9.0572 

-9.0896 

_ RZ 
- -R+Z R radius of earth at 45° 32' 40" = 6356.766 km 
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TABLE 19 (continued) 

p P 
z TM L Hp (mmHg 

Log10p/Po (:~ .1 0
nt L og10 p/PO (km) (OK ) (OK/km) (km) (mb x IOn) n x IOn) n 

166 1170.65 I 36.08 3.1128 -6 2.3348 -6 -8.5126 9. 2637 - 10 -9.1214 
168 1190.65 10.0 36 .7 2 2. 9464 T 2.2100 

, 
- 8. 5364 8. 6211 -10 - 9.1 526 

170 1210.65 
, 

37 . 36 2. 7915 -6 2.0938 -6 -8 . 5599 8.0 330 - 10 -9.1833 
172 1224.65 37 . 81 2. 6468 1. 9853 -8. 5830 7.5296 - 9. 2114 
174 1236.65 38 . 27 2.5113 1. 8836 -8.6058 7.0632 - 9. 2391 
176 1252.65 38.7 3 2. 3841 1. 7882 - 8. 6284 6.6307 - 9. 2666 
178 1266.65 39.1 8 2.2648 1. 6987 -8.6507 6.2292 - 9. 2937 
180 1280.65 7.0 39 . 64 2.1527 1. 6147 - 8. 6727 5.8562 - 9. 3205 
182 1294.65 40 .1 0 2.0474 1. 5357 -8.6945 5. 5094 - 9.3470 
184 1308. 65 40 . 55 1.9483 1. 4614 - 8.716 1 5.1 868 - 9.3732 
186 1322. 65 41. 01 1. 855 1 1. 3914 - 8.7 374 4. 8863 - 9. 3992 
188 1336.65 41. 47 1. 7673 1.3256 -8.7584 4. 6062 -9.4248 

190 1350.65 41. 93 1. 6845 -6 1. 2635 - 6 -8 .7793 4.3450 -1 0 - 9.4502 
192 1360.65 42 . 27 1. 6064 1. 2049 -8.7 999 4.11 30 -9 . 4740 
194 1370.65 42 . 61 1. 5324 1.1 494 -8.8204 3. 8950 -9. 4976 
196 1380.65 42 . 94 1.4624 1. 0969 -8.8407 3. 6901 - 9. 5211 
198 1390.65 43.28 1. 3961 1.0472 -8 . 8608 3. 4975 - 9. 5444 
200 1400.65 43 . 62 1.3333 1.0001 -8 . 8808 3. 3163 -9.5675 
202 1410.65 43 . 96 1. 2738 9. 5541 -8. 9006 3. 1458 - 9. 5904 
204 1420.65 44. 30 1.2173 9.1 307 - 8. 9203 2. 9852 - 9. 6132 
206 1430.65 44 . 63 1.1638 8.7 291 -8.9399 2. 8340 -9 . 6358 
208 1440.65 44 . 97 1. 1130 8. 3480 - 8. 9592 2. 6915 -9.6582 

210 1450.65 5. 0 45 . 31 1.0647 - 6 7.9862-7 - 8.9785 2. 5571 - 10 -9.6804 
212 1460.65 45 . 65 1.0189 t 7.6427 -8.9976 2.4303 -9.70 25 
214 1470.65 45 . 99 9. 7542 -7 7.3163 - 9. 0165 2. 3107 -9.7244 
216 1480.65 46.33 9. 3407 7.0061 - 9.0 353 2.1 978 - 9.7462 
218 1490.65 46.68 8.9475 6.7112 - 9.0540 2.0 911 -9.7678 
220 1500.65 47 .0 2 8. 5735 6. 4307 -9.0726 1. 9904 - 9.7 892 
222 1510.65 47 . 36 8. 2177 6.1 638 - 9.0 910 1. 8952 - 9. 8105 
224 1520.65 47 . 70 7. 8721 5. 9046 -9.1092 1. 8051 -9.8316 
226 1530.65 48.04 7.5567 5. 6680 - 9.1 274 1.7200 - 9. 8526 
228 1540.65 48.39 7.2497 5.4377 -9.1454 1. 6394 -9.8735 

230 1550.65 48.73 6.9572 -7 5. 2183 -7 -9. 1633 1. 5631 -10 -9.8942 
232 155 8. 65 

1 
49.01 6. 6782 5.00 91 -9.1811 1. 4927 - 9. 9142 

234 1566.65 49 . 29 6. 411 9 4.8093 - 9.1 987 1. 4259 - 9. 9341 
236 1574. 65 4.0 49.58 6.1 577 4.6187 -9.2163 1. 3624 -9.9538 
238 1582.65 49 . 86 5. 9149 4 . 4366 -9 .2 338 1. 3020 -9.9735 
240 1590.65 50.14 5. 6830 4 . 2626 -9.2511 1. 2447 - 9. 9931 
242 1598. 65 50.43 5.4614 4.0 964 -9.2684 1. 1902 -10 .01 25 
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TABLE 19 (continued) 

P P 

TM L H (mmHg (~ IOn) z P LoglOp/PO (km) (OK) (OK/km) (km ) (mb x IOn) n x IOn) n Log10p/PO m 3 · ~ 

244 1606.65 4.0 50.71 5.2496 -7 3. 9375 -7 -9.2856 1.1383 -10 -10.0319 

246 1614.65 50.99 5.0471 ~ 3. 7856 ~ -9.3027 1. 0890 ~ -10.0511 

248 1622.65 51. 27 4.8535 3. 6404 -9.3197 1. 0421 -10.0703 

250 1630.65 51. 56 4.6683 -7 3. 5015 -7 -9.3366 9.9738 -11 -10.0893 

252 1638.65 51. 84 4.4912 3. 3687 -9.3534 9.5485 -10.1082 

254 1646.65 52.13 4.3217 3.2415 -9.3701 9.1434 -10.1270 

256 1654.65 52 .41 4.1594 3.1198 -9.3867 8.7576 -10.1458 

258 1662.65 52 . 70 4.0041 3.00 33 -9.4032 8.3901 -10.1644 

260 1670.65 52.98 3. 8554 2.8918 -9. 4197 8.0397 -10.1829 

262 1678.65 53 . 27 3.7130 2.7849 -9. 4360 7.7058 -10.2013 

264 1686.65 53.55 3.5765 2.6826 -9.4523 7.3874 -10.2197 

266 1694.65 53 . 84 3.4457 2.5845 -9.4684 7.0837 -10.2379 

268 1702.65 54.13 3. 3204 2.4905 -9.4845 6.7940 -10.2560 

270 1710.65 54.41 3.200 3 -7 2.4004 -7 -9 . 5005 6.5176 -11 -10.2741 

272 1718.65 54 . 70 3.0851 2. 3140 -9.5165 6.2537 -10.2920 

274 1726.65 54. 99 2.9746 2.2311 -9.5323 6.0018 -10.3099 

276 1734.65 4.0 55 .28 2.8686 2. 1517 -9.5480 5.7613 -10.3276 

278 1742.65 55.57 2.7670 2.0754 -9. 5637 5.5316 -10.3453 

280 1750.65 55.86 2.6694 2.0022 -9. 5793 5.3122 -10.3629 

282 1758.65 56.15 2.5758 1. 9320 -9.5948 5.1025 -10.3804 

284 1766.65 56.43 2.4858 1. 8645 -9.6103 4.9021 -10.3978 

286 1774.65 56.73 2.3995 1. 7998 -9.6256 4.7105 -10.4151 

288 1782.65 57.01 2. 3166 1. 7376 -9.6409 4.5273 -10.4323 

290 1790.65 57.31 2.2369 -7 1. 6778 -7 -9.6561 4.3521 -11 -10.4494 

292 1798.65 57 .60 2.1604 1. 6204 -9. 6712 4.1845 -10.4665 

294 1806.65 57.88 2.0868 1.56 53 -9. 6862 4.0241 -10.4835 

296 1814.65 58.18 2.0162 1.51 22 -9.7012 3.8707 -10.5004 

298 1822.65 58.47 1. 9482 1. 4613 -9.7161 3.7238 -10.5172 

300 1830.65 58.76 1. 8828 1. 4122 -9.7309 3.5831 -10.5339 

305 1847.15 59 . 38 1.7300 1. 2976 - 9.7677 3.2629 -10.5745 

310 1863.65 60 .00 1. 5910 1. 1934 -9.8041 2.9742 -10.6148 

315 1880.15 60 . 62 1. 4644 1. 0984 -9.8401 2.7135 -10.6546 

320 1896.65 61. 25 l. 3491 1.011 9 -9.8757 2.4780 -10.6940 

325 1913.15 3. 3 61. 88 1. 2438 -7 9.3293 -8 -9.9110 2.2650 -11 -10.7331 

330 1929.65 62.50 1. 1477 

~ 
8. 6086 

\ 

-9.9459 2.0721 

j 
-10.7717 

335 1946.15 63 .1 3 1.0599 7.9499 -9.9805 1.8973 -10.8100 

340 1962.65 63 .76 9.7957 -8 7.3474 -10.0147 1.7388 -10.8479 

345 1979.15 64.40 9.0604 
, 

6.7958 -10.0486 l. 5949 -10.8854 
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l 
TABLE 19 (continued) 

P P 

TM L 
H (mmHg (~ Ion) z p 

(km) (OK) (OK/km) (km) (mb x IOn) n x IOn) n Logl Op/PO m 3 ' n Log10p/Po 

350 1995 . 65 65 . 02 8.3866 -8 6. 2905 -8 -1 0.0821 1. 4641 -11 -10. 9226 

355 2012 . 15 65 . 66 7 . 7688 5. 8271 -10 . 1154 1. 3451 -10.9594 

360 2028.65 66 . 30 7 . 2018 5. 4018 -10 .1 483 1. 2368 -10 . 9958 

365 2045 . 15 66 . 94 6. 6810 5.0112 -1 0.1 809 1.1381 -11. 0320 

370 2061.65 67 . 58 6. 2024 4. 6522 -10 . 2132 1. 0481 -11. 0677 

375 2078.15 3. 3 68 . 22 5. 7620 4. 3219 -10 . 2400 9. 6595 -12 -11. 1032 

380 2094.65 

j 
68.86 5. 3567 4.0178 -10. 2768 8.9092 -1 1.1 383 

385 2111.15 69.51 4. 9832 3. 7377 -10 . 3082 8. 2233 -1 1. 1731 

390 2127 . 65 70 . 16 4. 6389 3. 4794 -10 . 3393 7. 5957 -1 1. 2076 

395 2144. 15 70.81 4. 3212 3. 2411 -10 . 3701 7. 0211 -1 1. 2417 

40 0 2160 . 65 71. 45 4.0278 -8 3. 0211 -8 -10. 4007 6.4945 -12 -1 1. 2756 

41 0 2186 . 65 72.53 3. 5055 2. 6293 -10 . 4610 5. 5850 -11. 3411 

420 2212.65 73 . 61 3. 0571 2. 2930 -10 . 5214 4. 8134 -11. 4057 

430 2238 . 65 74. 69 2. 6714 2. 0037 -10 . 5790 4. 1573 -11. 4693 

440 2264. 65 75 . 78 2. 2339 1. 7543 -10 . 6367 3. 5981 -11. 5321 

450 2290 . 65 2.6 76 . 88 2. 0517 1. 5389 - 10 . 693'6 3. 1204 -1 1. 5939 

460 2316 . 65 

j 
77 . 98 1. 8031 1. 3525 -10 . 7497 2. 7116 - 11. 6549 

470 2342. 65 79.09 1. 5875 1. 1908 -10 . 8050 2.3609 - 11. 7151 

480 2368.65 80 . 20 1. 4002 1. 0502 -10 . 8595 2. 0595 -11. 7744 

490 2394.65 81. 32 1. 2371 9. 2792 -9 -10 . 9133 1.7998 -11. 8329 

500 2420 . 65 82.44 1. 0949 -8 8. 2124- 9 -10. 9664 1. 5758 -12 -1 1. 8906 

510 2437.65 83.27 9. 7042 - 9 7. 2787 -1 1. 0188 1. 3869 l -11. 9461 

520 2454.65 84. 09 8. 6110 6.4588 -11. 0707 1. 2222 -12 . 0010 

530 2471. 65 84.91 7. 6500 5.7380 -1 1. 1221 1. 0783 -12 . 0554 

540 2488 . 65 85.75 6.8041 5. 1035 -1 1. 1730 9. 5250 -13 -12 . 1093 

55 0 2505.65 1.7 86.59 6. 0585 4. 5443 -1 1. 2234 8. 4238 -12 . 1626 

560 2522 . 65 

j 
87 . 43 5. 4007 4. 0509 -11. 2733 7. 4585 -12 . 2155 

570 2539. 65 88. 28 4. 8197 3. 6150 -11.3227 6. 6115 -12.2678 

580 2556 . 65 89.12 4. 3058 3.2296 -11. 3717 5. 8673 -12 . 3197 

590 2573 . 65 89.97 3. 8508 2. 8883 -11. 4202 5. 2127 -12 . 3711 

600 2590.65 90 . 83 3. 4475 -9 2. 5859 -9 -11. 4682 4. 6362 -13 -12 . 4220 

610 2601. 65 91. 47 3.0893 2. 3172 -11. 5159 4. 1369 -12 . 4715 

620 2612 . 65 92 . 13 2. 7705 2. 0780 -11. 5632 3. 6943 -12 . 5206 

630 2623.65 92 . 78 2. 4865 1. 8650 - 11. 6101 3. 3017 -12 . 5694 

640 2634. 65 93.43 2. 2333 1. 6751 -11. 6568 2. 9531 -12 . 6179 

650 2645.65 1.1 94.09 2. 0074 1. 5056 -11. 7031 2. 6433 -12 . 6660 

660 2656 . 65 94. 75 1. 8057 1. 3544 -11. 7491 2.3679 -12 . 7138 

670 2667 . 65 95 . 42 1.6254 1.2192 -11. 7948 2. 1227 -12 . 7613 

680 2678.65 96.09 1.4642 1. 0983 -11. 8401 1. 9044 -12 . 8084 

690 2689 . 65 96.76 1. 3200 9. 9007 -10 -11. 8852 1. 7097 -12 . 8552 

700 2700 . 65 97.42 1.1908 -9 8. 9317 -10 -11. 9299 1.5361 -13 -12 . 9017 
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TABLE 20 

Skeleton of the U. S. Standard Atmosphere--1962 

Defining temperature and molecular weights of the proposed U . S. Standard Atmosphere and computed 
pressures and densities, where z = geometric altitude, h = geopotential altitude, T = kinetic temperature, 
M = mean molecular weight, L = gradient of molecular scale temperature = dT MI dh (below 79 geopotential 

km) = dT M I dz (above 79 geopotential km), TM = molecular scale temperature = (TIM) MO; and MO = sea 

level value of M. 

z h TM L 
(km) (km) (OK) (OK/km) 

0.000 0 . 000 288 . 15 -6.5 

11.019 11 . 000 216 . 65 0. 0 

20.063 20.000 216 . 65 1.0 

32.162 32.000 228 . 65 2 . 8 

47.350 47.000 270 . 65 0 . 0 

52.429 52.000 270 . 65 -2.0 

61. 591 61. 000 252 . 65 -4 . 0 

79.994 79.000 180 . 65 0 . 0 

90.000 88 .743 180 . 65 3.0 

100.000 98.451 210 . 65 5.0 

110.000 108.129 260.65 10 . 0 

120.000 117.777 360 . 65 20.0 

150.000 146.542 960.65 15 . 0 

160.000 156.071 1, 110 . 65 10.0 

170.000 165.572 1,210.65 7 . 0 

190.000 184.485 1,350. 65 5.0 

230.000 221. 968 1,550 . 65 4.0 

300 .000 286.478 1,830 . 65 

400.000 376 .315 2,160 . 65 
3.3 

500.000 463.530 2,420 . 65 
2.6 

600.000 548.235 2,590.65 
1.7 

700.000 630.536 2, 700 . 65 
1.1 

to the atmosphere in the high density region and 
the diurnal tidal component propagates upward to 
about 105 to 305 km where it is damped. The 
semidiurnal components of the lunar and solar 
tidal variation, because of their shorter period, 
are usually detected between 50 and 80 km . The 
maximum density variation resulting from these 
tidal effects is of the order of 25% . At 96 km, 
Greenhow and Hall (Ref. 8) have found a diurnal 
density variation of about 13% and a semidiurnal 
varia tion of about 7"/0. Other causes of density 
variability are solar heating which may be ex­
pected to vary with local time, latitude, season 
and altitude (as selective portions of the solar 
radiation are absorbed). In addition to gravita­
tional and thermal causes of fairly regular den­
sity variability there may be an irregular com­
ponent analagous to storm systems in the lower 
atmosphere . 

p 

T 
p 

(5' IOn) n 
M (OK) (mb x IOn) n 

28 . 966 288.15 10 . 1325 2* 1. 2250 3 

28.966 216.65 2.2632 2 3 .6392 2 

28 . 966 216.65 5.4747 1 8.80 33 1 

28.966 228.65 8.6798 0 1. 3225 1 

28 . 966 270.65 1.1090 0 1. 4275 0 

28.966 270.65 5.8997 -1 7.5939 - 1 

28 . 966 252.65 1. 8209 - 1 2.5108 - 1 

28 . 966 180.65 1. 0376 - 2 2.0009 - 2 

28.966 180.65 1. 6437 - 3 3 .1698 - 3 

28.88 210.02 3.0070 - 4 4.9731 - 4 

28 . 56 257.00 7.3527 - 5 9.8277 - 5 

28.07 349.49 2.5209 - 5 2.4352 - 5 

26 . 92 892.79 5.0599 - 6 1. 1'1350 - 6 

26 . 66 1,022.20 3.6929 - 6 1. 1584 - 6 

26 . 40 1,103.40 2 . 7915 - 6 8.0330 - 7 

25 . 85 1,205.40 1. 6845 - 6 4.3450 - 7 

24.70 1, 322.30 6.9572 - 7 1. 5631 - 7 

22 . 66 1,432.10 1.8828 - 7 3.5831 - 8 

19. 94 1,487.40 4.0278 - 8 6.4945 - 9 

17 . 94 1,499 . 20 1.0949 -8 1.5758-9 

16 . 84 1,506.10 3.4475-9 4.6362 - 10 

16.17 1,507.60 1'.1908 - 9 1. 5361 - 10 

Nicolet (Ref. 9) indicates that atmospheric den­
sity variations may also be produced by solar 
flares and sunspot activity. Sunspot variation ef­
fects on density would be expected to vary from 
one year to the next with solar flare activity being 
associated with the sunspot activity. It is presumed 
that these effects would cause density variations 
of the order of 30 to 40% at altitudes of 200 km. 
The effect of the l1-year sunspot cycle on density 
has been estimated by Johnson (Ref. 10) as shown 
in Fig. 8. The maximum decrease occurs at 
about 1000 km where density is lower by a factor 
of 100 . The effect reverses at 1700 km. If these 
estimates are correct, then the solar cycle varia­
tion may be the largest change in density. 

One of the most useful techniques in determining 
densities has been from changes measured in the 
orbits of satellites having fairly precisely defined 
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elements. King -Hele and Walker (Ref. 11) have 
determined density from 21 satellites. Figure 9 
shows the density ratio (to sea level density) from 
these determinations . These data confirm that at 
altitudes between 180 and 300 km " the density did 
not depart from the long term average of 1957 -
1959 by a factor of more than 1. 5" as a result of 
latitudinal. seasonal or day-night effects. although 
it is possible that larger variations might have oc­
curred over intervals of less than 1 day and not 
have been detected by this technique (which re­
quires about 10 orbits for a determination). 

A grouping of the data from 180 to 250 km in 
Fig. 9 into those points up to January 1959 and 
after August 1959 would indicate density curves. 
respectively, 10% higher and 10% lower than the 
average shown on Fig. 9. This small decrease 
in density with time is attributed to the decrease 
in solar activity. 

At altitudes between 300 and 700 km, Fig. 9 
shows an increasingly pronounced day-night varia­
tion . The authors note that this is a solar zenith 
angle effect and should not be attributed to latitude 
or season beyond the fact that solar zenith angle 
is related to latitude and season. 

In evaluating the large apparent day-night ef­
fect shown. it should be noted that some of the 
variation is due to solar activity as the midday 
data all refer to early 1959 and the midnight values 
to late 1959 and early 1960. 

Jacchia (Ref. 12) has found from observations 
of satellite motion that a large diurnal variation 
in atmospheric dens ity primarily due to solar heat­
ing effects occurs at altitudes greater than 325 km 
and decreases at the 200-km level. This bulge oc­
curs in the general direction of the sun with a 25° 
to 30° lag produced by the earth's rotation. This 
atmospheric bulge represents the bulk of the den­
sity variations at altitudes above 200 km with 
variations ranging from about 5% of the mean den­
sity at 200 km to about 25% at 800 km. 

A separation of the day -night. seasonal, ter­
restrial (latitude) and solar activity effects has 
been ind icated by Martin and Priester (Ref. 13) 
using observations of Vanguard 1. At 660 km. a 
factor of 10 day-to-night variation in density was 
determined . This is considerably larger than 
Jacchia's value at 800 km. The value of density 
shown in Fig . 10 is a function of the differenc e in 
right ascenslOn L:,a of the sun and satellite perigee 
(and therefore a function of true local time) . The 
shift of maximum density at 660 km by 25° from 
local noon is well defined and in agreement with 
Jacchia. 

The seasonal and latitude effects are super­
imposed and at 660 km and over latitudes and dec­
linations 0° to 30° they are ea ch about 1/10 of 
the day-night effect . The analysis of Discoverer 
satellite orbits (Ref. 14) has indicated that the 
latitude -seasonal effect was only about 20% . 
Kallmann-Bijl (Ref. 15 ) in a recent survey has 
indicated that the separation of yearly. latitudinaL 
seasonal and solar cycle effects still remains a 
problem and her belief is borne out by the lack of 
agreement among different estimates of these ef­
fects . 
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Data from Vanguard 2 and Sputnik in addition 
to Vanguard I data were further investigated (Ref. 
16 ) and yielded the diurnal (plus seasonal) density 
variations shown in Fig. 11. At 210 km the diurnal 
variation of density is about a factor of 2. at 562 
km it is between 5 and 6 and at 660 km it is al­
most 10 as mentioned earlier. The difference in 
density between the solid and dashed lines is a 
measure of the seasonal effect at each altitude 
since 

L:,{)={) -() 
rr 0 

is the difference in declination between the satel­
lite perigee rr and the sun 0. The seasonal den-
s ity decrease at an average L:, fJ of about 40° is 
about 5% at each altitude . (Parkyn (Ref. 17 ) has 
de.termine~ the ratio of polar to equatorial density 
of 0 . 65 at about 250 km . ) Figure 12 (taken from 
Ref. 17) is a model of the diurnal variations of 
atmospheric density. The "wiggle" at 200 km 
was first suggested by Kallmann (Ref. 18) and 
derived more exactly and with better definition 
by Priester and Martin (Ref. 19 ) using more data . 
The wiggle occurs in the FI region of the iono­
sphere and is considered as the beginning of the 
density " solar effect." It is caused by absorptiotl 
of the relatively intense solar helium line at 304A. 
The diurnal variation of density at 200 km is small 
because of the poor heat conduction. The increas­
ing diurnal effect " fan shape" with altitude results 
from the combination of absorbed solar electro­
magnetic radiation and increasing heat conductivity 
of the atmosphere . Another density " wiggle" at 
300 to 500 km expected from the absorption of the 
584A solar helium line is apparently smoothed 
out by the large heat conductivity. 

The flux of solar radiations (short ultraviolet 
as well as perhaps X -rays and particles) which 
cause the diurnal density variation are themselves 
variables. Therefore a "solar activity effect" upon 
density (above 200 km ) also occurs . The best in­
dex of this effect is the intensity of radiation (in 
the 3 - to 30 -cm wavelength) from the sun which is 
emitted from the same solar regions (coronal 
condensations and flares) as the much more highly 
ionizing radiations which modulate atmosphere 
density. 

The relation between dens ity and 20 -cm solar 
radio waves has been found to be apprOXimately 
linear over the range of· values of solar flux be-

-22 2 -22 
tween 100 and 240 x 10 w/m -cps. If 170 x 10 
is used as a standard flux. the density variation 
due to solar activity is about ±41 %. This is over 
and above the diurnal variation. It is known that 
some of the ionizing solar radiations have their 
largest variations in intenSity over relatively 
short intervals of minutes during solar flares. 
Short transients in density that result from the 
absorption of these radiations are not distinguish­
able using the relatively long technique of varia­
tions in satellite acceleration. On the other hand, 
some of the sources of increased ionizing radia-
tion are relatively long -lived, a s a 27 -day periodicity 
of density has been detected . This corresponds to 
the rotational period of the sun. 

An estimate of density at 1518 km has been 
made from the orbit of the Echo satellite (Ref. 20) . 

l 



The variation in orbital period corresponded to a 
-18 3 

mean density of 1. 1 x 10 gm/ cm . However, 
at this altitude, density variations of 2 orders of 
magnitude are indicated, so the value of the mean 
is very limited. 

At lower altitudes, Quiroz (Ref. 21) has con­
structed a model of the seasonal variation of mean 
density as shown in Fig. 13. This author notes 
that the variations indicated on this figure join 
quite well with the factor of 1.5 at 220 km from 
Ref. 11. At altitudes up to 30 km there is con­
siderably more data available . In Refs. 22 and 
23, summaries have been prepared and are avail­
able for a number of specific stations and by lati­
tude and season. 

b. Variable models from satellite orbits 
(Ref. 24) 

Jacchia (Ref. 12) and Priester (Ref. 25) both 
devised variable models of the upper atmosphere 
based on the observed correlation with the deci­
meter solar flux and the angle between perigee 
and the sun. An annual variation in atmospheric 
denSity was then discovered by Paetzold (Ref. 
26) who constructed a variable atmospheric model 
based on all three effects . A CD of 2 should be 

used with these variable atmospheric models. 
(Paetz old has recently reported that he now uses 
CD = 2. 2.) In all the models .mentioned above the 

density is calculated as if all the drag were caused 
by neutral particles . At the higher altitudes charge 
drag may be important, but the gross effects of 
the interaction would be the same in any case for 
satellites with conducting skins. 

The model atmospheres based on satellite ob­
servations are constructed mostly from accelera­
tion data smoothed over 2-day intervals. There­
fore, these models can give no information about 
shorter term fluctuations . Little is k nown about 
short term fluctuations in the upper atmosphere . 

Jacchia's Variable ModeL According to Jacchia, 
the density of the upper atmosphere is given by 
the following formula . 

P = Po (h) F 20 {I + 0.19 G xp (0. 01887h) 

- 1.9] cos
6 

tj;/2 .. J 
Po (h), which is the density when tj; = 1800 a nd 

F 20 = 1, is given by 

log PO(h) = -15.733 - 0.006,808, 3h 

+ 6 . 363 exp (-0.00 8,917h). 

The quantities appearing in these formulas are 

h = height in km (185 < h <750 ) 

F 20 = 20 -cm solar flux in units of 100 x 10 -22 

w/m2 - cps 

tj; = the angle between the satellite and the 
peak ot the diurnal bulge of the atmos­
phere. (The bulge is assumed to lag 
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behind the sun by approximately 25 0 in 
Jacchia's atmosphere.) 

p = atmospheric density in slugs /ft 3 

(1 slug/ft 3 = 515.2 kg/m 3) 

Priester's Variable Model. Priester's model 
is similar to Jacchia's, since both are based on 
the correlation with the 20 - cm solar flux and the 
angle between perigee and the sun. In Priester's 
model, the atmospheric denSity is directly pro­
portional to F 20' the 20 - cm solar flux, and the 

peak of the diurnal bulge lags 1 hr (15 0
) behind 

the sun . 

Paetz old ' s Variable Model. Paetzold I s at­
mosPllere is one of the more recent modes (July 
1961). It also covers the greatest range of al­
titudes (150 to 1600 km), and uses the most depend­
able and readily available solar flux data (the 10-
cm measurements made by Arthur Covington at 
the National Research Council, Ottawa, Canada). 
Since Paetzold' s atmosphere includes more ef­
fects, it is more complicated than Jacchia' s or 
Priester's. 

In Paetzold' s model, the density of the upper 
atmosphere, p(h) is described by 

. 220-F10 log p(h) = log ps(h) - 1 220(h) 120 

- a(h) g(a) - 8(h) f( 8) .... 

where ps(hl is the standard density function givel, 

in Table 21. It represents the density in slugs / 

ft3 (1 slug/ft3 
= 515.2 kg/m3)at the maximum of 

the diurnal bulge (local time, 8 = 14.00 hr), when 
the 10-cm solar flux, FlO is 220 (in units of 

10 -
22 

w/m
2
-cps), and when the annual variation 

is at its peak. The function i 220 (h) represents 

the effect of solar ultraviolet emission, which is 
correlated with the 10-cm solar flux and with 
sunspots. The effect of the diurnal bulge is 
represented by 8(h), where 

8(h) = 8 s(h) 

-~1 8(h) 

220-F10 
i 220(h) 120 + a(h) g(a) 

• 1
220

{h) + a(h) 

(
220 - F 10\ 

- ~ 2 8(h) • 120 / 

All three functions, 8 s(h}' ~ 18(h) and ~ 28(h) are 

given in Table 21. Below 650 km, the corrections 
~ 18(h) and ~ 28(h) are small. The function f(8) 

appears in Table 22. The annual variation in 
density is represented by the product g(a ) a(h), in 
which g( a) is a function of the month of the year, 
and a(h) is a function of the height. 



TABLE 21 

The Standard Functions for the Air Density and Its Variations 

( lnautmi=1 . 852km; 1s1ug/ft 3 '" 515.2 ~) 
Tn 

h psln) 
l og ps(h) 8s (h) a 220(h) i 220(h) !:l1 8(h) !:l28(h) (naut mil (slugs /ft 3) 

80 7.220 x 10- 12 -11. 122 -0 . 009 0.031 0.041 O. 000 0.000 
85 3. 845 

j 
0.443 -0 . 014 0.036 O. 064 0 0 

90 2.098 O. 694 -0.018 0.041 0.091 0 0 
95 1.347 0.879 -0.023 0 . 047 O. 121 0 0 

100 9.787 x 10- 13 -12.0133 -0.017 0.053 O. 156 0 0 
110 7.206 O. 1438 +0.032 0.066 0.246 0 0 
120 5. 135 0.2913 0.070 0.079 O. 325 0 0 
130 3.296 0.4832 0.049 0.093 O. 356 0 0 
140 2.060 0.6868 0.054 0.108 0.373 0 0 
150 1. 423 0.8477 0.094 O. 122 O. 387 0 0 
160 1.060 0.9756 O. 133 O. 137 0.398 0 0 
170 8.046 x 10- 14 -13.0957 0.170 O. 152 0.409 0 0 
180 6.087 0.2167 0.207 0.168 0.420 0 0 
190 4.612 O. 3369 0.242 O. 185 0.431 0.001 0 
200 3.507 0.4553 0 . 276 0.203 0.442 O. 001 0 
210 2. 712 0.5671 0.314 0.221 0.454 O. 002 0 
220 2. 151 0.6705 O. 344 O. 240 0.465 O. 002 0 
230 1. 714 O. 7684 0 . 375 0 . 259 0.476 O. 003 0 
240 1. 385 0.8604 0.425 0 . 278 0.487 0.004 0 
250 1. 130 0.9479 0.462 0.295 0.498 0.005 0 
260 9 .326 x 10- 15 -14.0316 0.499 0.312 O. 509 0.007 0 
270 7.901 O. 1107 O. 536 0 . 327 O. 520 0.009 0 
280 6.474 0.1898 0.573 O. 342 0.531 O. 010 0 
290 5.443 0.2650 0.605 0.356 0.542 O. 012 0 
300 4.608 0.3376 0.642 O. 370 O. 554 0 .01 4 0 
310 3.921 0.4080 0.679 O. 384 O. 565 0.016 0 
320 3.352 0.4762 O. 716 0 . 397 O. 576 0 . 020 0 
330 2. 873 0.5430 O. 753 0 . 4 10 O. 587 0 . 023 0 
340 2.473 0.6082 0.790 0 . 422 O. 598 0 . 028 0 
350 2.196 0.6717 0 . 827 0.433 0.609 0.033 0 
360 1. 938 0.7340 0 .863 0 . 444 O. 620 0.038 0 
370 1. 606 0.7953 0.895 0.455 0.631 0.044 0 
380 1.397 0.8557 0 . 927 0.467 0.643 0.049 0 
390 1. 217 0.9153 0 . 960 0.478 O. 654 0.055 0 
400 1. 063 0.9739 0.992 0.991 0.665 0 . 061 0 
410 9.300 x 10 - 16 -15 . 03 16 1.025 0.498 O. 676 0.068 0 
420 8. 161 0.0886 1. 053 O. 508 0.687 0.074 0 
430 7.174 O. 1448 1. 080 0.518 0.698 0.08 1 0 
440 6. 316 0.2003 1. 108 O. 528 0.709 O. 087 0 

450 5. 564 0.2555 1. 135 0 .537 0.720 O. 094 0 

460 4.905 0.3103 1. 162 O. 546 O. 732 O. 101 0 
470 4. 333 0.3642 1. 188 O. 556 0 . 743 0.108 0 

480 3. 834 0.4174 1. 213 0.565 O. 754 O. 116 0 
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TABLE 21 (continued ) 

(1 naut mi = 1. 852 km; 1 slug/ft
3 = 515 . 2 ~) 

h p (h) 

(naut mil 
s 3 log ps(h ) 

(slugs /ft ) 

490 3.395 0.4701 

500 3 .009 O. 52 2 3 

520 2.371 0.6256 

540 1. 875 O. 7274 

560 1. 500 0.8278 

580 1. 195 0.9276 

600 9.477 x 10- 17 
-16 .0268 

620 7.499 O. 1254 

640 6.049 0.2225 

660 4. 854 0.3186 

680 3.882 0.4137 

700 3. 11 6 O. 5075 

720 2 .5 38 0.5995 

740 2.059 0.6905 

760 1. 666 O. 7805 

780 1. 356 0.8691 

800 1. 115 0.9 566 

825 8.692 x 10- 18 -17.0649 

850 6. 786 t 0.1721 

TABLE 22 

The Phase-Functions, f( 8) and g(a) 

f(9 ) g(a) 

OhO 0.870 12.0 Mon . 0.120 

1.0 0.945 1.0 O. 320 

2.0 0.980 2.0 0. 265 

3.0 0. 995 3.0 0.180 

4.0 1. 000 4.0 0. 170 

5.0 0.975 5.0 0.300 

6.0 0.850 6.0 0.640 

7.0 0.655 7. 0 0.980 

8.0 0.490 8.0 0.900 

9 . 0 0.295 9.0 0.47 5 

10.0 O. 130 10.0 0.485 

11. 0 0.055 11. 0 0.025 

12 .0 0.030 

13.0 0.010 1.0 . " means the 
beginning of the 

14.0 0.000 fir st month, etc. 

15.0 0.010 

16.0 0.045 

17.0 O. 120 

18. 0 0.210 

19.0 o. 30Q 
20 . 0 0 . 400 

21. 0 0.505 

22.0 0. 615 

23.0 0 . 740 

8
s

(h) 

1. 239 

1. 2 64 

1. 310 

1. 353 

1 .396 

1. 435 

1. 471 

1. 504 

1. 536 

1. 565 

1.590 

1.611 

1. 630 

1.647 

1.6 63 

1. 676 

1. 692 

1 . 708 

1. 720 
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a
220

(h) i
220

(h ) 6. 18(h) 6. 28(h) 

O. 574 O. 765 0.123 0 

0.583 O. 776 O. 131 0 

0.602 0.798 O. 145 -0.002 

0.620 0.819 0.160 -0.007 

0.637 0 . 836 0.175 - 0. 016 

0.654 O. 852 O. 190 - 0.024 

0.671 0.868 O. 206 -0. 032 

0.689 0.885 0 . 223 -0 . 038 

O. 706 0.901 O. 239 -0. 038 

O. 726 0.917 O. 255 -0 .0 33 

O. 745 0.932 0 . 271 -0.024 

O. 754 0.947 0.287 -0 . 011 

0.768 0.961 O. 302 +0.006 

0 .78 1 0.975 O. 316 O. 029 

0.793 0.988 O. 328 0.053 

0.804 1. 000 0.339 0.077 

0 .815 1. 012 O. 346 0.096 

0.829 1.028 O. 354 O. 114 

0.843 1. 043 O. 360 0 . 12 6 

The relative amplitude of the annual variation 
decreases toward a sunspot minimum. The prod­
uct [ g(a) a(h») is represented by t h e equation 

g(a) a(h) = a 220(h){ g(a) + (220 - F) [0.0043 

- g(a) 0.0028)) + ... 

The quantity g(a) appears in Table 22, while 
a 220(h) is given in Table 21. 

Five special examples have been calcula ted 
in Tables 23 through 27 tn order to demonstrate 
the effect of the different influences. The scale 
height fl, mean molecular weight wr, and temper­
ature T, a re given, in addition to the d ensity p. 

~J 



TABLE 23 

Standard Model 

log p (h ) = l og Ps (h) 

This example contains the greatest values of density and temperature which will occur in an 
average sunspot cycl e. 

p(h) 

( slugs /ft~ 
h o slug = 515 . 2 kg0 H (h ) T (h) 

(naut m~ (naut m i) 
(1 naut mi = 1. 52 km ) fiT ~ ( 1 naut mi = 1. 85 2 km) M(h ) J OK) 

80 7.220 x 10- 12 10. 1 28.0 589 
85 3.845 

j 
15.6 27.8 899 

90 2.098 21. 0 27.7 1192 
95 1.347 25.7 27.5 1455 

100 9.787 x 10 - 13 28 . 5 27.3 1603 
110 7.206 27 . 9 26.9 1541 
120 5. 135 27 . 3 26.4 1469 
130 3.296 29. 3 25.9 1544 
140 2.060 34.2 25. 3 1734 
150 1. 423 36. 7 24.8 182 1 
160 1. 060 39.4 24.1 1888 
180 6.087 x 10 - 14 43.7 23.0 1987 
200 3.507 

j 
49.2 21. 7 2067 

220 2. 151 54.2 20.4 2118 
240 1.385 57.8 19.2 2111 
260 9.326 x 10- 15 61. 4 18.2 2110 
280 6.474 

j 
65. 1 17 . 5 211 8 

300 4.608 68.9 16. 8 2130 
350 2. 196 73.4 16. 1 212 5 
400 1. 063 73. 1 15.8 21 16 
450 5.564 x 10 - 16 78.6 15.7 2107 
500 3.009 ~ 81. 3 15 . 6 2105 

550 1. 650 84. 3 15. 5 2118 
600 9.477 x 10 - 17 

88.0 15. 3 2112 

650 5.450 

j 
93. 1 14.9 2130 

700 3. 11 6 99.6 14.2 21 30 
750 1. 863 108 . 5 13.4 2112 

80 0 1. 11 5 11 9. 3 12.5 211 8 

850 6 . 786 x 10- 18 
133.6 11. 5 212 8 
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TABLE 24 

Solar F lux Effect 

log p(h) = log ps(h) - i 220(h) 

This example represents the mean amplitude at a sunspot minimum, while the diurnal bulge and 
annual variation have their maximum values. 

p(h) 

(slugs f ft 3
) 

h o slug = 515 . 2 ~ 
H (h) 

T(h) 
(naut mi) (naut mi) 

(1 naut mi = 1.852 km) fiT (1 naut mi = 1. 852 km) 1Vr(h) ( OK) 

80 6.525 x 10- 12 9.7 28.0 569 

85 3.353 

j 
14. 1 27.8 784 

90 1.720 18.9 27 . 7 1066 

95 1. 028 23. 3 27.5 1344 

100 6.878 x 10- 13 24.5 27.3 1468 

110 4.179 

j 
25.0 26 . 9 1383 

120 2.449 23.8 26.4 1280 

130 1.459 25.8 25.9 1357 

140 8.752 x 10- 14 29.0 25.4 1496 

150 5.905 31. 5 24.8 1554 

160 4.276 33.4 24.0 1593 

180 2.498 36.4 22.8 1634 

200 1.372 40.2 21. 5 1667 

220 7.542 x 10- 15 44.4 20. 1 1693 

240 4.620 

j 
47.6 18.9 1708 

260 3.019 50.4 17.9 1704 

280 1. 972 53.2 17. 1 1700 

300 1. 297 55.9 16.4 1701 

350 5.685 x 10- 16 59.6 16.0 1710 

400 2.513 i 61. 9 15.8 1710 

450 1. 135 64.0 15.6 1707 

500 5.847 x 10- 17 66.8 15. 3 1700 

550 4.185 ~ 70.6 14.9 1702 

600 1. 303 75.8 14.4 1709 

650 6.764 x 10- 18 
82.5 13.4 1700 

700 3.544 

j 
92.0 12.2 1700 

750 1. 963 107. 3 10.8 1691 

800 1. 110 131. 3 9. 1 1698 

850 6 . 34 3 x 10- 19 169.7 7.3 1708 
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TABLE 25 

Day-Night Effect ("Diurnal Bulge") 

log p(h) = log ps(h) - 8
s

(h) 

From this function the day-night variation can be seen. It represents the minimum of the diurnal 
variation, while the other influences retain their maximum values. 

p(h) 
3 (slugs 1ft ) 

h 
(1 slug ~) 

H (h) 
T(h) (naut mi) = 515.2 (naut mi) 

(1 naut mi = 1. 852 kIn) f7 (1 naut mi = 1. 852 kIn) M(h) (OK ) 

80 7.373 x 10- 12 9.7 28.0 562 
85 3.962 14.4 27.8 838 

90 2.186 18.4 27.7 1054 
95 1. 419 21. 2 27.5 1199 

100 1. 021 23. 1 27.3 1298 
110 6 . 788 x 10 - 13 23 . 4 26.9 1280 
120 4. 399 

j 
22 . 9 26.4 1241 

130 2.945 24.0 25.9 1250 
140 1.822 25.1 25.4 1260 
150 1. 163 26.3 24. 7 1278 
160 7.908 x 10 - 14 27.6 23.9 1288 
180 4.485 ~ 29 . 6 22.7 1303 
200 2.279 31. 9 21. 3 1314 
220 9.931 x 10 - 15 

34 . 5 19 . 9 1318 
240 5.413 

I 
36. 7 18 . 7 1311 

260 3. 174 38.9 17 . 5 1316 
280 1. 835 41. 1 16 . 8 1316 
300 1. 070 43.1 16.4 1312 
350 3.854 x 10 - 16 

45.5 15.9 1330 
400 1. 254 t 47.8 15 . 6 1322 
450 4.524 x 10 - 17 

50 . 0 15. 3 1310 
500 1. 773 t 52.9 14.9 13 10 
550 7.429 x 10- 18 

58. 1 14.0 13 12 
600 3.274 

t 
68. 3 12. 3 1321 

650 1. 523 83.5 10 . 5 1332 
700 7.681 x 10 - 19 

101. 9 9 . 0 1369 
750 4. 166 

j 
131. 7 7.2 1370 

800 2. 318 179.5 5 . 3 1353 
850 1. 333 277.8 3 . 6 1327 
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TABLE 26 

Annual Effect 

log p(h) = log ps(h) - a(h) 

This example gives the density at the annual minimum, while the remaining influences are at 
their maximum 

p(h) 

(slugs fft 3
) 

H (h) h o slug k g
3
) T(h) 

(naut mi) = 515. 2 (naut mi) 
(1 naut mi = 1. 852 Ian) fiT m (1 naut mi = 1. 852 Ian) Mlh) CK) 

80 6.702 x 10- 12 7.9 28 . 0 469 

85 3. 548 j 11. 6 27.8 668 

90 1. 912 15.0 27.7 850 

100 1.211 18. 1 27.5 1002 

100 8.678 x 10- l3 20.4 27.3 1119 

110 6.224 22.0 26.9 1208 

120 4. 328 22.7 26.4 1212 

130 2. 671 25.0 25.9 1312 

140 1. 614 29.4 25.4 1553 

150 1. 085 31. 8 24.8 1623 

160 7.797 x 10-14 34 . 8 24.0 1663 

180 4.482 j 37.9 22.8 1697 

200 2.397 41. 3 21. 5 1727 

220 1. 270 45.3 20. 1 1752 

240 7.523 x 10- 15 48.9 18.9 1759 

260 4.791 

j 
51. 9 17.9 1754 

280 3.059 55.0 17. 1 1754 

300 1. 988 58.0 16.4 1759 

350 8.818 x 10- 16 60.7 16.0 1755 

400 3. 777 I 62.6 15.8 1760 

450 1. 725 65.3 15. 6 1757 

500 8.257 x 10- 17 68.4 15.4 1750 

550 4.064 

j 
72.0 15.0 1748 

600 2.049 76. 3 14.5 1741 

650 1.045 82.4 13.8 1750 

700 5.524 x 10- 18 91. 4 12.6 1740 

750 3. 073 

j 
106.3 11. 2 1740 

800 1. 747 128.4 9.5 1748 

850 1. 004 162.8 7.6 1750 
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TABLE 27 

Total Variation 

log p(h) = log PS(h) - i
220

(h) - 8(h) - a (h) 

This is the lower limit which will be possible in an average sunspot cycle. 

h 
(naut m l) 

(1 naut mi = 1.852 km) 

80 

85 

90 

95 

100 

110 

120 

130 

140 

150 

160 

180 

200 

220 

240 

260 

280 

300 

350 

400 

450 

500 

550 

600 

650 

700 

750 

800 

850 

p(h) 

(slugs/ft~ 

(
1 slug = 515. 2 kg

3
) 

ft3 m 

6.213 x 10.- 12 

3. 146 \ 

1. 616 

9.738 x 10- 13 

6.365 

3. 396 

1. 7, 48 

1. 050 

6. 026 x 10- 14 

3.618 

2.318 

1. 141 

4.851 x 10- 15 

2.000 t 
9.621 x 10- 16 

5.048 

2. 575 

1. 329 

4. 036 x 10- 17 

1. 066 J 
3.213 x 10- 18 

1. 035 t 
3.768 x 10- 19 

1. 41 7 t 
7.403 x 10- 20 

2.908 j 
1. 698 

9.625 x 10- 21 

5.405 t 

H (h) 
(naut mi) 

(1 naut mi = 1. 852 km) 

7.5 

10.3 

12. 9 

14.8 

16.5 

18. 5 

18.8 

20.5 

21. 6 

22 . 0 

23.3 

24. 5 

26.6 

29.4 

31. 5 

33 .0 

34.0 

34.7 

37 . 3 

39 .1 

41. 7 

46.3 

54 . 5 

72.8 

111. 0 

160. 4 

254.1 

429. 4 

659.1 
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28.0 

27 . 8 

27.7 

27.5 

27.3 

26.9 

26.4 

25.9 

25.4 

24.7 

23.8 

22.4 

20.9 

19.3 

17.8 

17. 1 

16.6 

16.2 

16.0 

15.8 

15.3 

14.4 

12.7 

9.8 

6.6 

4.5 

3.96 

1. 85 

1. 24 

T(h) 
C"K) 

429 

605 

739 

841 

928 

1026 

1017 

1071 

1099 

1091 

1098 

1087 

1088 

1098 

1091 

1084 

1080 

1080 

1085 

1094 

1107 

1117 

1108 

1102 

1118 

107 1 

107 9 

1080 

1115 

l 

1. 155 

1. 219 

1. 30 

1. 40 

1. 56 

2.20 

2.96 

3. 15 

3. 43 

4. 01 

4. 66 

6.32 

8.53 

11. 42 

15. 38 

20 . 86 

27.60 

35 . 86 

54. 4 

99 . 9 

173 

291 

489 

668 

736 

1071 

1096 

1162 

1252 



4. Radiation 

a. Solar flare radiations 

One of the most extens ive manifestations of 
solar activity is the chromospheric flare. Flares 
are ranked according to their area on the solar 
disk and their brightness (in the red line of Ha, 

6563 A) as indicated in Table 28 (from Ref. 27) . 
The frequency of flares of different importance 
(or class) is shown in Table 29. 

TABLE 28 

Flare Characteristics 

Area 
Limits 

10- 6 

Duration (min ) Vis ible 

H a L ine 
Width at 

Maximum 
° Class Average Range Disk (A ) 

1- -- -- 100 1. 5 

1 20 4 to 43 100 to 250 3.0 

2 30 10 to 250 to 60 0 4. 5 
90 

3 60 20 to 600 to 1200 8 
155 

3+ 180 50 to 1200 18 
430 

TABLE 29 

Flare Frequency 

Absolute 
Relative Frequency 

Class Frequency (R) 

1 0.72 O. 044 

2 0.25 O. 015 

3 O. 03 O. 002 

The number of flares per year varies with the 
cycle of sunspots and is defined by the Wolfe sun­
spot number R, which is 

R = k (1 0 g+f) 

where f is the number of individual spots, g is the 
number of spot groups and k is an instrument and 
observer ' s correc ti.on factor. The mean sunspot 
period is 11. 07 yr with mean maximum and mini ­
mum Wolfe numbers of 103 and 5 . 2, respectively 
(Ref. 28) . The average time from sunspot maxi ­
mum to minimum is 6 . 5 yr and the time from 
minimum to maximum is 4.5 yr. The last sunspot 
maximum occurred in 1958 with a record number 
of 185. Thus, the next maximum will occur prob­
ably in 1969. However, since there is a periodicity 
to sunspot cycle maximum which is not very well 
defined, it may be that the next maximum will be 
the end of the present period (with the 1969 peak 
exceeding the 1958 peak) or the beginning of the 

next period (with a sunspot number possibly as low 
as 50 during 1969). During 1958 more than 3100 
flares of Class 1 or greater occurred , while the 
number of flares during the last sunspot minimum 
in 1954 was only 16; none larger than Class 1 were 
reported (Ref. 29). Solar flares may have electron 

temperatures as high as 2 x 108 ° K (Ref. 30) as 
compared to effective temperatures in the umbra 
and perumbra of sunspots of 4300 0 K and 5500o K, 
respectively. Prior to the IGY, high energy par­
ticles from solar flares had been detected by 
ground-based measurements . Four such events 
were noted in the 15 yr preceding 1953 . Three 
more of these events have occurred since that 
time, namely 23 February 1956, 4 May and 11 
November 1960. During the IGY and IGC-5 9 (July 
1957 to December 1959) 25 additional solar flare 
particle events were detected. These particles 
were detected by balloons and satellites but were 
not energetic enough to produce secondaries de­
tectable at ground level. During this period 707 
Class 2 or larger solar flares occurred (of which 
71 were Class 3 or 3+). Therefore, although solar 
flares of Class 2 or greater have occurred on the 
average of once a day during solar maximum, 
only 25 times in 2.5 yr did these flares result in 
the arrival of flare particles in the vicinity of the 
earth. It should be noted here that during the last 
sunspot minimum (1954) no flares of Class 2 or 
larger occurred. 

The flare particles are mostly protons (alphas 
and some heavier nuclei have also been detected) 
with kinetic energies extending from a few million 
electron volts (Mev) to a few tens of billion elec­
tron volts. These energies are considerably be -
low the energies of cosmic ray particles although 
the particle flux is greater than the galactic cosmic 
ray flux . The first high energy solar particles 
were detected at ground-based cosmic ray (sec­
ondary ) monitors and one of the first names given 
them was solar cosmic rays. Other names are 
"solar proton event, " "solar flare radiation event, " 
and "solar bursts." But solar high energy particles 
(SHEP) has been offered by a group of researchers 
in this field as a standard nomenclature . More 
confusing is the terminology "Giant" and "Large," 
sometimes used to describe the type of proton flux. 
Proton fluxes from the "Giant " flares of 23 February 
1956, 4 May 1960 and 11 May 1960 were not as large 
as from the "Large" flares of 10 May, 10, 14 and 
16 J uly 1959. Furthermore , the radiation doses 
from the "Giant" events were not as great as from 
the "Large" events. The only exr,lanation for this 
ranking is that protons from the I Giant" events 
produced secondaries in the atmosphere that were 
energetic enough to penetrate and be detected at 
the ground. A better way to describe these events 
is by their differential or integral kinetic energy 
fluxes . Shown below are the differential spectra 
for two solar events, 23 February 1956 as de rived 
from Foelsche ' s plot (Ref. 31) and 10 May 1959 as 
derived from Winckler 'S observations (Ref. 32). 
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Flare 
Model 
No .1 

Flare 

dN
l 

=2.S63x 10- 1 KE-1. 2985 dE; 0. 60<£< 130 Mev 

dN
2 

'" 7.859 x 10- 1 KE-I. 4460 dE; 130 < £< 550 

dN3 :: 2 957 x 103 KE- 2 . 5520 dE; 550 <E< 1600 

dN
4 

:: 6.96 1 x lOll KE- 5. 040 dE; 1600 <E< 5000 

dN
S 

'" 2.802 x 1022 KE- 7 . 850 dE; 5000 <E< 10. 000 

K = 1: S dN. :: 5.0 x 10
4 protons/cm 2-sec-ster 

i 1 

~~.d~l J dN :: 9.39 x 109 E- 4 8 dE; 20 < E< 10. 000 Mev 



A reasonably s imple yet unambi gious ranking 
of the severity of these events can be seen directly 
from these equations to be the coefficient indicating 
the total flux of particles and the exponent indicating 
how these are distributed with energy . Figure 14 
shows the radiation dose inside different thicknesses 
of absorber for these events and clearly shows that 
the relative hazard from these events varies with 
the amount of shielding provided. 

Figure 14 also shows that the radiation doses 
to an unshielded astronaut exceed the lethal doses 
but are shielded rather efficiently by even small 
amounts of absorbers. The shielding afforded by 
the materials and equipment of two spacecraft i s 
shown on Table 30. 

TABLE 30 

Solar Flare Event Radiation Dose Inside Mercury 
Capsule and Apollo Command Module 

(Including Secondaries ) 

Vehicle 10 May 1959 23 February 1956 

Mercury 
3.8 x 103 rem Capsule 48.33 rem 

Apollo 
Command 
Module 60.5 rem 42.5 rem 

Ambient '" 5 x 10
6 

rem 5.4x 102 rem 

( 1. 8 x 10 4 assum-
ing no protons be -
low 20 Mev) 

The greater shielding inherent in the Apollo 
vehicle is apparent. However, it should be noted 
that the orbit of Mercury is such that the Earth 's 
magnetic field would shield a large fraction of 
these solar particles. In Ref. 32 Obayashi and 
Hakura have developed a model of proton cutoff 
energies versus geomagnetic latitude during a 
solar plasma induced geomagnetic disturbance. 
At these times , the normal cutoff energies are 
reduced and the solar flare particles are "allowed" 
at normally "forbidden" regions near the earth. 
Using this model of cutoff energies to modify the 
incident solar flare proton spectra results in de­
creasing values of dose from polar to equatorial 
latitudes. Satellites which spend little or no time 
at magnetic latitudes less than 50° will not en -
counter solar flare protons. Correspondingly , 
polar orbital satellites will receive the highest 
dose . Figures 15 and 16 show dose versus orbital 
inclination for the two solar flare events at different 
values of shielding. The dose versus latitude cutoff 
for the May flare is seen to be much sharper than 
for the February flare. This is , of course, due to 
its relatively larger number of low energy particles 
which are excluded before the higher energy particles. 

Also shown in these figures are the free space 
proton doses given in Fig . 14 from Ref. 33 . It is 
seen that even at a 90° orbit the satellite dose 

under 1 gmt cm 2 is reduced to about 40% of the 
free space dose. Actually, the doses within 
orbital vehicles will be even lower due to shadow 
shielding by the earth. This is a function of alti­
tude as shown in Fig. 17 . 
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One further qualification i n the use of Figs . 15 
and 16 is necessary because they are plotted in 
terms of magnetic inclination. Figure 18 shows 
the magnetic di p equator and a great circle approxi ­
mation. T h i s latter cu rve may be used together 
with Fig. 17 to estimate the orbital dose. 

The following example is given for illustration. 
We will assume an orbital inclination of 60°, 500 -
km circular orbit extending to 60° N over 280° 
longitude. The assumed duration of the February 
flare event is about 1 hr as compared to about 
1 day for the May event. In 1 hr the magnetic in­
clination of the orbit has changed l ittle , so that 
the February flare dose may be read from Fig. 
16 at 60° + 13° (or 73° ) . This is about 35 rad 

under 1 gmt cm 2 . However , during the day's dura­
tion of the May event , the magnetic inclination has 
gone to 47° and back again to 73°. Averaging the 
dose at these two latitudes gives 1200 rad under 

1 gmt cm 2 . At 500 km the earth intercepts 0 . 314 
of the incident protons giving 35 (1 - 0.314) o.r about 
24 rad from the February flar'e and 823 rad for 
the May flare as the final answers . I n calculating 
dosages from the May 1959 event , the flux of pro ­
tons was assumed constant for 30 hr . This gives 

a total flux of 3 x 109 Icm2 - ster above 20 Mev. 
In calculating dosages from the February event, 
the flux was assumed to decay immediately from 

the given value as t -2 This gives a total flux of 

1. 8 x 108 /cm2 -ster above 0.60 Mev or 6.33 x 107 / 

cm2 -ster above 20 Mev. Duri ng maximum periods 
of solar activity, it is believed that the total yearly 
flux of prot0ns with energies greater than 20 Mev 

is 109 _1 010/cm2 - ster . Therefore , the maximum 
yearly dose would be equivalent to approximately 

10 10 
--~9"r "" 3 . 3 times the May 1959 dose or 
3 x 10 

10
10 

----~7 "" 158 times the February flare dose . 
6 . 33x l 0 
However , it is fairly certain that an event such as 
that of February 1956 occurs no more frequently 
t han once every 4 to 5 years , s o that the maximum 
total yearly dose (during the peak years of the sun­
spot cycle ) should be about 3 . 3 times the May 10 , 
1959 doses . This may be used to e s timate the 
hazard relative to mission duration. 

b . Van Allen belts (geomagnetically trapped 
particles ) 

In the vicinity of the earth , there are intense 
regions of charged particles trapped in the earth ' s 
magnetic field . In the four years since Dr. Van 
Allen confirmed the existence of these regions 
from measurements made on the early E)\plorer 
satellites, a considerable body of data has been 
gathered to "map" these regions. 

The trapped particles form a generally toroidal 
region beginning at approximately 50G-km altitude. 
The earth ' s field is not geocentric and has a numbe r 
of signficant anomalies from a dipole resulting in 
the radiation belt shape like that shown in Fig. 19 
(for part of the "inner" belt ). Yoshida, LudWig 
and Van Allen (Ref. 34) have shown that the loca­
tion of the trapped particles is related to the dip 
latitude and scalar intensity of the real magnetic 
field. I n effect , the belt varies over about 800 km 
in altitude and about 13° in latitude around the earth. 
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The belt position shown in Fig. 19 was deter­
mined from the relationships found in the last 
reference and with the use of a spherical har­
monic fit to the magnetic field obtained from 
D. Jensen of the Air Force Special "Weapons 
Center. The adiabatic invariant integral has also 
been noted by a number of workers in this field 
as having a better physical basis for determining 
the structure of the belts. 

Most recently McIlwain (Ref. 35) has shown 
that the magnetic intensity scalar B and the param­
eter L define a practical and accurate coordinate 
system for the trapped particles. The parameter 
L is related to the adiabatic invariant integral and 
would be the equatorial radius of a magnetic shell 
in a dipole field. In the real field the physical 
interpretation of L is more complex. 

The energy spectrum and particle flux for in­
ner belt protons were calculated using the experi­
mental data of Freden and White (Ref. 36), Van 
Allen (Ref. 37), and Van Allen, McIlwain and 
Ludwig (Ref. 38). Figure 20 shows the proton 
flux contours at one location over the earth, and 
Fig. 21 the differential kinetic energy spectrum 
of protons. The peak flux shown agrees with Van 
Allen's recent estimates. 

The model of electrons, by far the most abun­
dant constituents of the trapped radiation belts, 
was determined using flux and spectral measure­
ments of Holley (Ref. 39), and Walt, Chase, Cladis, 
Imhof and Knecht (Ref. 40), together with the 
Anton 302 geiger counter data from a number of 
satellites and space probes (Refs. 41 and 42). 
Figure 22 shows the electron flux contours at one 
location over the earth and Fig. 23 shows the dif­
ferential kinetic energy spectrum. 

This spectrum agrees well in shape with the 
recent determination by Pizzella, Laughlin and 
O'Brien (Ref. 43) for the inner radiation belt at an 
altitude of 1000 km. The highest flux at this alti-

tude is 5 x 106 electrons/cm2-sec-steradian as 
given by Frank, Dennison and Van Allen (Ref. 44). 
This agrees well with the flux at this altitude 
shown in Figs. 22 and 23. 

For the outer radiation belt, Van Allen has 
given the following peak electron distribution 

108 cm -2 sec -1 above 40 Kev 

105 cm -2 sec -1 above 2 Mev 

102 cm- 2 sec- 1 above 5 Mev 

This is two orders of magnitude less in flux than 
Van Allenis earlier estimates of the outer zone 
electrons. Extending the new spectrum to 20 Kev 

gives 2 x 109 electrons/cm2-sec or 1. 6 x 10
8 

electron/ cm2 -sec-steradian, which agrees closely 
with the peak outer belt flux shown in Fig. 22. 
Figures 24 and 25 show the electron and 
bremsstrahlung dose rates versus aluminum 
absorber from electrons at the peak of the inner 
and outer regions (Ref. 45). These may be com­
pared with the Van Allen belt proton doses also 
shown rn Fig. 14 as a function of absorber thick­
ness for protons at the center of the inner belt. 
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Proton doses for orbiting satellites may be ob­
tained from Tables 31 and 32 as a function of 
orbital altitude, inclination and aluminum absorber 
thickness. Due to the belt asymmetry, the dose 
on each successive orbit differs. For example, 
at an orbital inclination of 40° (geographic) and an 

altitude of 740 km under 6 gm/cm2 of aluminum, 
the accumulated dose is 0.0214 rem after the 
first orbit and O. 0249 rem after two orbits. For 
integer orbits, the dose accumulation cycle should 
repeat itself every 24 hr. The doses in Tables 31 
and 32 are 12 -hr totals, so that the orbital lifetime 
dose may be closely approximated by 2 (number 
of days in orbit) (12-hr cumulative dose). Table 
33 from Ref. 45 gives dose versus orbital incli­
nation, altitude and absorber thickness for a 
satellite exposed to the elec trons of the inner 
Van Allen belt. 

c. Primary cosmic radiation 

Steady-state cosmic radiation values (Ref. 46) 
that have been generally accepted for a number of 
years (Ref. 47) were based on the belief that the 
primary spectrum contained few particles in the 
energy region below a fraction of a Bev. This 
meant the ionization at geomagnetic latitudes 
greater than 60° was taken to be the same as that 
at 60° and this indeed appeared to be true during 
1950 to 1952. However, in 1954, a time of mini­
mum solar activity, low energy protons caused 
an increase in the ionization levels at latitudes 
above 60° (Ref. 48). It should be remembered, 
though, that the most favorable periods for ex­
tended space flight are these same times of low 
solar (but higher cosmic ray) activity, because 
of the great reduction in flare occurrences. For 
this reason, values of the ionization rate that in­
clude the effect of the increase above 60° as 
would be expected during a typical time of solar 
quiescence are plotted in Fig. 26 as functions of 
altitude and geomagnetic latitude, both for near­
earth and high altitude positions of meas~rement 
(Ref. 49). Not shown at the scale of Fig. 26 is 
that as the surface of the earth is approached, 
there is an ionization increase, followed by a 
decrease. The increase begins at 130, 000 ft, 
continues down to heights of 80,000 ft (at 90° 
latitude) or 50, 000 ft (at 0° latitude), and has its 
source in the shower, or cascade formation of 
mesons, nucleons, electrons and high energy 
photons, all of which are created by interaction 
of high energy cosmic particles with atmospheric 
constituents. The decrease in ionization with de­
creasing altitude below 80, 000 to 50, 000 ft comes 
about through atmospheric radiation absorption, 
while the decrease with decreasing magnetic lati­
tude results from the increased shielding offered 
by the earth's magnetic field against the lowered 
energy cosmic particles. Figure 26 shows that the 
increase in cosmic detector ionization at increas­
ingly great distances from the earth arises from 
a combination of the decrease in the solid angle 
subtended by the earth and the decrease in geomag­
netiq field strength, with a corresponding decrease 
in the cosmic particle deflection. 

An estimate of the biological whole-body radia­
tion intensity as a function of altitude and geomag'­
netic latitude can be obtained from Fig. 26 only 
if the conversion can be made from the ionization 
itself, in units of roentgen, to rem, the unit which 
gives an idea of the biological effectiveness of the 



Orbital 
Inclination Orbital 

(deg) Altitude 

0 555 km 
300 n mt 

740 km 
400 n mt 

1110 km 
600 n mt 

1852 km 
1000 n mt 

20 555 km 
300 n mt 

740 km 
400 n mi 

1110 km 
600 n mt 

1852 km 
1000 n mt 

40 555 km 
300 n mt 

740 km 
400 n mt 

1110 km 
600 n mt 

1852 km 
1000 n mt 

l 

TABLE 31 

Inner Van Allen Belt Proton Radiation Dose (rem s) 
Orbiting Aluminum Sphere 

Aluminum Shield 

Thickness (gm/cm
2

) 
Rems ---

No . Orbits 1.0 2.0 6 . 0 10. 0 

1 +0.00372 +0.002 72 +0 . 00145 +0.00104 
2 +0 .01852 +0 . 01354 +0.00720 +0.00517 
3 +0.02203 +0 . 01611 +0 .00857 +0.00615 
4 +0.02744 +0.02006 +0.0106 7 +0.00766 
5 +0.03642 +0.02664 +0.01417 +0.01017 
6 +0.06091 +0.04455 +0 . 02370 +0.01 701 
7 +0.0728 7 +0 . 05329 +0 . 02835 +0.02035 

1 +0.02093 +0.01530 +0.00814 +0.00584 
2 +0.08120 +0.05938 +0 . 03159 +0 . 02268 
3 +0.09957 +0 . 07282 +0.03874 +0.02781 
4 +0. 15308 +0 . 11195 +0.05956 +0 .04276 
5 +0. 19437 +0 . 14215 +0.07563 +0 . 05429 
6 +0.24586 +0. 17981 +0 .09566 +0.06868 
7 +0.27285 +0 . 19955 +0.10616 +0.07622 

1 +0.63995 +0 .46803 +0.24900 +0 .17876 
2 +1. 13415 +0 . 82947 +0 . 44130 +0 . 31682 
3 +1. 62798 +1. 19063 +0 . 63345 +0.45477 
4 +2.4082 7 +1. 76130 +0.93 707 +0.67274 
5 +3.02077 +2 . 20925 +1.1 7540 +0.84385 
6 +4 . 13293 +3 .02264 +1. 60814 +1. 15453 

1 +8 . 14456 +5.95656 +3. 16909 +2.27517 
2 +16.08871 +1l.76655 +6.26020 +4.49436 
3 +24.51561 +1 7.92961 +9.53915 +6.84841 
4 +33 . 35166 +24 . 39190 +12.97731 +9.316 74 
5 +41. 75440 +30.53728 +16.24686 +11. 66404 

1 +0.07177 +0 . 05249 +0.02792 +0.02005 
2 +0.07767 +0.05680 +0.03022 +0.02169 
3 +0.07838 +0.05732 +0.03050 +0.02189 
4 +0.07838 +0.05732 +0.03050 +0.02189 
5 +0 . 07890 +0 .05770 +0.03070 +0.02204 
6 +0 . 08052 +0 . 05889 +0 . 03133 +0.02249 
7 +0.08355 +0 . 06110 +0.03251 +0.02334 

1 +0.05174 +0.03784 +0 . 02013 +0.01445 
2 +0 .07776 +0.05687 +0 .03025 +0.02172 
3 +0 . 08903 +0.06511 +0 .03464 +0 . 02487 
4 +0.08907 +0 . 06514 +0 . 03465 +0.02488 
5 +0 . 09400 +0.06875 +0.03657 +0 . 02626 
6 +0 . 12011 +0 .08784 +0 .04673 +0.03355 
7 +0 . 14274 +0 . 10439 +0.05554 +0.03987 

1 +0 . 60988 +0.44604 +0.23730 +0.17037 
2 +1. 11837 +0.8 1792 +0.43516 +0.31241 
3 +1. 36262 +0 . 99656 +0 . 53020 +0.38064 
4 +1. 62606 +1. 18922 +0.63270 +0.45423 
5 +1 .86481 + 1. 36384 +0.72560 +0.52093 
6 +2 . 46111 +1.79994 +0.95763 +0.68750 

1 +7 .25229 +5.30399 +2 . 82190 +2 . 02591 
2 14.12855 +10.33298 +5 .49749 +3.94679 
3 19 . 89605 +14 . 55107 +7. 74166 +5.55794 
4 25 . 14740 +18 . 39168 +9. 78499 +7.02490 
5 30.6 7196 +22.43209 +11. 93462 +8 . 56817 

1 +0 . 03171 +0 . 02319 +0. 01234 +0.00886 
2 +0.03866 +0.02828 +0.0 1504 +0.01080 
3 +0.03866 +0 .02828 +0.0 1504 +0.01080 
4 +0.03866 +0.02828 +0 .01504 +0.0 1080 
5 +0 . 03866 +0.02828 +0.0 1504 +0 .01080 
6 +0.03866 +0.02828 +0.01504 +0.01080 
7 +0 .03866 +0 .02828 +0.01504 +0.01080 

1 +0.05504 +0. 04025 +0 .02141 +0.01537 
2 +0 .06403 +0 .04683 +0.02491 +0.01788 
3 +0.06958 +0.05088 +0 .02707 +0.0 1943 
4 +0 . 07104 +0.05 195 +0.02 764 +0.01984 
5 +0.07155 +0 . 05233 +0 . 02 784 +0.01998 
6 +0 . 07749 +0.0566 7 +0.03015 +0.02164 
7 +0 . 08057 +0 . 05892 +0 .03135 +0 . 02250 

1 +0.43148 +0 . 31556 +0. 16789 +0. 12053 
2 +0 . 81762 +0 . 59797 +0 . 31814 +0 . 22840 
3 +0 . 93977 +0.68731 +0.36567 +0.26252 
4 +1. 02163 +0 .74717 +0.39752 +0.28539 
5 +1. 14910 +0 .84040 +0.44 712 +0 .32100 
6 +1. 52201 +1. 11313 +0.59222 +0 .42 517 

1 +4.77857 +3 . 49483 + 1. 85936 + 1. 33488 
2 +8 . 78610 +6 . 425 76 +3.41872 +2 . 45438 
3 11. 22799 +8 . 21165 +4 .36887 +3 . 13652 
4 13.73962 +10 . 04854 +5.34616 +3 . 83814 
5 17.46029 +12.76966 +6.79389 +4 . 87751 
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20.0 60.0 100.0 

+0 . 00062 +0 .00024 +0.00014 
+0.00312 +0.00120 +0 . 00070 
+0 . 00371 +0.00143 +0.00083 
+0.00462 +0.00178 +0.00103 
+0 . 00613 +0.00237 +0.00137 
+0 . 01026 +0.00396 +0 .00230 
+0.01228 +0.00474 +0 . 00275 

+0 .00352 +0. 00136 +0. 00079 
+0 . 01368 +0 . 00528 +0. 00307 
+0 . 01678 +0 .00647 +0. 00376 
+0.02579 +0.00996 +0. 00579 
+0 . 03275 +0.01264 +0.00735 
+0 .04143 +0.01599 +0 . 00930 
+0 . 04598 +0.01775 +0 .01032 

+0. 10784 +0.04163 +0.02420 
+0 . 19113 +0.073 79 +0 .042 90 
+0 . 27435 +0.10592 +0.06158 
+0 . 40584 +0.15669 +0 . 09110 
+0.50906 +0. 19655 +0 . 11427 
+0 . 69649 +0.26891 +0. 15634 

+1. 37253 +0.52993 +0.30810 
+2 .71130 +1. 04682 +0.60862 
+4.13142 +1. 59513 +0.92741 
+5.62049 +2 .17006 +1. 26167 
+7.03653 +2.71679 +1. 57954 

+0.01209 +0 .00467 +0.00271 
+0.01309 +0.00505 +0.00293 
+0 .01321 +0.00510 +0 .00296 
+0.01321 +0.005 10 +0.00296 
+0.01329 +0.00513 +0.00298 
+0 . 01356 +0 .00523 +0.00304 
+0.01408 +0.00543 +0.00316 

+0 .00871 +0.00336 +0.00195 
+0.01310 +0 .00505 +0.00294 
+0 . 01500 +0 . 00579 +0 . 00336 
+0.01501 +0.00579 +0.00336 
+0.01584 +0.00611 +0.00355 
+0.02024 +0 .00781 +0.00454 
+0 .02405 +0.00928 +0 .00539 

+0. 10277 +0.03968 +0.02307 
+0.18847 +0.07276 +0 . 04230 
+0.22963 +0 .08866 +0.05154 
+0.27402 +0. 10580 +0.06151 
+0 . 3 1426 +0 . 12133 +0.07054 
+0.4 1475 +0 . 16013 +0.09310 

+1.222 17 +0. 47187 +0.27434 
+2.38097 +0 . 91928 +0.5344 7 
+3.35292 +1. 29455 +0.75265 
+4.23789 +1. 63624 +0.95131 
+5 .16890 +1. 99570 +1. 16030 

+0. 00534 +0.00206 +0.00119 
+0. 00651 +0.00251 +0.00146 
+0.00651 +0 . 00251 +0.00146 
+0 .006 51 +0 . 0025 1 +0.00146 
+0.00651 +0 . 00251 +0 . 00146 
+0.00651 +0.0025 1 +0.00146 
+0 .00651 +0 . 00251 +0.00146 

+0 .00927 +0.00358 +0.00208 
+0.01079 +0.00416 +0.00242 
+0 . 01172 +0 . 00452 +0.00263 
+0.01197 +0 . 00462 +0.00268 
+0.0 1205 +0.00465 +0.00270 
+0.01305 +0 .00504 +0.00293 
+0 .01 357 +0.00524 +0 . 00304 

+0.07271 +0.02807 +0. 01632 
+0 .13778 +0.053 19 +0. 03093 
+0. 15837 +0.06114 +0. 03555 
+0 .17216 +0.06647 +0. 03864 
+0. 19364 +0.07476 +0. 04346 
+0.25649 +0.09903 +0. 05757 

+0 . 80529 +0.31092 +0.18077 
+1. 48065 +0.57 167 +0.33237 
+1. 89216 +0. 73056 +0.42474 
+2.31543 +0.89398 +0.51976 
+2.94244 +1. 13607 +0.66051 
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Altitude 

740 kIn 
400 n roi 

1480 kIn 
800 n mi 

2222 km 
1200 n mi 

2960 km 
1600 n mi 

3700 k.m 
2000 n mi 

4075 km 
2200 n ml 

No. Orbits 

I 
2 
3 
4 
5 
6 
7 
8 

1 
2 
3 
4 
5 
6 
7 
8 

1 
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3 
4 
5 
6 
7 
8 

I 
2 
3 
4 
5 
6 
7 
8 

I 
2 
3 
4 

I 
2 
3 
4 

0 

0.02.92 
0.0594 
0.0662 
0.0667 
0.0667 
0.0667 
0.0705 

3.02& 
5.54& 
6.795 
7.400 
7.875 
8.915 

24.600 
45.550 
64.700 
88.550 
99.900 

59.300 
121. 900 
179,200 
244.000 
286.500 

111.800 
2 14.400 
308.200 
404.400 

120.00 
247. 40 
362.10 
493.00 

Orbit Inclination 

60' 

f{m/cm 2 

2.5 5 10 

0.00134 0.00103 0,000592 
0.00262 0.002108 0.001208 
0.00306 0.002356 0.00 1350 
0.00307 0.002365 0.001355 
0.00307 0.002365 0.001355 
0.00308 0.002367 0.001356 
0.00326 0.002506 0.001436 

0.1398 0.10162 O. 0600 
0.2560 0.19689 0.1128 
0.3138 0.24 168 0.138 1 
0.3416 0,26274 0. 1505 
0.3625 0,27955 0.1600 
0.4110 0.31645 0. 1812 

1. 1324 0.87110 0.4991 
2.1013 1. 6164 0.9262 
2.9865 2.2973 1. 3164 
4.0905 3,1465 1. 8029 
4.6047 3,5421 2.2096 

2.7331 2,1024 1.2047 
5.6169 4,3207 2.4758 
8.2674 6.3595 3. 6440 

10.8 105 8.3158 4.7650 
13.2344 10.1803 5.8333 

5.1518 3.9629 2.2707 
9.9144 ? 6265 4.3700 

14 . 2 183 10.9372 6.2670 
18.5992 14,3011 8.1980 

5.5367 4.2590 2.4404 
11. 3916 8.7628 5.02 11 
16.7222 12.8633 7.3707 
22 . 1372 17 .4902 10.02 19 

TABLE 32 

Van Allen Proton Radiation Dose (r ems) 
Orbiting Aluminum Sphere 
L a unched From Vandenburg 

Orbit Inclination 

8oo 

em/em 2 

15 0 2.5 5 10 15 

0.000453 0.0471 0.002 19 0.001689 0,000968 0.000743 
0.000927 0.0629 0.00290 O.00B230 0.001278 0.00098 1 
0.00 1036 0.0643 0.00296 0.002280 0,00 1306 O. 001003 
0.00 1041 0.0643 0.00296 0.002280 0 . 00 1306 O. 001003 
0.001041 0,0645 0 . 00298 0.002287 O. 00 13 10 D. 001006 
0.00104 1 0.0680 0.00300 0.002408 0 . 00 1380 0.001059 
0.001103 0.0681 0.00314 0.002419 0.00 1386 0.001064 

0.0413 4 . 320 0.1996 O. 1&35? 0.0880 0.06'16 
0.0865 6.850 0.3164 0.24335 0.1394 0.1071 
0.1060 7.850 0.3628 0.27909 0.1599 0.1228 
0.1158 8 . 195 0.3782 0.29091 0. 1667 0.1280 
0,1229 9 . 390 0.4335 0.33345 0. 191 1 0.1467 
0,1393 11.210 0 . 5179 0.39837 0.2283 0.1753 

0.3833 20,400 0.9422 0.72477 0.4 153 0.3189 
0,71 12 40,100 I. 8519 1. 42450 0.8162 0.6268 
I. 0108 55.150 2 . 5444 1. 95722 1. 1215 0.86 12 
1. 3845 71. 500 3.2976 2,53664 1. 4535 1. 116 1 
1.5585 82.500 3.8144 2,93418 I. 6813 1.2910 

0.9251 63.550 2.9373 2.2595 1. 2947 0.9942 
L 90 11 126 . 200 5.8287 4.4836 2.5691 1.9728 
2,7982 174 . 800 8.0568 6.1975 3.5512 2.7269 
3.6590 233.800 10.7673 8.2825 4.7458 3.6443 
4.4793 265.300 12.2364 9.4126 5.3934 4 . 1415 

L 7437 99.50 4.5972 3.5363 2,0263 1. 5559 
3 . 3557 176.00 8.0995 6.2304 3.5700 2.74 13 
4.8 123 272.000 12,5644 9.6649 5.5380 4.2526 
6.2951 365.00 16.8568 12,9668 1,4300 5.1054 

I. 8739 98,100 4.5348 3.4883 1. 9988 1.5348 
3.8556 195.80 9.0345 6.9496 3.982 1 3.0578 
5.6598 298.00 13.7327 10,5636 6.0529 4.6479 
7.6951 370.00 17. 1083 13.1603 7,5408 5 . 7906 

Orbit Inclination 

9oo 

om/em 2 

0 2.5 5 10 15 

O. 0980 0.00451 0.003466 0,001986 0.001525 
0.1200 0.00555 0.004262 0.002442 0.00 1875 
0. 1228 0,00561 0,004351 0.002493 0.00 1914 
0. 1228 0.00561 0.00435 1 0.002493 0.00 19 14 
0.1230 0,00566 0,004368 0.002503 O. 00 1 92~ 
0. 1305 0.00601 0.004637 0.002657 0.002040 
0.1320 0.00608 0.004687 0.002686 0 . 002062 

4.950 0.2286 0.17588 0. 1008 0.0114 
7.349 0.3390 0.26078 0. 1494 0 . 1147 
8.360 0.3864 0.29726 0. 1703 0.1308 
9. 160 0.4233 0.32565 0. 1866 0.1433 
9.760 0.4512 0.34710 0.1989 0. 1527 

12, 11 0 0.5584 0.42955 0.2461 0. 1890 

26.580 I. 2258 0.94296 0.5403 0.4 149 
51. 300 2,3614 I. 81645 1. 0408 0.7992 
66.700 3.0759 2.36609 1.3578 1 , 0411 
33.500 ~ . 8527 2.96365 1. 6982 1. 3 040 

100.000 4.6139 3.54915 2.0337 1. 5616 

64 . 150 2.9587 2.2759 I. 3040 1. 0014 
127.200 5.8720 4.5169 2.5882 1.9874 
176.000 8. 1143 6,2418 3.5766 2.7464 I 
226.150 10.4359 8.0276 4 . 5998 3.5321 
275.800 12.6998 9.7691 5.5977 4.2984 

10 1. 000 4.6618 3 . 5860 2.0547 1.5778 
212.000 9.77 74 7.52 11 4.3096 3.3093 
296.00 13 . 6474 10.4980 6.0153 4,6 191 
380.00 17 . 5463 13.4972 1,1338 5.9388 

107.15 4.9528 3.8099 2.1831 1.6764 
208.15 9.6 143 7.3956 4,2377 3.2540 

I 
346.00 15.9783 12.2915 7.0428 5,4081 
451. 00 20 . 8289 16.0222 9.1807 7. 0498 



TABLE 33 

Twelve - Hour Orbital Dose (rad ) Within Van Allen Belt 

Aluminum Sphere Thickness (gmfcm
2

) 

Orbital O. 1 
Inclination 

Altitude (deg) Electrons X - rays 

555 km 0 4.598 x 103 0.7569 

(200 naut mil 40 1. 444 x 103 0 . 2377 

90 6.811x10
2 

O. 112 1 

740 km 0 1. 1690 x 10
4 

1.9241 

(400 naut mil 40 5.046 x 103 0.8306 

90 3.693 x 103 0 . 6078 

1110 km 0 6.634x10
4 

10.9197 

(600 naut mil 40 4.129 x 104 6.7964 

90 2.359 x 104 3.8825 

1852 km 0 2.625 x 105 43.2147 

(1000 naut mil 40 2.088 x 105 34.3755 

90 1. 097 x 10
5 

18 . 0597 

ionization. The factor of conversion, Relative 
Biological Effectiveness (RBE), yields a measure 
of the degree of localization, or nonuniformity, 
of tissue ionization . Ionization localization along 
the path of penetration is singularly noticeable 
for heavy (atomic number 6 or greater) particles. 
Although all atomic species through iron have 
regularly been observed, the biologically note­
worthy heavy constituents of the primary radiation 
are carbon, nitrogen, oxygen, the magnesium 
and calcium groups, and iron. When these medium 
and high energy particles enter tissue, they first 
produce an ionization trail of great density. The 
high energy particles , in general, undergo nuclear 
diSintegration during the penetration process, 
with a resulting large reduction in specific ioni ­
zation, since afterward the ionization is caused 
by several particles of reduced charge travelling 
in different directions . These primaries which 
have a reduced impinging energy have a Signif­
icant probability of being completely stopped 
through ionization only. This leads to extremely 
large specific ionizations near the ends of the 
paths, since the rates of energy loss increase 
as the particle energies decrease, down to very 
low energies. These thindown hits are capable 
of causing cell destruction. Their effects in 
nonreparable regions of the body, such as certain 
brain areas, have not yet been demonstrated. 
The RBE conversion from roentgen to rem ob ­
tained from a weighted analysis of particle type 
and tissue ionization characteristics between 30° 
and 55° latitude at the top of the atmosphere and 
extrapolation elsewhere , increases with increasing 
altitude and geomagnetic latitude , as seen in 
Fig. 27. This is explained by noting that at a 
position requiring decreased particle penetration 
of the magnetic field, there is a slight increase 

1.0 2.0 

Electrons X-rays Electrons X-rays 

1. 137 x 10 
- 3 

0.2301 0.1575 

3 . 574xlO 
-4 

0.0723 < 10- 5 0.0494 

1. 686 x 10 
-4 

0.0341 0.0233 

2 . 892x10 
-3 

0.5849 0.4003 

1.248x10 
-3 

0.2525 < 10- 5 0.1728 

9.136x10 
- 4 

O. 1848 O. 1264 

1. 641 x 10- 2 3 . 3 196 2 . 2716 

1. 021 x 10-2 2 . 0661 < 10-4 1. 4138 

5.835 x 10 
- 3 

1. 1803 0.8077 

6.495 x 10 
- 2 

13.1373 1.803 x 10 
-4 

8.9898 

5.166x10 
-2 

10 . 4502 1.434 x 10 -4 7.1510 

2.714x 10 
- 2 

5.4901 7.534x10 
-5 

3.7569 
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in the relative number of heavy constituents, 
compared with hydrogen and helium. At the 
same time, the heavy component energy range 
extends to lower values. It must be emphasized, 
however, that little actual biological experi­
mentation has been performed to test the validity 
of the relation between ionization track density 
and the RBE for particles of large atomic 
number , which produce the greater fraction of 
the unshielded biological intensity. 

Shielding against cosmic radiation is not 
ordinarily advisable, since it requires thick-

nesses of a luminum greater than 25 gm(cm
2 

for heavy particles, and at least 200 gmfcm
2 

(400 lb (ft2 of shielded area ) for hydrogen and 
helium, which have far higher penetrating power 
and constitute about 15 percent of the unshielded 
biological dose and 99 percent of the incident 
particle number. In fact, the biological dose 
increases for shielding thicknesses up to 15 

gm(cm2 for the carbon, nitrogen, and oxygen 

group , up to 10 gm(cm2 for magneSium, up to 

6 gm(cm2 for calcium, and up to 5 gm(cm
2 

for 
iron . 

An estimate of the effectiveness of shielding 
against cosmic radiation is shown in Fig . 28 
taken from Wallner and Kaufman (Ref. 50 ). A 
comparison with the curves shown in Fig. 14 
shows the relatively slow decrease of dose with 
absorber thickness for cosmic rays as compared 
to other space radiations. The dose peak at 

about 10 gm f cm 2 is due to the increase of ionization 



rate before significant numbers of particles are 
stopped in the absorbing material. 

d. Penetrating electromagnetic radiation 

Previous estimates of the high energy end of 
the solar system indicated intensities of the order 

-4 2 0 

of 10 erg/cm -sec below 8A. Recent measure -
ments indicated that during a solar flare (class 

2+) this intensity increased to about 10-2 erg/ 

cm
2

-sec with 2 A as the lower limit of the radi­
ation detected (Ref. 51). More recently, meas­
urements have indicated that X-ray flashes during 
solar flares had energies as high as 80 kev (0. 15 

A (Ref. 52). 

During a class 2 solar flare on 20 March 1958 
an intense burst of electromagnetic energy was 
recorded which lasted 18 seconds (or l ess ) (Ref. 
53). This was determined to have an intensity 

-4 2 of 2 x 10 erg /cm -sec above 20 kev and 
peaking in the region of 200 to 500 kev (o. 06 to 
0.025 A). Measurements during a c lass 2+ flare 
on 31 August 1959 indicated a peak intensity of 

4.5 x 10-6 erg/cm2-sec (--- 20 kev ) arriving at the 
top of the earth's atmosphere (Ref . 54 ). The 
spectrum decreases in photon count by a factor 
of 10 for an energy increase of about 20 kev. 
Although these photons are quite penetrating (the 
half-thickness value of aluminum for 500 kev 
photon is 3 . 0 cm) their intensity is so low as to 
produce an inSignificant dose (of the order of 

-5 10 roentgen from the March 1958 event ). oIn-
tenSity enhancements in the region of 8-20 A were 
also observed during the August 1959 event. In 

this region about 1 erg/cm2-sec was measured . 
This would result in a much greater dose than 
the less intense higher energy photons; their 
penetration is very much less . The half-thickness 

-1 
values are less than 10 cm of a luminum. 

A solar X-ray spectrum from a class 2+ flare 
is shown in Fig . 29 taken from Ref. 30 . X - rays 
with energies in excess of 20 kev appear to be 
emitted only for short periods (a few minutes) 
during large flares. The X -ray dose rate to an 
unprotected man from a flux as shown in Fig . 29 
would be about 3 rem /hr. However, since the 
emission lasts for much l ess than 1 hr we may 
conclude that high energy solar electromagnetic 
radiation will not be of concern to space flight . 
Saylor, et al. (Ref. 55) point out that ultraviolet 
light on bare skin can cause severe burns and 
even skin cancer. It will therefore be advisable 
to use windows or shutter arrangements to f ilter 
the otherwise unattenuated solar ultraviolet rays. 
In space there will be no warning glare of scattered 
light to alert the observer that his line of sight is 
approaching the sun. An inadvertent glance at the 
sun could cause temporary vision failure and ten 
seconds of exposure would cause permanent 
retinal burn. These authors conclude that pro­
tection of the eyes against sunlight is a necessity . 
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e. Radiation damage thresholds 

Of all the components of a space vehicle, 
man has the lowest threshold to damage by 
ionizing radiation as shown in Table 34. 

TABLE 34 

Radiation Damage Dose Limitations 

Roentgen Equivalent 

People 102 
(sickness) 103 (lethal) 

Semiconductor 6 10 (damage) 10 7 (failure) 

Electronics 108 
1010 

Elastomers 10 7 
108 

Plastics 108 109 

Metals 10 15 

Ceramics 10
17 

Ref. Nucleonics Sept 1956 

More detailed treatment of radiation damage 
mechanism are shown in Refs . 56 and 57 and 
in the very comprehensive Radiation Effects 
Information Center Series of Battelle Memorial 
Institute. 

Semiconductors are seen to be the second 
easiest damaged component. This is caused 
by the fact that their properties arise from their 
form of very nearly perfect single crystals. 
Most metals and ceramics used for structural, 
e lectrical or magnetic applications are already 
in a disordered polycrystalline form and their 
properties are only moderately changed by 
further disorder (ionization). 

It should be noted that certain types of sensing 
e lements may give erroneous readings due to 
spurious signals from the Van Allen or other 
radiation environments. While this does not 
represent damage by radiation, it is neverthe­
less undesirabl.e and can be easily avoided by 
proper selection, design and calibration of these 
devices. 

As contrasted to actually "reading" unwanted 
signals from ionizing radiations in sensitive 
"front end" components it is known that electronic 
components and circuits may operate improperly 
while in the presence of large fluxes of ionizing 
radiation. Measurements made under conditions 
simulating a nuclear explosion in space have indi­
cated that the threshol d of susceptibility to these 

effects is at peak dose rates of 106 to 107 

roentgen per second . This again is greatly in 
excess of what will be encountered from the 
natural radiation environments. 

The radiation problem therefore reduces to 
protection of the crew. 



Maximum allowable radiation doses for 
manned space flight have been revised upward 
from 25 rem considerably in the past year. 
Presently the Apollo maximum allowable emer -
gency dosages are as shown in Column 4 of 

Table 35 from Ref. 58. The normal mission 
dosages are as shown in Column 3 . These 
values are more meaningful than the single so­
called "whole body" value used previously. 

TABLE 35 

Radiation Dosage 

5 Year Dose Average Year Maximum Single Acute Design Dose 
(rem) RBE Dose (rad) Exposure (rad) (rad) 

Skin body dose 1630 1.3 
0 . 07 mm depth 

Skin body dose 3910 1.4 
extremitie s, 
hands, etc. 

Blood forming 271 1.0 
organism 

Eyes 271 2.0 

4. Meteoroids 

Empirical data on meteoroids has come 
either from optical and radar meteor obser­
vations or from impact detectors on board 
rockets and satellites. In the first type of ob­
servation' velocity and luminous intensity history 
are directly measurable. The mass and density 
of the meteoroid is then determined using the 
drag equation, the shape of the light curve and 
the vaporization equation . Due to the variety 
of assumptions and dependencies in this analysis, 
there is a large uncertainty in flux estimates 
from the same type of data . The relation between 
meteoroid mass and visual magnitude is shown 
in Fig. 30 f rom an early survey (Ref. 59). The 
relation between mass and flux is shown in 
Fig. 31 from a later survey article (Ref. 60). 
The flux unc ertainty is dealt with in a number of 
other survey: articles (Refs . 61, 62 and 63), and 
an examination of the assumptions employed in 
the analysis procedure will show why it is as 

3 
large as 10 The best known model of the 
meteoroid e nvironment was developed by 
Whipple in 1957 and summarized in Table 36. 
The following equation fits the distribution 
presented by Whipple in 1957 . 

<j> = 1.3 x 10- 12 m- 1 

where <j> is the flux/m2 - sec of particles with mass 
m grams and greater. This was revised by 
Whipple (Ref. 64) in 1960 to 

<j> = 10- 12 . 6 m -1. 186 to include empirical 
data from rockets and satellites. A recent evalu­
ation of rocket and satellite data (Ref. 65) (obtained 
from acoustic detectors) obtained 

<j> = 10- 17 . 0 m -1. 70 applicable between 

masses of 10- 10 to 10-6 gm. These distributions 
are shown in Fig . 32 taken from the last cited 
reference. It should be noted that meteoroid 
masses of greatest interest to space vehicle de­
signers lie between the mass regions measured 

235 

559 

54 

27 
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500 125 

700 175 

200 50 

100 25 

by the meteor or satellite -borne m icrophone 
techniques. Observations of meteors simulated 
by shaped charge firings from an Aerobee Rocket 
(Ref. 66 ) have indicated that Whipple may have 
underestimated meteor luminous efficiencies. 
This may be accounted for by a downward revision 
by an order of magnitude in mass (Ref. 67 ) of the 
1957 flux estimate of Whipple so that 

- 13 -1 
<j> = 1. 3 x 10 m . 

Various investigators have put forth penetration 
mode Is - - some based on empirical equations derived 
from test data and some based on theoretical con­
siderations and most all giving the penetration in a 
thick target. Since structural skins are usually 
made of aluminum alloy materials, a good basis 
of comparison is the penetration of meteorites into 
aluminum. Four penetration equations were in­
vestigated to obtain a comparison of the meteorite 
penetrations given by the different equations. These 
equations were: 

a . Whipple ' s equation 

This equation is given in (Ref. 63 ) as 

where 

P = Kl (_1_) 1/3 E l / 3 
'ITpe 

p penetration in a thick target 

K 1 = constant of proportionality 

E meteorite energy 

p - target density 

heat to fusion of target material 

For a meteorite of diameter (d ) moving at a 
velocity (V) cm / sec a nd with a meteoroid density 

:3 
PM = 0.05 gm/cm and E = 248 cal/gm Whipple ' s 

equation is 



TABLE 36 

Data Concerning Meteoroids and Their Penetrating Probabilities 

F. L. Whipple , Ref. 5 

Meteor Assumed Pen . No. Strik -
Visual Mass Radius Vel KE in Al t ing Earth 

Magnitude (g) (u) (kml sec) (ergs) (em) (per day)** 

0 25.0 49 , 200 28 1.0 x 10
14 

21. 3 --

I 9 . 95 36,200 28 3.98 x 1013 15 . 7 --
2 3 . 96 26 , 600 28 1.58 x 10

13 
11.5 --

3 1. 58 19 , 600 28 6.31 x 10
12 

8.48 --

4 0.628 14,400 28 2.51 x 10
12 

6.24 --
5 0 . 250 10 , 600 28 1. 00 x 10

12 
4.5 9 2 x 10

8 

6 9 . 95 x 10- 2 7 , 800 28 3 . 98x 10
11 3.38 5.84 x 108 

7 3.96 x 10 
- 2 

5 , 740 28 1. 58 x 1011 2.48 1.47x10
9 

8 1. 58 x 10 - 2 4 , 220 27 5.87 x 10
10 

1. 79 3.69 x 10
9 

9 6 . 28 x 10 - 3 3 , 110 26 2.17 x 10
10 

1. 28 9 . 26 x 10
9 

10 2 . 50 x 10 - 3 2 , 290 25 7. 97x109 0.917 2 . 33 x 10 10 

11 9 . 95 x 10 - 4 1 , 680 24 2. 93x 10
9 0.656 5.84 x 10 10 

12 3 . 96x10 - 4 1 , 240 23 1. 07 x 10
9 

0.469 1. 47 x 1011 

13 1.58x10 - 4 910 22 3.89 x 10
8 0.335 3.69 x 1011 

14 6 . 28 x 10 - 5 669 21 1. 41 x 10
8 

0.238 9 . 26 x 1011 

15 2 . 50 x 10 
- 5 492 20 5.10x10

7 
0.170 2.33 x 10

12 

16 9.95 x 10 - 6 362 19 1.83 x 10
7 

0.121 5.84 x 10
12 

17 3 . 96 x 10 - 6 266 18 6.55 x 10
6 0.085 9 1.47 x 1013 

18 1. 58 x 10 - 6 196 17 2 . 33x106 0.0608 3.69 x 10
13 

19 6 . 28 x 10 - 7 144 16 8.20 x 105 0.0430 9 .26 x 1013 

20 2.5-0 x 10 - 7 
106 15 2 . 87 x 105 0.0303 2.33 x 1014 

21 9 . 95 x 10 - 8 
78 . 0 15 1. 14 x 105 0.0223 5.84x10

14 

22 3 . 96 x 10 
- 8 

57.4 15 4 . 55 x 10
4 0.0164 1. 47 x 1015 

23 1. 58 x 10- 8 39.8* 15 1. 81 x 104 0.0121 3.69 x 1015 

24 6 . 28 x 10- 9 
25 . 1* 15 7. 21 x 10

3 
0.00884 9.26 x 1015 

25 2 . 50 x 10 - 9 
15 . 8* 15 2 . 87x10

3 0.00653 2 . 33 x 1016 

26 9 . 95 x 10 - 10 
10 . 0* 15 1. 14 x 10

3 
0 . 00480 5.84 x 10

16 

27 3.96 x 10 - 10 
6. 30* 15 4 . 55 x 10

2 0 . 00353 1. 47 x 1017 

28 1. 58 x 10 - 10 3.98* 15 1. 81 x 10
2 0 . 00260 3.69 x 10

17 

29 6.28 x 10 - 11 2. 51* 15 7. 21 x 10 0.00191 9 . 26x10 17 

30 2 . 50 x 10 - 11 1. 58* 15 2.87x10 0 . 00141 2.33 x 10
18 

31 9 . 95 x 10 - 12 1. 00 15 1. 14 x 10 0 . 00103 5 . 84 x 10
18 

* Maxlmum radlus permltted by solar hght pressure. 

** These No . based on entrance to atmosphere at 100 km approx 

*** Includes earth ' s shading effect of 1/2 

( 9E \ 1/3 
t P"' , TrP ' <) ; E = 447 x 778.3 ft lb/lb for Al 
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No. Striking 
3m (Radius) 

Sphere 
(per day) *** 

--

--

--
- -

--
2.22 x 10 

-5 

6.48 x 10 -5 

1. 63 x 10 
-4 

4.09 x 10 
-4 

1. 03 x 10 
-3 

2.58 x 10- 3 

6.48xlO- 3 

1. 63 x 10 
-2 

4.09 x 10 
-2 

1. 03 x 10 
-1 

2.58 x 10 
-1 

6.48 x 10 
-1 

1. 63 

4.09 

1. 03 x 10 

2.58x10 

6.48 x 10 

1. 63 x 10
2 

4 . 09 x 10
2 

1. 03 x 10
3 

2.58 x 103 

6.48 x 10
3 

1. 63 x 104 

4 . 09 x 104 

1. 03 x 105 

2.58x105 

6.48 x 105 



where 

p 
a 

p penetration in thick target 

d meteorite diameter 

V meteorite velocity in cm/sec. 

Whipple's equation is theoretical and is 
believed to give penetration depths for hyper­
velocity impacts that are too high. 

b. Kornhauser's equation 

This equation is given in (Ref. 68) as 

T 1/3 E 0 . 09 
h = K2 (E ) (Eo ) 

where 

h penetration (depth of crater) 

K2 constant of proportionality 

T kinetic energy of projectile 

E modulus of elasticity of target 
material 

EO = reference modulus 

This equation yields 

h = 0.282 x 10-4 V2 / 3 
d 

which is identical to Whipple's except that the 
value of the constant is lower. 

c . Summer's equation 

This equation is an empirical equation based 
on experimental test data using many different 
projectile and target material combinations. As 
given in Ref. 69, the equation has the form of: 

p = 2 . 28 t p ) 2/3 (~C) 2/3 
a Pt 

where 

p penetration in a thick target 

d diameter of projectile 

P = density of projectile 
p 

density of target 

V projectile velocity 

C speed of sound in target material 

For Whipple's mete orite density of Pp = O. 05 

gm/cm3, an aluminum target density of Pt = 
3 5 

2.8 gm/cm and C = 5. 1 x 10 cm/sec. the 
equation reduces to 
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~ = 0.243 x 10-4 V 2/3 

The agreement between this constant and that of 
Kornhauser is noted. 

d. Bjork's equation 

This is a theoretical equation developed by 
Bjork (Ref. 70) ·using a hydrodynamic modf'l to . 
explain hypervelocity impact . He derived equatlOns 
for the impact of aluminum projectiles on alumi­
num targets and also iron projectiles on iron 
targets. In Ref. 71, Bjork gives the penetration 
of an aluminum projectile into an aluminum target 
as: 

p = 1. 09 (m v)1/3 

where 

P penetration in cm 

m projectile mass in gm 

v = impact velocity in km / sec 

Bjork in Ref. 72 states that the use of a correction 

(
Pp )¢ 

factor of the form pt is subject to a great 

deal of conjecture as it rests on no theoretical 
basis. He also stated that he would favor the 
value of ¢ = 1/ 3 and 9 = 1/3 in a general pene­
tration equation such as: 

P = K 1/3 -¢ (¢ - 1/3)(V \ 9 
3 m Pt Pp C "J 

equating the general and empirical relations. 

1 09 ( ) 1 3 = K 1/3 -1 3 / / (~c) 1/3 
. mv 3 m Pt 

Dt - 1/3 ( -c1) 1/3 1. 09 = K3 

For aluminum targets, Pt = 2.8 gm/cm3 and 

C = 5.1 km/sec, K3 = 2.63. 

Thus we may write 

P = 2.63ml/ 3 -1/3 (~) 1/3 
Pt C 

Then, letting "d" equal the meteorite diameter 

in cm and its density Pp = 0.05 gm/cm3 yields 

where 

p = 2 63 (2:. d3 ) 1/3 -1/3 (~c\ 1/3 . 6 Pp Pt ,) 

p 
a 

p 

d 

V 

0.322 v 1 / 3 

penetration = cm 

meteorite dia = cm 

meteorite ve l ocity km 
sec 



This probably stretches Bjork! s work more 
than he would care to see done but it is necessary 
to obtain a comparison with the other formulas. 

e. Engineering model 

For purposes of evaluating meteoroid effects 
upon propellant storage vessel design, the follow­
ing model has been recommended (Ref . 73). 

(1) The integral mass flux of particles 
is given by 

41 10- 13 m -10/9 hits/m2 /sec, by 
particles of mass m gm and 
greater. Approximately 90"/0 of 
the meteoroid flux is assumed to 

have a density of 0.05 gm/cm
3

. 
The effective flux used in com­
puting probability of hits is there­
fore reduced by an order of magni­
tude to compensate for the very 
low density meteoroids which will 
not follow the given penetration 
law. 

(2) The particle velocity (v) is 30 kIn/sec. 

(3) Penetration of impacting particle s into 
a single thickness of steel is given by 

P = 1. 5 (mv) 1/3, cm 

(4) Aluminum is half as effective as steel 
in withstanding penetration. 

(5) The use of spaced sheets (Whipple 
bumpers) allows a reduction factor, 
B

f 
= 5, in the total thickness required 

to withstand penetration. 

(6) Particle density, (p) is 3 gm/cu cm. 

(7) The area exposed to meteoroids is 
the total unshadowed surface area of 
the object. The shadowing can be ex­
pressed in terms of an effective area 
by computing a factor to be multiplied 
by the actual area. This reduction 
factor will be in the ratio of a sphere 
with a conical segment removed to a 
sphere. The center of this sphere is 
the spacecraft and the conical segment 
is that volume intersected, as an ex­
ample, by the Earth. Consider the 
following sketch 
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where 

u = sin -1 R /R 
o ' 

Then 

Sf = 1 - l/2 (1 - cos u) 

-1 
1 +cos (sin Ro/R) 

2 = 1 -

The integral mass flux thus becomes 

<Ii = 10- 14 m -10/9 hits/m2 sec 

-10 -10/9 2 
N (.?, m) = 8.64 x 10 m hits/m -day 

Eliminating the constant meteoroid velocity 
(30 kIn/sec), and expressing the penetration law 
in terms of mass gives 

m =101.25 

as the mass in grams required to penetrate X cm 
of steel. With the flux and penetration expressed 
only by mass, it is convenient to combine the two 
relationships, obtaining 

N (.?,m) = 8.64 x 10- 10 (P3 /101. 25)-10/9 

1. 46 x 10- 7 

p lO/3 

hits per square meter per day capable of pene­
trating P cm of steel. The reciprocal of this 
relation is the average number of days between 
penetrations. To determine the thickness re­
quired so that an area of A meters is not pene­
trated on the average for at least T days, 

3/10 
P = (A T, 1. 46 x 1 0 -7 

P 8,901 (A T)3 /10, cm of steel 
lcT 

This relationship is convenient to use for purposes 
of design after the effects of the time distribution 
of meteoroid encounters have been included. The 
Poisson distribution model has been used to elabo­
rate on meteorite encounter probabilities. This 
distribution which is valid for uniform masses of 
low density is 

(~) K e 
t 

T 

where t is any selected interval, and ~ is the 

a verage number of penetrations per day. Thus 
the probability of any number, K, penetrations 
during time, t can be estimated. To determine 
the probability of no penetrations during T days 
(T = t) the relation reduces to 

-1 
P kt = e = 0, 3 6 8 



so that the probability is O. 368 that there will be 
no penetrations within the average number of 
days between penetrations. To find the time at 
the end of which the probability of no penetrations 
is 0.99. 

0.99 = e -tiT 

t -TlnO.99 

t 0.0101T 

For 0.95 a nd 0.90 probabilities, the correction 
factors are, respectively, 0.05 and 0.10. For 
example, t h e average time between penetrations 

2 
for a 93 m steel surface 2. 5 cm thick is about 

1. 6 x 106 days. There is a O. 368 probability 
that there will be no penetrations by the end of 
this time. For this structure, the limiting time 
for O. 99 probability of no penetrations is 1. 6 x 

104 days; for 0.95 probability, 8 x 104 days; and 

for 0.90 probability, 1. 6 x 105 days. 

Corre spondin gly, if the probability for no 
penetration of X thickness within T is 0.368, then 
the thickne~s required for a 0.99 probability of 
no penetratlOns in T days is 

10/3 
(P at 0 99)10/3 = .".,P"""".. 

kt · 0.0101 

P kt at 0.99 

for 0.90 probability. 

= 3 . 97P 

P kt at 0.90 = 1. 96X 

More generally 

In (prob) = -t (1. 46 x 10 -7) A 
p 10t3 

The relationships between exposed area and 
ti~e, alum~num thickness and oenetration prob­
abIlIty are Illustrated in Fig. 33. 

C. CONVERSION DATA 

1. Definition of Time Standards and ConverslOns 
(Ref. 74) 

Time measurement may be based upon the 
period o! mo~ion. of a stable oscillator, the decay 
of a radlOactlve Isotope, or the period of any 
ce le stial body relative to the observer. The latter 
is the body chosen sometimes referred to as the 
time reckoner and a clock in most astronomical 
·research . The particular day is defined to be the 
time span between two successive upper or lower 
transits of the given time reckoner across the 
ce le stial meridian of the observer. Noon is the 
time of upper transit (the transit in the northern 
celestial hemisphere). Angles measured in the 
equatorial plane of the celestial sphere from the 
observer I s meridian, 0, westward are called 
local hour angles (see following sketch l. Thus 
o y is the local hour angle of vernal equinox . Then 

local time of day is the hour angle of the time 
reckoner for days beginning at noon. Since an 

II -50 

international agreement in 1925, astronomical 
time is reckoned from midnight, so that the local 
time of day based on this origin is 

T = T + 12h 

where T is the hour angle of the time reckoner. 
Because astronomers refer to t wo time reckoners 
the sun and vernal equinox, there are two kinds of' 
days; the solar day and the sidereal day. 

Observer's 
meridian 

Greenwich 
meridian 

The sidereal day is the interval between two 
successive upper transits of vernal equinox. 
Because this time reckoner is a point on the 
celestial sphere , an infinite distance from the 
earth, the sidereal day is the period of earth 
rotation relative to inertial space. Because side­
real time is the hour angl e of vernal equinox, it 
is given at any instant by the right ascension of 
a star that is crossing the observer I s meridian 
at that instant. The best value for the sidereal 
day is 86164.091 mean solar sec. 

The solar day, the interval between two suc­

cessive upper transits of the sun, is 3
m 

56
s 

longe::- than the sidereal day b ecause the earth 
moves almost one degree each day in its orbit 
around the sun. Thus, the solar day is not ex­
actly equal to the period of earth rotation. Also, 
the apparent sun (the sun we see ) is not a pre­
cisely uniform time reckoner because the orbit 
?f ~he earth is slightly eccentric and the e liptic 
IS mclmed about 23° to the equatorial p lane. Be­
cause the apparent sun is a nonuniform time 
reckoner, the mean sun is used to measure civil 
time. The time unit is the average of the apparent 
solar days, the mean solar day and its length is 
defined to be 86400 mean solar sec. The differ­
ence between apparent and mean solar time is 
called the "equation of time, " ET: 

ET = AT - MT = T A - T M 

where 

A T apparent time 

MT mean solar time 

---------------------------~ 



'T A = hour angle of apparent sun 

'T M = hour angle of mean sun 

AM = right ascension of mean sun 

AA = right ascens ion of apparent sun 

Civil time, CT, is mean solar time measured 
from midnight , 

CT = 'TM + 12 
h 

The local civil time at the Greenwich meridian 
is known as universal time, UT, or Greenwich 
mean time, GMT . 

The difference in local time at two places for 
the same physical instant is the difference in 
longitude, A: 

where A, in the astronomer I s convention, is meas­
ured positive westward from the Greenwich merid­
ian. This equation applies for T measured in any 
system of loca l time, i. e., civil, apparent solar 
or sidereal times. For example , 

LMT = LCT = UT - X. 

Fifteen degrees of longitude corresponds to an 
hour of time difference, so that for local mid­
night at Greenwich, the corresponding local times 
at X. = 15° Wand 30° Ware 11:00 p.m. and 10:00 
p. m., respectively. The local time increases 
for eastward longitude change s. 

Since local civil times are the same only along 
a given meridian, some confusion is avoided by 
the use of time zones. The earth is divided into 
24 zones, each fifteen degree s of longitude wide. 
In the middle of each zone, at the "standard me­
ridian' " local time differs from Greenwich time 
by an integral number of hours. The time read 
on a clock at any place, i. e., standard time, is 
the local civil time of the standard meridian 
nearest the clock. Standard time differs in some 
places from zonal time where boundaries are 
twisted to suit geographical and political bounda­
ries. 

Greenwich civil time is generally the system 
employed in astronomical almanacs. Therefore, 
conversions required most often are standard to 
GMT and GMT to standard. The conversion from 
a zone time to GMT is effected by dividing the 
longitude (in degrees) of the observation site by 
15 and obtaining the nearest whole number . This 
value is added to the zone time for sites west of 
Greenwich and subtracted for sites east of Green­
wich. 

x.0 

GMT = ZT ± 11) 

The same rule applies for conversion of standard 
times, except that the irregular boundaries for the 
time zones must be utilized. 

The preceding discussions provide the basis 
for an appreciation of the measurement of time 
intervals; however, in order to relate any two 
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events in time it is necessary to l 'efer them to the 
same time reference. For earth satellite prob­
lems this requires only that an epoch be selected 
and that the universal time be recorded at the in­
stant. A record of time by days and/or seconds 
from this epoch thus relates all of the events. In 
other problems where two or more bodies are in­
volved such an arbitrary solution of the time origin 
for one body may lead to unnecessary complexity 
due to the fact that all of the various time scales 
must be correlated each time a computation is 
performed. To avoid such a situation the Julian 
day calendar was established by the astronomers. 
This calendar takes the origin to be mean moon 
4713 years before Christ and is a chronological 
and continuous time scale, i. e ., days have been 
counted consecutively from this date to present. 
This practice avoids problems resulting from the 
nonintegral period of the earth (36 5.2563835 mean 
solar days) and the difficulties of months of differ­
ent length. On this calendar January 0 (i. e. , 
mean noon January 1) 1900 is 2415020 mean solar 
days. The conversion of other dates in the later 
half of the 20th century is facilitated by Table 37 
obtained from The American Ephemeris and 
Nautical Almanac. 

2. Review of Standards of Length and Mass 

For many engineering purposes the conversions 
between units of measure need be known only to 
two or three significant figures. For this reason 
a general unawareness of the definition and use of 
these units has resulted and is evidenced by in­
consistencie s in the literature. The purpose of 
this section is to redefine a set of units and specify 
accepted conversions from this set to other com­
monly used systems. 

a. Standard units 

The United States I system of mass and measures 
has been defined in terms of the metric system 
since approximately 1900; it was refined in metric 
terms in 1959. Therefore, care must be exercised 
to assure that proper standards are used for all 
precise computations. Before going further it is 
necessary to obtain an appreciation for the bases 
for measurement. 

The meter was originally defined to be 1/10
7 

part of 1/4 of a meridian of the earth . A bar of 
this length was constructed and kept under standard 
conditions in the Archives. Since subsequent meas­
urements of the earth proved th~s definition to be m­
correct, a new international standard, the Prototype 
Meter, was defined to be the distance between 
two marks on a platinum-iridium bar at standard 
conditions. This bar was selected by precise 
measurement to have the same length as the bar 
in the Archives. National standards were also 
produced and compared to the Prototype Meter. 
In October 1960, at the Eleventh General Con­
ference on weights and measures, the meter was 
redefined to be 1,650,763.73 wavelengths of the 
orange -red radiation of Krypton 86. However, 
the bar standards are also maintained because of 
the ease of measurement. 

The kilogram was originally defined to be the 
mass of 1000 cubic centimeters of water at its 
maximum density (i. e., 4° C). However, at the 
time the Prototype Meter was defined, the kilo-
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Year Jan. 0.5 Feb. 0.5 

1950 24 3 3282 3313 
1951 3647 3678 
1952 4012 4043 
1953 4378 4409 
1954 4743 4774 

1955 243 5108 5139 
1956 5473 5504 
1957 5839 5870 
1958 6204 6235 
1959 6569 6600 

1960 243 6934 6965 
1961 7300 7331 
1962 7665 7696 
1963 8030 8061 
1964 8395 8426 

1965 2438761 8792 
1966 9126 9157 
1967 9491 9522 
1968 9856 9887 
1969 244 0222 0253 

1970 244 0587 0618 
1971 0952 0983 
1972 1317 1348 
1973 1683 1714 
1974 2048 2079 

1975 244 2413 2444 
1976 2778 2809 
1977 3144 3175 
1978 3509 3540 
1979 3874 3905 

1980 244 4239 4270 
1981 4605 4636 
1982 4970 5001 
1983 5335 5366 
1984 5700 5731 

1985 244 6066 6097 
1986 6431 6462 
1987 6796 6827 
1988 7161 7192 
1989 7527 7558 

1990 244 7892 7923 
1991 8257 8288 
1992 8622 8653 
1993 8988 9019 
1994 9353 9384 

1995 244 9718 9749 
1996 245 0083 0114 
1997 0449 0480 
1998 0814 0845 
1999 245 1179 1210 

2000 245 1544 1575 

TABLE 37 

Julian Day Numbers for the Years 1950-2000 
(based on Greenwich Noon) 

Mar. 0.5 Apr. 0.5 MayO.5 June 0.5 JulyO.5 Aug. 0.5 Sept. 0.5 OCt. 0.5 

3341 3372 3402 3433 3463 3494 3525 3555 
3706 3737 3767 3798 3828 3859 3890 3920 
4072 4103 4133 4164 4194 4225 4256 4286 
4437 4468 4498 4529 4559 4590 4621 4651 
4802 4833 4863 4894 4924 4955 4986 5016 

5167 5198 5228 5259 5289 5320 5351 5381 
5533 5564 5594 5625 5655 5686 5717 5747 
5898 5929 5959 5990 6020 6051 6082 6112 
6263 6294 6324 6355 6385 6416 6447 6477 
6628 6659 6689 6720 6750 6781 6812 6842 

6994 7025 7055 7086 7116 7147 7178 7208 
7359 7390 7420 7451 7481 7512 7543 7573 
7724 7750 7785 7816 7846 7877 7908 7938 
8089 8120 8150 8181 8211 8242 8273 8303 
8455 8486 8516 8547 8577 8608 8639 8669 

8820 8851 8881 8912 8942 8973 9004 9034 
9185 9216 9246 9277 9307 9338 9369 9399 
9550 9581 9611 9642 9672 9703 9734 9764 
9916 9947 9977 *0008 *0038 *0069 *0100 *0130 
0281 0312 0342 0373 0403 0434 0465 0495 

0646 0677 0707 0738 0768 0799 0830 0860 
1011 1042 1072 1103 1133 1164 1195 1225 
1377 1408 1438 1469 1499 1530 1561 1591 
1742 1773 1803 1834 1864 1895 1926 1956 
2107 2138 2168 2199 2229 2260 2291 2321 

2472 2503 2533 2564 2594 2625 2656 2686 
2838 2869 2899 2930 2960 2991 3022 3052 
3203 3234 3264 3295 3325 3356 3387 3417 
3568 3599 3629 3660 3690 3721 3752 3782 
3933 3964 3994 4025 4055 4086 4117 4147 

4299 4330 4360 4391 4421 4452 4483 4513 
4664 4695 4725 4756 4786 4817 4848 4878 
5029 5060 5090 5121 5151 5182 5213 5243 
5394 5425 5455 5486 5516 5547 5578 5608 
5760 5791 5821 5852 5882 5913 5944 5974 

6125 6156 6186 6217 6247 6"278 6309 6339 
6490 6521 6551 6582 6612 6643 6674 6704 
6855 6886 6916 6947 6977 7008 7039 7069 
7221 7252 7282 7313 7343 7374 7405 7435 
7586 7617 7647 7678 7708 7739 7770 7800 

7951 7982 8012 8043 8073 8104 8135 8165 
8316 8347 8377 8408 8438 8469 8500 8530 
8682 8713 8743 8774 8804 8835 8866 8896 
9047 9078 9108 9139 9169 9200 9231 9261 
9412 9443 9473 9504 9534 9565 9596 9626 

9777 9808 9838 9869 9899 9930 9961 9991 
0143 0174 0204 0235 0265 0296 0327 0357 
0508 0539 0569 0600 0630 0661 0692 0722 
0873 0904 0934 0965 0995 1026 1057 1087 
1238 1269 1299 1330 1360 1391 1422 1452 

1604 1635 1665 1696 1726 1757 1788 1818 

1900 Jan 0. 5 ET = Julian Day 2,415 , 020 .0 = Greenwich Noon, January I, 1900, a common epoch 

Nov. 0.5 Dec. 0.5 

3586 3616 
3951 3981 
4317 4347 
4682 4712 
5047 5077 

5412 5442 
5778 5808 
6143 6173 
6508 6~38 
6873 6903 

7239 7269 
7604 7634 
7969 7999 
8334 8364 
8700 8730 

9065 9095 
9430 9460 
9795 9825 

*0161 *0191 
0526 0556 

0891 0921 
1256 1286 
1622 1652 
1987 2017 
2352 2382 

2717 2747 
3083 3113 
3448 3478 
3813 3843 
4178 4208 

4544 4574 
4909 4939 
5274 5304 
5639 5669 
6005 6035 

6370 6400 
6735 6765 
7100 7130 
7466 7496 
7831 7861 

8196 8226 
8561 8591 
8927 8957 
9292 9322 
9657 9687 

"0022 *0052 
0388 0418 
0753 0783 
1118 1148 
1483 1513 

1849 1879 

1950 Jan O. 5 ET = Julian Day 2,433 , 282.0 = Greenwich Noon, January I, 1950, another common epoch and 
fir st entry in this table 

II-52 

--' 



gram was redefined to be the mass of the Proto­
type Kilogram and, as was the case with the 
Prototype Meter, national standards were obtained 
by comparison to the Prototype Kilogram. This 
unit has not been changed to date though proposals 
have been made to base the measurement on some 
atomic standard. The conversion from mass to 
force is accomplished by the standardized con-

2 
stant go = 9.80665 mfsec 

Effective July 1, 1959, the English speaking 
people defined their standards of length and mass 
in terms of the metric system of units. This was 
accomplished through the definition of an inter­
national yard and an international pound. 

1 yard == 0.9144 meter 

1 pound (avdp) == 0.453,592,37 kilogram 

These two units constitute the basis for all measure 
with the exception of those accomplishe d by the 
U. S. Coast and Geodetic Survey which continues 
to use a foot defined by the old standard: 

1 foot = ~ meter 

or 

1 yard 
3600 
J"9'3"i meter 

0.91440182 meter 

Of course, other units of length, area, volume, 
etc., can be related by their definition to these 
more basic units . These second generation units 
(for example: statute mile, nautical mile, etc.) 
are in general peculiar to particular regions and 
thus only a few will be discussed in the following 
paragraphs. 

The astronomical unit (AU) is defined as the 
mean distance from the sun to a fictitious planet 
whose mass and sidereal period are the same as 
those used by Gauss for the earth in his determina­
tion of the solar gravitation constant. This defi­
nition enables the astronomer to improve his knowl ­
edge of the scale of the solar system as more ac­
curate data become available but does not require 
recomputation of planetary tables since angular 
data can be computed with an accuracy of eight or 
nine significant figures. The best value of this 

unit is presently 149.53 x 10
6 

km and the mean 
distance from the earth to the sun is presently con­
sidered to be 1. 000, 000, 03 AU . 

The nautical mile was originally defined to be 
one mInute of arc on the earth ' s equator. On this 
basis the best value of this unit appears to be ap ­
proximately 6087 feet . Various attempts have been 
made to adopt a standard length, e. g ., the British 
nautical mile was defined to be 6080 feet and the 
U. S . nautical mile was defined to be 6080 .20 feet . 
In 1954 , it was agreed to standardize the nautical 
mile by defining it in terms of the meter . As a 
result, the international nautical mile was defined 
to be 1852 meters, or, based on the conversion 
between feet and meters at the time, 6076.10333 
feet. But with the redefinition of the foot (1 foot == 
0 . 3048 meter) as of July 1959, the nautical mile 
changed once again to 6076. 11549 international feet , 
approximately. This value has been accepted by 
the National Bureau of Standards and all, respon­
sible agencies. 
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The statute mile == 5280 international feet. 

The meter was previously defined; however, 
many units of length have been defined based on 
(he prime unit and related by powers of 10. Ac­
cordingly the following prefixes have been intro­
duced and are generally recognized: 

tera, meaning 10 12 

giga, meaning 109 

mega, meaning 106 

kilo, meaning 10
3 

hecto, meaning 10
2 

deka, meaning 101 

-1 
deci, meaning 10 

centi, meaning 10-2 

milli, meaning 10- 3 

-6 
micro, meaning 10 

-9 nano, meaning 10 

. . 10- 12 plCO, meanIng 

The yard - 0.9144 meter 

- 3 international feet 

The foot _ 0.3048 meter 

- 12 international inches 

The inch _ 0.0254 meter 

_ 103 mils 

The micron == 10- 6 meter 

-10 
The angstrom == 10 meter 

3. Mathematical Constants 

Tr 3.141,592,653,6 

2'11' 6.283,185,307,2 

3'11' 9 . 424,777,960,8 

log10 TT 0.497,149,872,7 

log
e

'l1' 1. 144,729,885,8 

e 2.718,281,828,5 

log10e 0.434,294,481,9 

2 
7,389,056,102 e 

loge 1O 2.302,585,091 

1 f'l1' 0.318,309,886,0 

1 f2'11' 0.159,154,943,0 

1 f3'11' 0.106,103,295,3 

360 f2'11' 57,295,779,51 
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4. 

lie 

1/e
2 

0 . 36 7, 8 79,441,0 
sidereal year 3. 155 , 814, 9 x 10 7 mean 

solar seconds 0. 135,335,283, 1 

Time Standards 

1 second 3 . 155 , 692,597 , 4 7 

t imes the B esselia n (tropical, 
solar ) year at 1900 . 0 and 12 hr 
ephemeris t ime 

- 9 
1 mean solar sec"" (1 + 10 ) ephemeri s 

sidereal day 

sidereal year 

seconds in 1960 

86,164 . 091 mean solar 
seconds 

365 . 256,383,5 mea n 
solar days 

TABLE 38 

5. Convers i on Tables 

Ready conversions for the more ge nerally 
used un its of astronomical measu rements will 
be found in the following tabl es: 

Tabl e 38 - - Length Convers ions 

Tabl e 39 -- Ve l ocity Conversions 

Tabl e 40 - -Acceleration Conversions 

Tabl e 41 --Mass Conversion s 

Tabl e 42 --Angular Convers ion s 

Tabl e 43 - - T ime Convers ion s 

Tabl e 44- - Force Convers io ns 

L e ngth Convers ions 

International 
As tronomical Units Nautical Miles Statute Mlles Meters 

International International InternationaJ 
Yards Feet Inches 

1 Astronomical Unit. aO .73~XI06 92 . 91!..:..1!x 106 149. 5266x 109 163. 5~ x 10 9 490.5728 x 109 588. 6!!:.,i x 1010 

1 International Nautical Mile *' 1. 238, 575 x 10 - 8 
1. 150, 779. 447 1852· 

1 Statute MUe • 1. 076, 292 x 10-8 
0.868,976,242 1609. 344· 

1 Meter. O.668.7~xl0 -11 0. 539, 956, 803 x 10-3 0. 621.371.192xl0-3 

1 International Yard '" O. 611 . 5~x 10-11 0.493.736,501 x 10-3 0 . 568,181 , 818x 10-3 0.9144-

1 International Foot. O.203.8~xlO -ll 0,164,578,833 x 10-3 0 .1 89,393, 939x 10.3 O. 3048 *" 

1 International Inch =- O .1 69 . 8~XIO -12 0.137,149, 028x 10-4 0.157.828,282 x 10-4 0 . 025 4* 

1 Astronomical Unit per 
Mean Solar Day • 

1 Astronomical Unit per 

Astronomical Units 
pe r Mean Solar Day 

Sidereal Day'" 0.997,269,57 

1 ~~;~~t;o~~~!Utical O. 297, 2~ x 10 - 6 

1 Statute Mile per Hour" 0.258, 3..!£:.1. x 10-6 

1 Kilometer per Hour'" O. 160, 5~ x 10-6 

1 Meter per Second" O. 577, 8~ x 10-6 

1 Foot per Second " O. 176 , 2~ x 10. 6 

-Underlined digits are questionable . 

• Denotes exact conversion factor. 

TABLE 39 

Ve loc ity Convers ions 

International 
Astronomical Units Nau tical Miles Statute Miles 
per Sidereal Day per Hour per Hour 

1. 002. 737 , 90 3 , 364, 079 x 106 3. 87l,!!..! x 106 

3.354, 892 x 106 3,860, ~x 106 

O. 298, O~ x 10 . 6 1. 150,779,44 7 

0.259, 0.!..1..! x 10 . 6 0 . 868,976,242.6 

O. 160. 9~ x 10 . 6 0 . 539,956,803,4 0 . 621,371,192 

0, 579, 4~6 x 10. 6 
1. 943, 844, 491 2.236,936,288 

0 . 176,602.8x 10.6 0.592,483.800 0 . 681.818.181 
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2025 . 371, 828 6076.115.485 72.913 . 385, 826 

1760· 5280- 63.360· 

1 . 093.613,298 3, 280, 839, 895 39.370,078,740 

3" ,," 
O. 333, 333, 333 1 12 ' 

0 . 027 ,777,777 0 . 083,333,333 1 

Kilometers per Meters per 
Hour Second Feet per Second 

6.230,!Z! x 106 1. 730, 632 x 106 5 . 677, 928 x 106 

6 . 2 1 3,~x 10
6 1. 725, 907 x 106 5 , 662, 424 x 106 

1.852- 0 . 514,444, 444 1. 687, 809, 856 

1. 609. 344. 0 ,447,040. 1.466,666,666 

0.277,777.777 0.911,344,415 

3,600- 3. 280, 839, 895 

1.097.280. 0,3048* 



1 

1 

1 

1 

1 

1 

1 

Astronomical Units 

per Mean ~lar Day 

Astronomical Unit 
per Solar oay2 • 

Astronomic&! Unit 
per Siderell! Oay2 • 0.994.546,60 

International Nautical 

Mile per Hour2 O. 7t3."'!!:.!.)( 10- 5 

Statute MUe per 

Hour 2 • 0 , 619,944 .. 7 x 10.5 

Kilometer per 

H~, 
2 . 0. 385.209, 6" 10.5 

Meter per Second2 • O.O49.9~ 

Inle.'national Foot 

per Second 2 
O. 0 I S, 21!!..E 

Solar Mass 

1 Solar Mass ::: 

1 Earth Mass ::: 3.0B8, 062 x 10- 6 

1 Moon Mass = 3.697. 320 x 10-8 

1 Slug I: 7. 346 . .!!x 10- 29 

1 Kilogram = 5 . 033.~x 10 
-31 

1 Pound (avdp) :: 2 . 283. ~ x 10- 31 

1 Ounce (avdp) ::: 1.427 . .Q! x 10 
-32 

_ Underlined digits are questionable . 

• Oenotes exact conversion factor . 

Aatronomtcal Units 
2 , 2 

per Sidereal Day 

1. 005,483,30 

O . 717.J~x 10.5 

0 . 623.344, Ix 10. 5 

O.387.3~XIO-5 

O . O50.19~ 

0 . 015,300,26 

Earth Mass 

332. 440 

I , 229 • ..!i x 10- 2 

0.244 . ~x 10- 23 

0 . 167 . ~x 10- 24 

O. 759. ~ x 10- 25 

0.474 . !!,x 10- 26 

TA BLE 4 0 

Ac c el er ation Conver s ions 

International Nautical 

Miles per Hour2 

0 . 8.68,976,242,6 

0. 539,956,803,4 

Statute Miles per 

Hour2 

1. 150, 779,447 

0.~l , 371,192 

Kilome ters per international Feet per 

Hour 2 Meters per Second 2 Second 2 

2.581.~X 105 19.92~ 55 . 3S!.:...!! 

1.852· 1.429,012.345 x 10-4 4 . 688,360 , 711 x 10.4 

1.609,344* 1.241 , 777,178x 10 . 4 4.074.074.074 X 10- 4 

0.771,604,938,2 x 10-4. 2.531.512,264 x 10-4 

0,699 , 184,017, 6 x 104 0,805 , 297,064,9 x 104 12,960. 3,280,839,895 

0 . 213,294. 168. 6 x 104 0.24 5,245,24 5,2 x 104 0,395.020.800 0.30·U . 

TABLE 4 1 

Mass Conversions 

Pounds Ounces 
Moon Mass Slugs Kilograms (avdp) (avdp) 

27, C46, 600 1 . 361.~x 1029 l , 98~x 1030 4,379.:!.E. x 1030 70. 07~ x 1030 

81.. 358 4.09~:< \023 5 . 975.0 x 1024 13. 17~ x 1024 210 , ~ x 1024 

5 . 03~ x 1021 
7. 34i.:.£ x 10

22 16. 19~ x 1022 259 . 06 x 1022 

0 . 198,.:!!x 10- 21 14.593.902.876 32 . 174,048.556 514.784.777, 0 

O, 136 • .!! x 10 - 22 6 . 852.176,612 x 10-2 2.204,622.621 35 , 273,961,94 

0 . 617.~x 10- 23 3 . 108. 095.016 x 10- 2 0.453.592.37. 16. O. 

0 . 386. 2..!. x 10- 24 1. 942. 559, 385 x 10- 3 0.283.495.231 x 10- 2 0 , 062.5* 

go ~ 9. 80665 . m~t:;s = 32 . 174 , 048 . 556 ft/sec 2 

1 Revolution = 

1 Radian = 

1 Degree = 

1 Minute of Arc = 

1 Second of Arc = 

1 Angular Mil = 

Revolutions 

0.159 , 154,943 

2 . 777 , 777,777" 10- 3 

4.629,629,629" 10 - 5 

7.716,049,382 x 10- 7 

1. 5625 x 10-4 * 

*Denotes exact conversion 

TABL E 42 

Angular Convers ions 

6.283,185,307 

1. 745 , 329,252 x 10 - 2 

2 . 908,882 , 086 x 10- 4 

4 . 848,136,812 x 10-6 

9 . 817 , 477,040 x 10-4 

360 . • 

57 . 295 , 779,511 

1. 666 , 666, 666 x 10-2 

2.777,777,777 x 10-4 

5 . 6250 x 10- 2 * 
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Minutes Seconds 
of Arc of Arc Anll!!lar Mills 

21,600 . 0* 1, 296,000 . 0* 6400. * 

3,437,746,771 206,264 , 806,236 1018.591 , 636 

60.0* 3 , 600.0- 17.7,777,777 

60.0- 0.296,296,296 

0.016,666,666 4. 938,271,605 x 103 

3.375· 202.5* 



TABLE 43 

Time Conversions 

1 Solar or 
Besselian Year 

1 Julian Year 

1 Mean Solar Day 

1 Si.dereal Day 

1 Mean Solar Sec 

1 Sidereal Sec 

*Exacl conversion 

Solar Year 

1.000.021.358 

2 . 737.909.26 x 10- 3 

2 . 730.433 . 61 x 10- 3 

3.168 . 876 .46 x 10-8 

3.160 . 224 . 08 x 10-8 

Julian Year Mean Solar Dal 

0.999.978 . 641 365 242 . 198 

365 25 
. 

2.737 . 850.787 x 10- 3 

2.730.375.42 x 10- 3 0.997.269 . 57 

3.168.808 . 78 x 10-8 1.157.407.40 x 10-5 

3.160.156 . 58 x 10-8 1.154.247.18x 10-5 

Sidereal Da~ Mean SOlar Sec Sidereal Sec 

366 . 242 .1 98 3.155 . 692 . 59 x 10 7 
3.164.332 . 57x 10

7 

366.250 . 00' 3 . 155 . 760' x 10 7 
3.164.400.16 x 10

7 

1. 002 . 737.90 86400' 86636.555 

86164.091 86400 ' 

1.160.576.27 x 10-5 1. 002. 737.90 

1.157.407 . 40 x 10-5 0.997.269 . 57 

TABLE 44 

Force Conversions 

Kg (force) Pound (force) 

1 Kg Force 2.204,622,621 

1 Pound 0.453,592,370,1 

1 Newton 0.101,971,621,2 0.224,808,943 

1 Poundal 1. 409, 808,183 x 10 
-2 

3.108, 095,501 x 10- 2 

1 Dyne 1. 019, 716, 212 x 10-6 0.224 , 808,943 x 10- 5 

*Exact conversion 
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III. ORBITAL MECHANICS 
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SYMBOLS 

Semimajor axis 

Right ascension 

Semiminor axis 

Eccentricity 

Eccentric anomaly 

Force per unit mass 

Force or hyperbolic anomaly 

Acceleration due to gravity 

Angular momentum 

Inclination angle of the orbit to the equatorial 
plane 

Moment of inertia; integral 

Kinetic energy per unit mass 

Latitude 

Mass 

Mean anomaly 

Mean motion (mean angular velocity) 

Semiparameter or semilatus rectum 

Potential energy per unit mass 

Orbital radius 

Apogee radius 

Radius to semiminor axis 

Perigee radius 

r Radial velocity 

r Radial acceleration 

t Time 

Ill-I 

Time of perigee passage 

T Kinetic energy per unit mass 

U Potential energy per unit mass 

v Velocity 

va Orbital velocity at apogee 

vp Orbital velocity at perigee 

x~) Components of position 

Q Angle of elevation above the horizontal plane 

f3 Azimuth angle Ineasured froIn North in the 
horizontal plane 

Y Flight path angle relative to local horizontal 

e 

v 

w 

Total energy per unit mass 

Orbital central angle between perigee and 
satellite position 

Angular velocity 

Angular acceleration 

Longitude (positive for East longitude) 

Earth's gravitational constant 1. 4077 
16 3 2 3 2 x 10 ft /sec (398,601. 5 km /sec ) 

Angle between the ascending node and the 
projection of the satellite position on the 
equatorial plane 

Orbital period over a spherical earth 

Orbital central angle between the ascending 
node and the satellite (e + w) 

Argument of perigee 

r2 Longitude vf ascending node 

Rotation rate of the earth (27r rad each 
86164.091 mean solar sec 



A . INTRO DUCTION 

The purpose of this chapter is to present data 
pertaining to the more elementary laws and con ­
cepts of orbit mechanics. The bulk of the materia l 
cons ists of graphs and tabulations of formul as for 
m otion in elliptical orbits . I n addition, a brief in ­
troductory treatment i s given of the theoretical 
background. Many excellent books are available 
in the areas of analyti cal dynamics and celestial 
mechanics (see the bibliography at the end of the 
chapter ). Therefore this chapter will only treat 
the material in outline form with no particular 
attempt to present a generalized and rigorous 
treatise on classical mechanics. 

B . MOTION IN A CENTRAL F IELD 

To a fi rst approximation the earth can, dy ­
nami cally , be cons idered as a point mass located 
at the geometrical center of the earth. This im­
plies that the mass distribution of the earth exhibits 
spherical symmetry , an assu mption that does not 
strictly hold true and will be discussed further in 
the next chapter . Additionally , the earth's mass 
will be considered infinite with respect to that of 
a satellite moving in its gravitational field. Finally, 
no additional forces will be assumed to act on the 
satellite. Under these assumptions the gravitational 
force F = m~ ( I), = the earth ' s gravitational ·con-

r 
stant ) acting on the satellite will be direct ed toward 
the stationary center of th e eart h . The ensuing 
motion will be plana r . 

In a rectangular coord inate system (in the plane 
of motion ) as shown in the sketch below (assuming 
m to be constant ), we get 

F 
f =-2.. 
x m 

I), - 2" cos 8 - f cos 8 - f ~ = x 
r 

r 
(1) 

F 
f = .-:L y m 

- 1),2 s in 8 - f s in 8 
r 

- f Y = Y 
r 

(2) 

y 

r 

""-_ __ .....L._~ x 

The motion is , however , more easily found in a 
polar coord i nat e system (r, 8 ) as shown in t he 
s ket ch below . 

In this system: 

F 
r 

m 
= _ f = - .J:.... = r - rei 2 

2 
r 

= 0 = rEI + 2 r8 -.!. d (r 2 9) r dt 

( 3) 

( 4) 

1II- 2 

-
r 

From Eq (4) it follows that : 

2 . 
r 8 = constant = h 

F 
r 

( 5) 

This constant is the angular momentum defined from 
vector mechani cs . Substituting Eq (5 ) i n Eq ( 3) re ­
sults in 

. . h 2 
r = ~- f. 

r 

Now letting r = .!. it follows that 
u 

where time has been eliminated by: 

and 

.. d (dU) r = - h dt d8 

Equation (6) can be written 

h du 
d8 

the solution to which can be recognized as : 

u = ~2 + C cos (8 - 80) 

or in terms of r the solution is 

p 

(6) 

r = 2 
1 + ~ C cos (8 - 80) 

1 + e cos (8 - 8 0) 

(7) 

The last form of Eq (7) i s the standard form of a 
conic with the ori gin at one of the foc i. F rom 
Eq (7 ) it can be seen that the semiparameter p 

2 
(semilatus rectum ) is p = ~ and the eccentricity 

I), 

h2 
e is -;;- C pC . If e < 1 the conic is an 

l 



I 

I 

I 
I 
I 
1 

I 
I 
! 
1 

1-

ellipse; if e = 0 it is a circle; if e = 1 it is a parab­
ola, and if e > 1 it is an hyperbola. 

C. LAGRANGIAN EQUA TION 

The preceding integration of the equations of 
motion is based on an elementary approach . At 
this point a brief digression will be made intu the 
more general Lagrangian technique often used in 
orbit mechanics , and encountered in Chapter IV . 

The Lagrangian equation for a conservative sys ­
tern is: 

d ( OL ) oL - 0 at aq. - aq.- -
1 1 

(8) 

where the Lagrangian is L = T - U, T is the 
kinetic energy of the system and U the potential 
energy . The q's are generalized coordinates . 

For a two -body central force case the Lagrangian 

is (in polar coordinates) L = T - U = i m (r 2 + r 2e2 ) 

- U (r). With q1 = e and q2 = r we get : 

d ( OL ) oL d [ 2 J . 
dt a;- - t16 = at m r ~( O = Pe ( 9) 

where Pe = m r2 e is the angular momentum of the 
system 

and 
d 

at e~) or 

or, since 

oU 
ar - F(r) 

d ·2 at (mr) - mre - F(r) 

oU (r) -ar 

(1 0) 

From Eq (9) it follows that r2 8 = constant . (This 
is commonly referred to as the law of areas . ) 

The orbit can be found by eliminating t from 
Eq (10). From Eq ( 9 ) 

2 de 
mr CiT = Pe 

we can conclude that 

d Pe d 
at= ~ ae 

mr 

and 

o 

Substituting this in Eq (10) we get: 

2 

Pe ~(~ ~D Pe 
2 de 2 uo - mr3 r mr 

or using u 1 
r 

- F(r) 

= ITlJ..L u 
2 

which, since Pe = hm, is identical to Eq ( 6 ). 

D . ORBITAL ELEMENTS 

( 11) 

Equation (7) for the conic which embodies 
Kepler's first law defines the planar orbit of the 
satellite when the constants p. e and eO are prop-

erly evaluated from a set of initial conditions , 
such as V, rand y, where Y is the flight path 
angle as shown in the sketch below . Note that 

er = V cos Y and hence Or2 = r V cos Y = h = 
constant = J I-tp. 

y 

r 

e 
x 

The three constants p , e and eO ' or any of a number 

of equivalent sets of constants, describe completely 
the geometrical properties of the ellipse in the plane 
of motion . From a kinematic standpoint one more 
quantity is needed to specify the position of the 
satellite in its orbit. Frequently this specification 
is given in the"form of the time of perigee passage, 
although a knowledge of the pOSition at any time is 
sufficient . 

Finally the plane of the satellite orbit must be 
described with respect to some reference plane. 
This description requires that two additional quanti­
ties be specified, for example, the inclination of the 
orbital plane with respect to the reference plane and 
the orientation in the reference plane of the line of 
intersection between the two planes. The complete 
specification of the orbit therefore requires knowl­
edge of six quantities, commonly called six elements 
of the orbit. Under the simplifying assumptions 
made in this chapter with respect to the dynamiCS 
of the orbital motion, these elements will be con­
stants , whereas in the actual physical situation they 
will generally be varying as functions of time. 

A set of orbital elements in common usage is: 

Semilatus rectum = p 

Eccentricity = e 

Time of perigee passage tp 
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Inclination of orbit plane (with respect to 
earth equatorial plane) = i 

Argument of perigee (with respect to ascend­
ing node) = w 

Longitude of ascending node (with respect to 
vernal equinox) = n . 

E. MOTION IN THREE DIMENSIONS 

From the solution of the orbit as expressed in 

the orbital plane, i . e. , r = 1 + P a' an expression e cos 

can readily be obtained for the three-dimens ional 
description of the motion in any coordinate system. 
For this purpose define a coordinate system (x , y , 
z) in the orbital pl ane with the x-axis pointing 
toward perigee, the y-axis pointing in the direc ­
tion of r at 8 = 90°, and with the z -axis completing 
a right-handed Cartesian coordinate system. In 
this syste m the defining equations for the motion 
are x = r cos 8, y = r sin a and z = O. To trans­
form these equations into the (XI,yl,Z') system 
shown in the sketch, the following transformation 
applies: Zl 

--,-------'l~ y I 

x, 

[

XJ [ COS \1 cos w - sin n 'cos i sin w 

y' = sin n cos w 
- . CO.S ~ cos i sin tJ 

Zl SIn 1 s m w 

sin \1 sin i l[] 
- cos \1 sin i y 

cos 1 Z 

- cos nsin w 
- sin n cos i cos w 

- sin n s in w 
+ cos n cos i cos w 

sin i cos w 

Hence, s ince x = r cos 8, y r sin 8 , z 0 , 
x I = A I r cos 8 + B I r sin 8, etc., etc. 

where 

A' cos ncos w - sin ncos i sin w 

and 

B ' = - cos nsin w - sin ncos i cos w 

Now, since the orbital elements n, wand i are 
constant for this discussion the velocity com ­
ponents are: 

X I = A',(r cos 8 - r sin 8 8) + B' (r sin 8 + 

r cos 8 9) 
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where 

r9 = ~ % (1 + e cos 8) 

and 

r = e ff sin 8 

Similar expressions are found for the other coor­
dinates . To reduce this description in inertial 
space to one of position relative to the rotating 
earth the following transformation is required 

x 
r 

Y r :: - sin ne t 

z 
r 

o 

sin n t e 

o 

o x 

o Y 

z 

where >Ie is the rotational rate of the earth and 

t is the time since the xr -axis, being in the prime 

meridian, passed the Xl -axis, the Xl axis is ori­
ented toward the vernal equinox. 

zr (north) 

x 
r 

The sketch also !Ohows the right ascension A 
and the geocentric latitude L . 

A = arc cos 
Xl 

and 

L = arc sin Zl = arc sin~ 
r r 

The longitude relative to the prime meridian 
measured positive in the direction of rotation is 
thus A = A - n t . e 

F . PROPERTIES OF ELLIPTIC MOTION 

Before progressing to a detailed discussion of 
the motion , two general properties should be con ­
sidered . 



2 . . 
Equation (5): r 8 = r (re ) = 2dA = h = constant 

expresses the conservation of angular momentum 
and is a consequence of the fact that the moment 
of force about the center of motion is O. It is also 
the equivalent of the "Law of Equal Areas" known 
as Kepler's second law . It is a general law of 
central motion (i. e . , for any force directed toward 
a fixed center of attraction and hence having zero 
moment about this point) since it was obtained with­
out recourse to any specific force law . Since 

4 r (ra) is the differential area dA swept by the 

radius vector, one obtains A = 4 ht + constant , 

and hence, Kepler's second law : the radius vector 
of any given planet sweeps through equal areas in 
equal time. 

The time T to complete a revolution can easily 
be found since the area of the ellipse is 'ff ab and 
since b = vap, one obtains 

T = ~ a
3

/
2 

Hence , Kepler's third law: the squares of the 
periods of the planets are to each other as the 
cubes of their semimajor orbital axes , or 

a 3 
1 

~ 
2 

It also follows from Eq (5) that e = h or 
7" 

the angular velocity is inversely proportional to 
the square of the radius vector . 

An important inte gral of the equations can be 
obtained by multiplying Eq (1 ) by 2 x and Eq (2) 

by 2 y, and adding them. 

2f (x x + y y) 
r 

or 

2fr 

If now f is a function of r only, the entire equa ­
tion can be inte grated to yield: 

2 
v 

2 V(r) + c, 

- 2 S f (r ) dr + constant 

where V (r ) in a physical problem is a single valued 
function of r. This equation is known as the "vis 
viva" integral. The velocity i s , in other words , 
only a function of the distance from the center of 
attraction . V (r) is the potential of the force f (r) 
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(in our case, f (r) = - j.j2). Thus, V(r) = ~ and 

2 2j.j r 
v r + constant , where the constant is found 

to be equal to - j.j / a for elliptical motion , zero for 
parabolic motion, and + j.j/a for hyperbolic motion. 
In terms of the initial conditions v and r , the mo­
tion is elliptical, parabolic or hype rbolic depend-

ing on whether v 2 - 2j.j is negative, zero or 
r 

positive, respectively. ThlS equation is inde­
pendent of the initial flight path angle y. For 
elliptical orbits the resulting semimajor axis is 
given by 

a = (Fig. 1) 

or 

For a circular orbit r = a and the circular orbit 
velocity is given by 

For a parabolic orbit a is infinite and the so­
called escape speed or parabolic orbital velocity 
becomes 

V esc 

So far only the geometry of the orbit has been 
determined, and it has been obtained through the 
elimination of time from the equations. To com­
plete thE solution for elliptic motion, time is 
reintroduced by substituting the area integral 

r2 a=h= ~j.j a (1- e2) 
[Eq (5)] , into the "vis viva" integral which in 
polar coordinates for elliptic motion takes the 
form : 

2 . 2 2 · 2 21 
v = r + r e = j.j ( r - il )' 

Thus 

r 

or 

dt 

dr 
Cit 

r r;:;:: dr 

Now, introducing the mean angular motion 

2'ff 
n = 

T 

1 
il 



results in the equation 

n dt r 
a 

dr 

To clean up this equation a new variable E is 
introduced defined by a - r = a e cos E from which 
r = a (1 - e cos E) and 

n dt = (1 - e cos E) dE . 

This equation is integrable and yields upon inte­
gration 

n (t - to) = E - sin E 

This equation is commonly referred to as Kepler's 
equation. 

Because of the importance of and general interest 
in circular velocity, period and the mean angular 
velocity (mean motion), these quantities have been 
computed and presented in various forms in Figs . 7 
and 8 and in Table 9 in both English and metric units. 

The quantity E is called the eccentric anomaly 
(anomaly = angle or deviation) . Its geometrical 
significance is shown in Fig. 4 . The angle 6 is 
referred to as the true anomaly. The quantity 
n(t - to} is the angle which would be described by 

the radius vector had it moved uniformly at the 
average angular motion. It is called the mean 
anomaly and deSignated by M = n (t - tol. 

Hence, M = E - e sin E. This transcendental 
equation in E is known as Kepler 's equation . Time 
from perigee passage for elliptical orbits is now 
obtained from : 

t - t 
P 

R;3 
- M 

1.1 

g 
V 7,-- (E - e sin E). 

1.1 

The solution of Kepler's equation for time 
as a function of position is direct since there 
exists a unique value of E for each value of r or 
6. However, the reverse determination (for 
position as a function of time) involves the solution 
of Kepler ' s equation for E. This solution is trans­
cendental and thus requires iteration for conve r­
gence to the proper value of E. The best form of 
this iteration (assuming that a reasonable estimate 
of E is available ) is Newton ' s method which is ob­
tained directly from the Taylor series expansion 
of M as a function of the estimate of E and the 
mean anomaly. All higher order terms are neg­
lected. 

M 

or 

6E 

M + d (M) 6E + 
o ~ 

M - MO 

d dE (M) 

M - MO 

1 - e cos E 
(EO - e sin EO ) + M 

1 - e cos EO 
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This form can be further modified to yield the new 
estimate of E directly by substituting 

e (sin En - En cos En) + M 

1 - e cos E 
n 

This series solution converges very rapidly and 
generally requires only two iterations for six or 
seven significant figures (given a two - place esti ­
mate). Since one means of obtaining such an 
initial estimate is a graph or nomogram, a nu­
merical solution of Kepler ' s equation may be found 
in Fig. 2. 

A peculiar property of elliptic orbits is that 
the velocity vector at any point can be broken into 

~ ~ -
components , Vb and V d (V = Vb + V d)' such that 

Vb is constant in magnitude and perpendicular to 

the radius from the point of attraction to the instan­
taneous point in the orbit and V d is constant in 

magnitude and continuously directed normal to the 
major axis of the ellipse. This behavior is illus ­
trated in the following sketch. 

Since V d is consta nt , only Vb contributes to the 

acceleration, and solely by a change of direction , 
1. e. , the acceleration must be radial and such that 

a=a =-VO 
r b 

where e is the angular rate of the radius vector . 
But, the acceleration at any point can also be ob ­
tained from the gradient of the potential function 
(which, in the case of a spherical homogeneous 
earth, or one constructed in spherically concentric 

homogeneous layers is ii). 

Therefore 

ow since the acceleration is directed toward 
the center of mass, the moment with respect to 
this center must be zero , or 

r2 0 = constant = h = r V cos y 



This equation is recognized as the equation for 
conservation of angular momentum, or the area 
law. 

Thus 

/.l 
-. -2-
ar 

/.l 
h r V cos y 

The second component of the velocity, V d' 
can be evaluated from the law of cosines. 

V 2 = V 2 + V 2 - 2V
b 

V cos Y 
d b 

This equation reduces to the following upon 
substitution 

V d = V V
2 

+ /.l (i -~) = e Vb 

The quantities Vb and V d can also be evaluated 

from the sketch when it is noted that 

Vp=Vb+Vd 

Va=Vb-Vd 

Now assuming that the apogee and perigee radii 
are known 

The total energy in the orbit can also be related 
to these fundamental quantities. This is accom­
plished as follows: 

Potential energy 1::.. 
unit mass r 

Total energy 
unit mass 

-KE - ~a 

Kinetic energy 
unit mass 

+ Potential energy 
unit mass 
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This representation of the orbit also offers a 
simple means of determining the direction of the 
line of apsides of the orbit. The line of apsides 
is determined from the preceding sketch by 

tan <j> = 
sin Y tan Y 

E. - 1 
P 

G. LAMBERT'S THEOREM 

In Chapter VI, the problem arises of determin­
ing an ellipse from a given time interval between 
two points on an arc of the ellipse as described by 
the two radius vectors terminating on the arc. 
From -Kepler's equation and the definition of the 
true anomaly, one obtains 

n L'.t = 

From these equations the ellipse can be deter­
mined. The simultaneous solution of these equa­
tions for a and e is, however, very difficult since 
the numerical iterative solution is quite sensitive 
to the accuracy of the first estimate s of a and e. 
This problem is circumvented by the use of Lam­
bert's theorem which can be developed as follows: 
Let 

Thus 

r
1

+r
2 

= 2a(1-ecosGcosg) 

Let C be the chord joining the extremes of r 1 
and r

2 
as shown in the following sketch. 

J 



C 2 (a cos E 2 - a cos E 1) 2 

+ (b s in E2 - b sin E1 )2 

But the quadratlc forms in cos E 1, cos E2 and 

sin E l ' s in E2 can be reduced to functions of G 

and g to y i e l d 

C
2 

= 4a 2 sin2 G s i n 2 g 

2 2 2 . 2 + 4 a (1 - e ) cos G sm g 

Now introducing a new variable h defined as follows : 

cos h = e cos G 

leads to 

C 2 a sin g sin h 

and 

r
1 

+r
2 

= 2a (1 - cos gcos h ) 

Now introducing two new variables 

h+g 

o h - g 

enables the follow ing e quations to be written 

1 1 
cos "2 (E + 0) = e cos "2 (E 2 + E l ) 

r
1 

+r
2

+C = 2a {1- cos (h+g)) 

4 
. 2 E 

a sm "2 

2 a { I - cos (h - g) ) 

. 2 0 
4a s m 2 

These e quations serve as the definition of the 
quantities E + O. But 

(E - 0 ) - 2 sin ~ (E - 0) cos ~ ( E + 0) 

E - 0 - (s in E - sin 0) 

which is known as Lambert ' s theorem . 
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T his form of the time equation may seem to 
have no major advantages . Closer examinat ion , 
however, shows that for t h e case where the ~t i s 
specified for transfer from r 1 to r 2 through a 

'! iven ~ e, and it is des i red to find the unique elli pse 
whose parameters are a + e , thi s form may prove 
preferabl e . This conclus ion is based on the fact 
that for this case only one variable of interest a 
appears explicitly though it is necessary in the 
process to solve for the a u xiliary parameters 
E + O. O ne source of poss ible error is the selec ­
tion of the proper quadrants for the angles E and O. 
This sel ection may be accomplished by referring 
to the following stat ements. 

(1) s in4is + (a) the arc includes perigee 
and the chord intersects 
the pe rigee rad ius 

( 2 ) 

(b ) t he arc excludes perigee 
and the chord does not inter­
sect the perigee radius 

(That is , sin 0/ 2 is positive when the seg­
ment of the ellipse formed by the arc and 
chord does not cont ain the center of mass .) 

E 
cos "2 i s + (a ) the arc contains perigee 

and the chord intersects 
the apogee rad ius 

(b ) the arc does not contain 
perigee and does not inter­
sect the apogee radius 

(That is , s in E / 2 i s positive when the seg­
ment of the elli pse formed by the arc and 
chord does not intersect the apogee radius .) 

1 
( 3) 0 < 2" E < 7f 

(4 ) _ !!... < 1 r < 7f 
2 "2 u "2 

More detail ed discussions of the reasoning for 
selecting these quadrants are presented in Ref. 1. 

Graphical solutions to thi s form of the time 
equation are a l so poss ible . One such solution was 
p repared by Gedeon (Ref. 2 ). Let 

a nd 



Now define a function w 

w = ± t 1 - cis 

where the + sign is utilized if 6 8 < rr and the 
- sign is for 69 > rr . 

Expanding the previous solution n6 t in a power 
series for the case that the empty focus falls out­
side of the area enclosed by the arc and the chord 
yields 

00 

n6t= f2L 
1 _ (W) 2 n+ 3 

An 2ri+3 
n=O 

1. 3, 5 ••• (2 n - 1) 
2. 4. 6 . 8 •.• 2 n 

(2n -1)! 
2 n: 

In a similar manner, a power series representa­
tion can be obtained for the case in which the arc 
and chord enclose the empty focus 

n6t=f2[ rr/2 
(S/2 a )3/2 -L 

n=O 

1 + (W) 2n+3 
An 2nTI 

III-9 

where the An are the same as those defined 
above . 

Graphical presentatio n of this material is 
found in Figs. 9 and 10. 

H. THE N - BODY PRO BLEM 

The previous discussions have been directed 
toward the description of the motion of a particle 
in the gravi tational field of a mass sufficiently 
large that the perturbation due to the particle is 
completely negligible. Indeed the attractions of 
all other masses on both the particle and the 
central mass were neglected. The discussions 
of this section are intended to provide the 
generalizations which are possible in order that 
the dis cussions of perturbation methods of 
Chapter IV will be appreciated. 

Consider the differential equations 
n (i.~. - ;.) 

1 J 
3 r . . 

m. 
J 

IJ 

This set is of the order 6 n due to the fact that 
there are 3 n coordinates (Xi Yi zi) expressed as 

second order differentia l equations. A rigorous 
solution thus involves the simultaneous solution 
of the n second order vector equations . 

Since these forces are all conservative, it is 
a lso possible to express the total force acting on 
the vehicle as the gradient of a work function. 
Let 

Then 

F xi 

F yi 

F. = 
Zl 

- 'Y. U 
1 

m.x. 
1 1 

miYi 

m.z. 
1 1 

au 
-ax. 

1 

au - "'Oy": 
1 

au i 1, Oz-:- . , 
1 

multiply F . by X, F . by y, F . by 21 and add 
Xl yl Zl 

! m. (x.x. +Y.y. +z·.z. ) 
1111111 

i = 1 

-~ (:u x. +~ y. + ~ 21.) ~ X. lOy. 1 oz. 1 
i=l 1 1 1 

h 

But if a potential exists, U is a function of the 3n 
variables Xi' y i' zi alone. Thus, the right -hand 

side is the total derivative of U with respect to t. 
Thus , upon integration 



or 

m. 
1 

- U + constant 

T + U = constant (energy equation) 

Now, potential energy is the amount of work re ­
quired to change one configuration to another. 
Thus, since the bodies attract each other ac ­
cording to the law of inverse squares, the force 
between bodies is 

F = 
G.m.m. 

1 1 J 
2 r .. 
1J 

1\ 
r .. 

1J 

Thus, the work is moving along the radiu s r .. i s 
1J 

W •. 
1J 

r . . 
1J 

- G m i mj S 
r (O) .. 

1J 

dr . . 

~ 
r .. 

1J 

= - G m i mj [;0 - ~ L
j 

Now if r ( 0) is 00 , all possible system configura­
tions are included . Thus 

W .. 
1J 

Gm.m . 
1 J 

r . . 
1J 

Now the total work is the double summation of 
the individual works 

! 
n Gm.m . 

U 
1 L 1 J W

T "2" r .. 
j = 1 i = 1 1J 

;ij 

The one-half arises from the fact that if i and j 
are both allowed to assume all values, each term 
in the series will appear twice in t he equation . 
~ow following an argument of Moulton (Ref. 3), 
1t can be stated that since the potential function 
depends solely on the relative positions of the n 
pa::t~cles and not on the choice of origin, the 
ongm can be considered to be displaced to any 
new point, yielding: 

Thus 

au 
aa 

n 

L 
i = 1 

au 
ax: 

1 
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where 

ax. 
1 

1rQ = 1 

But U does not involve a explicitly, since it is a 
function of relative position thus upon dropping 
the prime which is now of no value 

n 

L 
i = 1 

au = 0 
ax. 

1 

n 

Similarly for L 
i = 1 

Thus 
n 

L 
i = 1 

n 

L 
i = 1 

and 
n 

m . r. = 0 
1 1 

~ 

m. r . C 
1 1 

a U and 
a Yi 

n 

L 
i = 1 

L m . r. Ct + B 
1 1 

i = 1 

But L m i r i is by definition M R which is the 

product of the total mass of the system and the 
position vector for the center of mass. Thus 

MR=Ct+B 

This equation .::tates -':'hat the center of mass obeys 

Newton ' s law F = m a (where F = 0 = the resultant 
forc~ ) an~ moves with a constant velocity in a 
stralght lme under the assumption that there are 
no net forces acting on the center of mass . This 
integral introduces six constants of integration 
to the system requiring 6 n such constants . Now 
consider : 

m.;. = ~ . U 
1 1 1 

r i x m i r i = r i x <J i U 

n 

L 
i = 1 

r. x m. r. 
1 1 1 

n 

L r i x ~i U 

i = 1 

But the forces occur in equal magnitude and 
opposite directions for any given pair of masses . 
Thus, the right-hand side of the equation is zero 
when summed over all the masses and 

_____________________ J 



I 

I 
I 

I 
I 

I 

n 

L r. x m. r. = 0 
1 1 1 

i = 1 n 

L d .:... 
<IT (r

i 
x m

i 
r

i
) 

i = 1 

n 
d L (r

i 
x m

i 
r

i
) <IT 

i = 1 

Thus by direct integration once again it is seen 
that the total angular momentum is conserved 

n 

L h 

i = 1 

Since this is a vector equation, three additional 
constants have been introduced. 

One more relationship between the coordi-
nates and velocities can be obtained from the 
energy integral, the general form of which was 
presented earlier. Thus, ten integrals exist . These 
ten are the only integrals known and are the only 
integrals available from existing algebraic func­
tions. Thus, the general solution of the n body 
problem requiring 6 n integrals is at this time 
impossible even though several operations can be 
performed to eliminate two variables, the line of 
node and the time. (The latter simplification is 
obtained by expressing each of the coordinates as 
a function of a given coordinate. ) The sole excep­
tion to this rule is the 2-body problem. 

Consider the equations of motion 

Changing origin to the center of mass by sub­
stituting 

yields 

m l Rl -Gml m 2 

Rl - R2 

3 
R12 

m 2 R 2 -Gml m 2 
R2 - Rl 

3 
R12 

But the center of mass satisfies the equation 
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or 

Substitution of this equality eliminates R2 from 
the equations 

where 

R12 Rl - R2 

(1 + 
m l 

Rl 
M -) --- Rl m 2 m 2 

-M 
R2 m l 

Thus 

3 
Rl ~ Gm2 

Rl M2 ;r-
1 

3 
R2 ~ Gml 

R2 M2 ;r 2 

With this substitution, the differential equations 
become uncoupled in the coordinates . But these 
equations are immediately recognizable as the 
differential equation for a conic section with the 
center of mass at the focus. Thus, as before, 
the solution will be of the form 

Rl 
PI 

1 + e l cos 61 

R2 
P 2 

1 + e 2 cos 92 

But it is important to note that the elements of 
these conics are not the same though they must 
be related. Indeed, the effective masses as seen 
by the two bodies will be different . This latter 
requirement is the result of requiring that the 
line between the two bodies contains the fixed 
center of mass at any time. However, it is 
possible to obtain a set of six constants of in­
tegration aI' e 1, iI' wI' n1, tOl and a dependent 

set a 2, e 2, i 2, w2' 112 and t02 which will produce 



the desired motion. This is accomplished by 
considering vari.ous elliptic relations and the 
geometry of the plane of motion. To illustrate 
the relationships, consider the requirement that 
the mean motions be the same . 

n l n 2 

J..ll J..l2 
~ :0 -:3 
a 1 a 2 

1 
3 

a l C~) . a 2 

m
2 

m l 
a

2 

The other elements are determined in an 
analogous fashion . 

1. SERIES EXPANSIONS FOR ELLIPTIC ORBITS 

Many of the solutions to trajectory problems 
can be greatly simplified by utilizing approximate 
forms for the parameters involved. The gene ral 
forms of several useful series are developed in 
this section, and a list of expansions is given in 
Table 6 (see Section K). 

Kepler I S equation can be rewritten as 

E = M + e sin E (12) 

By Lagrange I s expansion theorem, this expres ­
sion can be developed (see Goursat and Hedrick, 
"Mathematical Analysis, " Vol. I, p 404) in powers 
of eccentricity, e. 

E 
n 

e 
n: 

From Eq (12 ) it follows immediately that 

. E - M 
Sln E = --­

e 

Therefore , 

00 

sin E L 
n = 1 

n -1 e 
n;--

(1 4) 

To obt ain the expansion for cos E, the auxiliary 
integral function I is needed. 

I ;: - S (E - M) d M 

00 

-S L 
n = 1 

00 

'\ 
~ 

n = 1 

L _____________ __ 

n 
e 
rl! 

n 
e 
i1T 

n - 2 
~ (sinn M) 
dMn -,: 

co 

-L ~~ 
n = 1 

n - 2 
_d--

2 
(sinn M) 

dMn -

From Eq ( 12) by integration, 

I = - S (E - M) dM = - S e sin E dM 

- e S sinE(1 - e cos E)dE 

- e S (sin E - ; sin 2E) dE 

(1 5) 

and using an arbitrary integration constant c, 

2 
e 

= c + e cos E - T cos 2E (16) 

but integrating Eq (15) with respect to dM, 

2 lT 
(' 

.) IdM. = 
o 

2lT 

.\ (-
o 

2 ,2 lT 

T-) dM + j [cosin e terms] 

o 

dM ( 17 ) 

Similarly, from Eq (16), 

dM 

2lT 

r IdM 
J 

2lT 2 

S ~ + e cos E - T­
O 

c o s 2E )(1 -e cos E) dE 
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o 
( 18) 

Equating Eqs (17) and (18 ), 

2lT 2 3) 
= .~ [c - ;- + (e - ec + T cos E 

3e
2 

- -r cos 2E 

+ e: c os 3E ] dE 

As for the complete integral, all the cosine terms 
are zero; it follows that , 

2 
e 

c = 4 

Finally, the auxiliary integral function becomes 

2 
I = e cos E + T (1 - cos 2E) (19 ) 

~~J 



Next , Kepler ' s equation is expressed in a 
functional form: 

F (E , e, M ) • E " e sin E " M = 0 (20) 

The derivative of E with resp ect to e is fou nd 
by the use of Jacobians as follows: 

sin E 
1 " e c os E (2 1 ) 

Differentiating, Eq (1 9 ) yields 

dI e e ere = c o s E +~ " 2 cos 2 E 

dE e
2 

dE 
.:. e s i n E de + T sin 2 E de (22 ) 

Substituting Eq (2 1) into Eq (22 ) and collecting 
terms yields 

d I 
de = cos E (23 ) 

Finally, the expansion for cos E is found from 
Eqs (23 ) and (1 5) as 

00 

cos E : " L 
n = l 

n-1 
e 
(n - 1)! 

Not e : d -
1 

(F ) '" S FdM a nd dO (F ) F 
dM- 1 dMO -

From the basic equations of orbital mechanics, 

r 
a = 1 - e cos E 

From Eq (24 ), it follows that 

r 
a 

Squaring Eq (25a ), 

2 

(25a ) 

(sinn M) 
(25b ) 

(f) = 
1 2 1 2 

1 + 2" e - 2e cos E + '2 e cos 2E 

(26a ) 

Comparing Eq (26a ) with Eq (1 9 ), 

(
r 2 2 a-) = 1 + e - 2I (26b ) 

and immediately from Eq (1 5), 

00 

1 + e
2 

+ 2 L 
n" 1 

n e 
ll! 

From Eq (20 ), 

dE _ FM 
dM - - FE 1 - e cos E 

From Eqs (13 ) and (28 ), 

a 
r 

00 

1 + L 
n = 1 

It is known that 

x 
a 

L 
a 

a 
-
r 

Combining Eqs (30 ), (24 ) and (14 ). 
00 Il - 1 n - 2 

~ = -e \' e d (sinn M) 
a - L \i1=TI ! dMn - 2 

'L 
a 

n = 1 

00 

~ _e2 L 
n = 1 

n - l 
e 
"""i1! 

(27) 

(28 ) 

(29) 

(30) 

(3 1) 

The relationships between the true anomaly and 
eccentric anomaly are expressed as follows: 

sin e = £7SinE ~ dE 
1 - e cos E de 

cos E - e 
cos e = 1 _ e cos E 

(33 ) 

The first equation follows from Eq (21) and the 
second by Eq (25a ) 

:e (~) = -c os E + e sin E ~ -c os E + e 
1 - e cos E 

Substitu ting Eqs (1 3) and (25b ) into (33), 

sin e 

cos e 

00 

~ l 
n = 1 

00 

\' n - l 

n - l 
e 

(n - 1) 

L ne 
n = 1 (n - 1) ! 

(sinn M) 

(35 ) 

The general form r:lerivation of the time anomaly 
is somewhat more complicated and will not be 
attempted here. If a finite number of terms is 
carried, it follows from Eq (33) that 

III - l3 

de 
cnvr 2 

(1 - e cos E) 



2 
and after multiply ing out (~) , the true anomaly 
follows by integration 

Such an expression up to the sixth power of eccen­
tricity has been derived by Moulton. 

This concludes the derivation of the series 
expansions in powers of increasing eccentricity. 
In general form these series are presented in 
Table 6 - 1 a. The results are given in Section K 
in Table 6-1b for eccentricities up to sixth and 
seventh powers. 

Table 6 - 2a gives the n - th power of sin M in 
order to simplify the use of the general equations 

for expansions up to e 13. Table 6 -2 b indicates 
the determination of numerical constants for the 
expansions. 

The general forms of the Fourier - Bessel ex ­
pansions are given in Table 6 -3a with the cor­
responding expansions of Bessel functions in 
Tabie 6 -3b. Table 6 - 4 gives the Fourler - Bessel 
series expanded up to the seventh powers of ec ­
centricity. 

It has been shown by Laplace that for some 
values at M, the series expansions may diverge 
if the eccentricity e exceeds D.662743 ••• 
For small eccentricities, the convergence is 
rather rapid. Table 6 -5 presents the series for 

small values of e (e 2 « 1) as a function of mean 
anomaly. Finally, Table 6 - 6 presents the 
variables as a function of the true anomaly rather 
than the mean anomaly. 

J. NOMOGRAMS 

Many of the formulas of the previous sections 
are of sufficiently general interest to warrant 
numerical data be.ing prepared for use in pre­
liminary orbit ~mputation. Accordingly, a set 
of figures will 'presented relating the parameters 
which have bee discussed. Use will be made in 
this presentation of the techniques of nomography 
(Refs. 3 and 4) and of more conventional forms 
of presentation. 

Before presenting the data however, it is de­
sirable to discuss the basis for construction of 
a nomogram. If the equati on can be expressed as 
a determinant with the three variables separated 
into different rows of the determinant and if by 
manipulat ion, the equation can be put in the fol ­
lowing form 

fl (a) f2 (a) 1 

fl (B) f2 (B) 1 

fl ("y) f2 (y) 1 

o 

Then a nomographic presentation is obtaiTled by 
p lotting the values of fl (a) versus f2 (a ), fl ((3) 

III-14 

versus f2 ((3) and f 1 ( y) versus f2 ( y) on linear 

graph paper. It is important to note that the 
same scale must be utilized for each of the three 
curves. It is also important to note that the 
shape of the scales thus gen~rated is defined en­
tirely by the functional forms within the deter­
minant . 

By utilizing this technique, the e quations de ­
fining t he two body problem have been analyzed. 
The type of presentation is considered to be, in 
many ways, superior to a ny othe r available be­
cause of the fact that int erpolation anywhere other 
than on a graduated scale is eliminated, and by the 
fact that more than a nominal number of variabl es 
may be handled without losing simplicity or accu­
racy of presentation. The nomograph obtained 
for equations of three variables, generally results 
in three arbitra rily curved scales , U, V, and W, 
as shown in this sketch . 

----

W 

U 
V 

For the simpler cases, the scales may be simply 
three parallel straight lines, or two straight 
scales plus one curved scale . In all cases, how­
ever, the solution procedure s remain the same. 

Given any two values of the two independent 
variable s, say U = U l' and V = VI' a straight 

line drawn between the two given points intersects 
the third scale at the desired value of the unknown 
function (W = WI)' The straight line (U l' VI' 

WI) is called the index line or isopleth. It is 

immaterial which two variables are given and 
which is considered to be the unknown fnnction . 

Four or more variables will generally result 
in a sequence of 3- variable nomographs as shown 
in the following sketch. 

--

W q scale x 
U 

V 

l 

__ I 



Ung raduat ed auxiliary scales (e. g . , s cale q in t h e 
given example ) are empl oyed, a nd the number of 
auxi liary scales i s N - 3 , where N = number of a ll 
the variables (e. g., N = 4 in the p r esent ex a m pl e ). 

A s p eci a l case of the fou r - variable solution 
exist s for equa t ion s of the for m 

T hese e quation s may b e express ed in the form of 
a p ropor tional chart illu s t rated be l ow . 

x 

v 

u 

w 

Given any three valu es of three independent varia ­
bles U = U 1, V K V I' W '" WI' the unknown X = X l 

is found as follows : 

(1) C onn ect U l a nd V I with a stra ight line . 

(2 ) Draw a straight lin e thr ough W 1 and th~ 

intersection p oint T l' reading Xl on 
the X scale. 

K. TABLES OF EQUATIONS OF 
ELLIPTIC MOTION 

Because of their applicability , the equations 
of elliptic motion have been collected and are pre­
sented in the form of tables. The tabular content 
is as follows: 

Table 1 Elliptical Orbit Element Re lations . 

This table presents a large number of 
formulas relating the various fixed 
parameters defining the ellipse. The 
index to Table 1 (next page) is a key for 
locating equations of a given parameter 
in terms of other parameters. For ex­
ample , paramete r b is expres sed in 
terms of parameters a and e in Eq (20 ) 
of Table 1. 

Table 2 Time Dependent Variabl es of Elliptic 
Orbits. 

Table 3 

This table gives the relationship between 
the time varying parameters of the el­
lipse. The index (next page) is a key to 
Table 2. 

Elliptic Orbital Elements in Terms of 
Rectangular Position and Velocity Co ­
ordinates. 

This table is so brief that no special 
index is required. 

Table 4 Elliptic Orbital Elements in Terms of 
r , V, Y . 

This brief table enables one to deter­
mine the orbital elements from given 
kinematic initial conditions . 

Table 5 Miscellaneous Relations for Elliptic 
Orbits. 

T able 6 

Table 7 

This table contains some of the special 
expressions not readily classified under 
the other tables such as energy relation­
ship, time relationship and certain 
a n gular re lation ships . 

General Forms of Series Expansions in 
Powers of Eccentricity. 

This table presents a variety of series 
expansions as follows : 

( Ia) General Terms of Series Expan ­
sions in Powers of Eccentricity 

(Ib ) Power Series Expansions up to e 7 
(Eq 6 - 1 to 6 - 11) 

(2a ) Expansion of Powers of Sin M 
(Eq 6 - 12 to 6 - 24) 

(2b ) P ascal' s Triangle and Its Modifi­
cation 

(3a ) General Forms of Fourier-Bessel 
Expansion (Eq 6 - 25 to 6-36) 

(3b) 

(4) 

(5) 

Expansions of J (ne) (Eq 6-37) 
n 

Fourier-Bessel Expansion up to e 
7 

(Eq 6 -38 to 6 - 49) I' '. Expansions for Near-~cular 
Orbits (Eq 6-50 to 6 - 61) 

( 6) Expansions in True Anomaly and 
Eccentricity (Eq 6-62 to 6-76 ) 

Hyperbolic Orbit Element Relations. 

This table gives the basic parameters 
for the hyperbola as follows: 

( 1) Hyperbolic Orbit Element Relations 
Basic Con stant Parameters (Eq 

(2) 

7 - 1 to 7-56) 

Time Variant Hyperbolic Relations 
(Eq 7-5 7 to 7 - 68) 

Table 8 Spherical Trigonometric Relations. 

III-1 5 

This auxiliary table expresses the re­
lations hip between the various geometric 
elements of the three-dimensional orbit. 
An index to this table is found (!lext' page) , 

Indexes to some of the tables follow. 



Index to Table 1 

Paramete a 

" b 
a, • 

" P 

•. r. 

a, rp 

a, va 
a, vp 

b, • 1 

b, p 2 

b. ra 3 

b, rp • 
b, va 

b. vp 

" p 1 5 

e. ra I • 
e , c

p I 7 

e. va 8 

e. vp • 
p, ra 10 

lIa 

p. cp 11 
lla 

P. va 12 

p, vp 13 

ra , r P 14 
11. 

ca ' va 15 

ca ' vp 18 

rp' va 17 

rp' vp 18 

va' vp 19 

t figure avallable 

NOTE: 

b e p 

'U 
20 I 61 

21 r 42 

62 
22 143 63. 

63 
23 I 44 63a 

24 45 84 

25 .. 65 

88 

<7 

48 67 

49 66 

28 

27 •• 
28 70 

2. 71 

30 72 

31 50 

32 51 

33 52 

3' 53 

35 54 73 
83a 

38 II 55 74 

37 58 75 

38 57 78 

39 I 58 77 

40 54 78 

r 
a rp va vp 

',. •• '" 
t 80 t " 118 138 

81 100 119 13. 
Sl. 100a-

101 120 140 
100a 120a 

82 121 141 
81. 120a 

83 102 142 

84 103 122 

85 104 123 143 

86 105 124 144 

108 125 145 

87 126 148 

88 107 127 147 

108 1 128 148 

89 129 149 

I 90 10. 150 

91 I 110 130 

111 
100a 131 

92 132 151 
81a 

93 112 152 

.4 113 133 

134 153 
l20a 153a 

114 { 154 
153a 

115 135 

95 155 
95a 153a 

98 138 
95. 

97 118 
95. 

This index to Table 1 fs a key for locating equations or a given 
parameter in terms of other parameters. For example , param­
eter b is expressed in terms or pa.rameters a and e in equation 
20 of Table 1. 

Index to Table 2 

Param-
eters f(E) f(r ) f(~ ) f(v) f(y) f(8) [(8) 

E 1 3 4 5 t 6 
2~ 7 

8 
2* 

r 10 12 t 13 t 14 t 16 18 
11* 15* 17 

11* 
15* 

r 19 20 24 26 27 28 
21* 21* 22* 23* 
22* 25* 25* 
23* .. 

r 29 30 32 33 34 35 36 
31* 31* 

v 37 t 38 42 43 44 45 
39 40* 41* 
40* 
41* 

y 46 t 47 51 52 t 53 56 
48 49* 54 
49* 55 
50* 50* 

8 t 57 t 62 66 67 t 68 69 63 58 60* 64* 
59 61* 65* 

6~: 64* 
61 65* 

8 70 71 73 74 75 76 
72* 72* .. 

8 77 78 79 80 81 82 83 

9 

*Function of more than one time-dependent variable 

tFigure available 

See Note with Table 1 
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Index to Table 8 

Para-
meters 1 L J3 v 

f(1, L) 21 31 

(1, (3 ) 11 34 

(1. v) 14 24 

(1. <1» 16 26 36 

(L, (3 ) 1 37 

(L. v) 4 27 

(L, <1» 6 29 39 

(f3. v) 7 17 

({3, <j» 9 19 40 

(v. <j» 10 20 30 

(1, L, f3) 32 

(1, L, v) 22 

(1, L. <j» 23 33 

(i, (3 , v) 12 

f (i, {3, <1» 13 35 

(1, v, <1» 15 25 

(L, (3, v) 2 

(L, (3, <j» 3 38 

(L, v, <1» 5 28 

(f3 , v, ¢ ) 8 18 

See Note with Table 1 

TABLE 1 

Elliptic Orbit Element Relations 
(see Fig. 4 ) 

a '" 
b 

p 
b 2 

h 2 

P M(l - e 2) 

r 2 + b 2 
a 
2r 

a 

r 2 + b 2 
p 
2r 

p 

p 
(Fig_ 11) 2 1 - e 

r 
a (Fig, 12) r=Fe 

r 
p (Fig. 12) r:e-

<j> 

41 

44 

46 

47 

49 

50 

42 

43 

45 

48 

(1-1 ) 

(1-2) 

(1-3 ) 

(1-4 ) 

(1-5 ) 

(1-6) 

(1-7 ) 



r -

L 

TABLE 1 (continued) 

a" J..I 
~ 

(1 - e \ 
\r+eJ 

a 

,. J..I (1 + e) ---z- r:e v p 

2 
r a 

2r a - p 

r 
p 

2 

2r - p 
p 

r r 
~ 

p 

v (~F"_ v ) a .ofp· a 

r + r a p 
2 

1 ~ 2 2 ,. ~ (r v + r v + 8J..1r ) 
v p a pap a 

~ (r v +4/r 2 v 2 + 8J..1r ) 
.. va p a t'l pap 

2 
2J..1 - r v 

p p 

v v a p 
=(~A2/3 (Fig . 1) 

= ~r (2a - r ) a a 

'" ·Jr (2a - r ) , p P 

2,r;; a3/2 
va 

2 
J..I + aVa 

2~ a 3
/

2 
vp 

2 
.J..I + av 

p 

(1- 8) 

(1-9 ) 

(1-10 ) 

(1-11 ) 

U-11a) 

(1-12) 

(1-13) 

(1-14) 

(1-15) 

(1-16 ) 

(1-17) 

(1-18) 

(1-19) 

(1- 20 ) 

(1- 22) 

(1-24 ) 
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J..I (1 - e )3/ 2 

:: v 2 (1 +e)1/2 
a 

J..I (1 + e)3/ 2 

v 2 (1 _ e) 1/2 
p 

r -~ 
a"~ 

",~rrp r~r 2 v 2 + 8J..1 r - r v ] l'2 val pap p a 

_trp3vp2 
- 2 

2J..1-rp v p 

e = 

2J..1 

(v + v ) ~/v v 
a p f a p 

~1 _ (~) 2 

~1 - ~ 
r 

" ~ - 1 a 

r 
--1: a 

(F ig. 11) 

(Fig. 12) 

(F ig . 12 ) 

(1- 2 7 ) 

(1-28 ) 

(1-29 ) 

(1-30) 

(1- 31) 

(1-32) 

(1-33) 

(1-34 ) 

(1-35) 

(1-36 ) 

(1-38) 

(1-40) 

(1-41 ) 

(1-42) 

(1-43 ) 

(1-44 ) 



e = 

T A BLE 1 (c ontinued) 

2 
11 - a v a 

2 
/.L + a v a 

r 2 + b 2 
a 

(1-45) 

0-46) 

0-47) 

(1-48) 

(1-49) 

: 1 _ .L (1-50 ) 

h = 

p = 

L 

r a 

~ - 1 
r 

p 

1 - v -JE 
a l'~ 

v -~ - 1 
P l'~ 

r - r 
a p 

r + r a p 

v - v 
= p a 

v + v p a 

2 

1 -
r v a a 

11 

(1-51) 

(1-52) 

(1-53) 

(1-54) 

(1-55) 

),. (v ~r 2 v 2 + 81l r
a 

_ 2/1 _ r v 2\ 0-56) 
~Il pa p a p ) 

-21 (211 + r v 2 _ v ~r 2 v 2 + 81l r )0-57) 
11 \ p a a p a p 

2 r v 
p p - 1 ( 1-58) 

11 

~ 2' Il P = r e (1- 59) 

b
2 

(I -60) 
a 

2 a ( 1 - e ) (F ig. 11) (1-61 ) 

r 
( 1-62) 2:. ( 2a - r ) 

a a 

r 
(1-63 ) --.E. (2a - r ) 

a p 
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r r 
p= ~ a 

(v +.J:!:.-) 2 
\ p a v p 

2 - e 

b 2 + r 2 
p 

r a (1 - e) 

r p (1 + e) 

11 (Iv ~ e) 2 

11 (Iv; , 2 
2r r a p 
r + r a p 

2 v 2 
r a a 

11 

(1-63a) 

(1-64) 

(1-65 ) 

(1-6 6 ) 

( 1-67) 

(1-68) 

(1-69) 

(1-70 ) 

( 1-71) 

(1-7 2) 

(1-73) 

= ~[41l - v .. /r 2 v 2 + 8J.lr + r v 2 J (1-75) ~J.l p lJ a p a a p 

2 2 r v 
P P 

J.l 

411 

(Va + v p? ( 1-78) 

~ r = a +a-b a 

= a (1 + e) (F ig. 12 ) 

= a (1 +~1 - ~ ) 

= ap 
r 

(1-81a) 
p 



TABLE 1 (continued) 

r = 2a - r 
a p 

2J.la 

2 
J.l + a v 

p 

b-~ 
l~ 

p 
r:e 

= rp (ri) 
/.l (1 - e) 

2 
va 

J.l(1+e)2 

v 2 (1 - e) 
p 

rp p 

2r - p 
p 

~- vp 

r v 
~ 

va 

r 
p 

2J1r r -+ - p 
V '" 2 

a 

~ -1 
2 r v 

p p 

2J.l 
v (v + v ) 

a a p 

(1-82 ) 

(1-83) 

(1-84 ) 

(1-85 ) 

(1-86) 

0-87) 

(1-88) 

( 1-89) 

( 1-90) 

( 1-91) 

( 1-92) 

(1-93) 

(1-94) 

( 1-95) 

(1 - 95a) 

( 1- 96) 

(1-97) 

---- ----- -------

r = 
p 
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a (1 - e) 

p 

1+F-r 
= ap 

r a 

2a - r a 

2a 

1 + J.l ---z 
a v a 

2a 

a v 2 
1 + --p­

J.l 

p 

1 + ~1 -('t)2 
b

2 

ra 
p 

I+e 

r 1 - e 
a r+e 

_ J.l (1 - e)2 
-~­

va (1 + e ) 

J.l (1 + e) 
v 2 

p 

pra 
2r - p 

a 

~ 
v 
p 

r 2 v 2 
a a 

2 
2).1 - r a va 

I 2 

(Fig. 12) 

_ + a a J- r a 2/.lr r 

- ~ ---Z-T 
v 

p 

v ( v + v ) 
pap 

(1-100) 

(l-100a) 

(1-101) 

(1-102) 

( 1-103) 

(1-104) 

( 1-105) 

(1-106) 

(1-107) 

(1-108) 

(1-109) 

(1-110 ) 

(1-111) 

(1-112) 

(1-113 ) 

(1-114 ) 

(1-115) 

(1-116 ) 



TABLE 1 (continued) 

~ ( r 1 - /-I P - a 2a - rp 

~ 
av 

p 

=~ ( 1 - e ) 

~/-IP 
r 

a 

(1-117) 

(1 - 118) 

(1-119) 

(1 - 120) 

(l - 120a) 

(1-121) 

(1-122) 

(1-123) 

(1-124) 

(1-125) 

(1-126) 

(1 -1 27) 

(1-129) 

(1-13 0 ) 

(1-131) 

(1-132) 

L _ _ ~ ___________ ~~_ 
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v 
a 

v 
p 

2-~ - v l p p 

(r + r ) 
a p 

r v p p 

=~~ (~ a 1 - e I 

_ /-1 -
av 

a 

_ ~ VI - e
2 (~ -,,~ b l - ej 

=~ [1 + ~1 _(%)2J 

=-if (1 + e ) 

2 
/-I (1 + e) 
r (1 - e ) 

a 

(1-133 ) 

(1-134) 

(1 - 135) 

(1-136 ) 

(1-137) 

(1-138) 

(1-139) 

(1-140) 

(1-1 40a) 

(1-141 ) 

(1-142) 

( 1-143) 

(1-144) 

(1 - 145) 

(1 - 146 ) 

(1-147) 

(1 - 148) 
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E 

TABLE 1 (continued) 

p =V~p -(-l-~ e ) (1-149) 

v (9 a 1 - e (1-1 50) 

fii 
r (1 -1 5 1) 

p 

~- v p a (1-152) 

~- ~J.lr 
= r (r ! r ) 

pap 
(1-1 53) 

r V a a U-153a) 
r p 

2J.1 - r a va 
2 

r v a a 
(1-1 54) 

=1::
2 

2J.1 
v 

+ a 
r T (1-155) 

p 

TABLE 2 

Time Dependent Variables of Elliptic Orbits 
(see Fig. 4 ) 

-1 (a - r) cos --ae 
( 2-1) 

. -1( r s in e ) sln ap (Fig. 1 3) (2-2) 

sin-1 (D"sin e) 
1 + e cos a (Fig. 14) (2-6) 

-1 [ e + cos e ] 
cos 1 + e cos 9 (F ig. 1"4 ) (2-7) 
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E 

r 

r 

-1 [b -e) 1 /2 eJ 
2 tan ~1 + e tan 2" (Fig. 14) 

(2 -8) 

-1 cos 
~ 2~1/4J 

[
.!. (1 _ ;a (1 - e >J ) 
e a e 172 

a (1 - e cos E ) 

-~ sinE a l'1 - e~ SIil6 

(2-12) 

[ 
2 2 2 . 2J 17 2 

J.I ± J.I e - J.la (1 - e ) r 

(Fig . 15) 2 
av + J.I 

a [1 ± ~1 - (1 - ~2) sec 2 1] 
2 

a ( 1 - e ) tan '{ 
e sin e 

2 a (1 - e ) 
1 + e cos a 

2r r 
a p 

(Fig. 16) 

(r + r ) + (r - r ) cos e 
a pap 

--if e sin E 
a 1 - e cos E 

-if a r - r2 - a
2 

(1 - e2 ~ 
± 2 

ar 

= Vv2 _ J.I a (1 - e 
2 

> 
r 

= i ·a (1 - e 2 ) tan '{ 
r 

(2-13) 

(Fig. 17) 

(2-14) 

(2-15) 

(Fig. 13) 

(2-17) 

(2-18 ) 

(2-19) 

(2-20) 

(2-21 ) 

(2-22) 

= ~a (1 - e
2

) ~ - r 2) tan e (2-23) 
r a (1 - e > 

± 4 J.I a v - (a v + J.I) (1 - e ) ~ 2 2 2 2 
4J.1 a 

(2-24) 

v sin y (2-25) 



r 

.. 
r 

= 

TABLE 2 (continued) 

1/2 

(2-26) 

r J1I2 J 1/2 
-i-~a(1-e2~ as 

jJ. e (cos E - e) 

? (1 - e cos E )3 

jJ. [a(1-e
2)-rJ 

3 
r 

~ cos e 
r 

1/2r 2 2 ·21 
+ 2J.1 [!Le - a (1 - e ) r J 

( 2-28) 

( 2-29) 

( 2-30) 

(2-31) 

± ~ e 2 _ a (1 _ e 2) ~ 2 r / 2} / ~ 1 /2 a 2 (1 _ e 2 ) 2J 

(2-32) 

(2-34) 

J.le ( 2 2 2 2 1 + e cos e) cos e 
a (1 - e ) 

(2-35 ) 

[ 

2 . 3/2 r 2J 1/4 ~ 
J.I a (1 - e ) e - fa (1 - e ~ a 

r 2 1 3{4 
~a (1 - e >J 

(2-36) 
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v 

y 

= -{~ (1 + e cos E) 
a (1 - e cos E) (2-37) 

=~ (~ - i) (Figs . 1 ( 2-38) 
and 15) 

z/o 2 
+ 2J.1 (i -; J (2-39) 

= ~a (1 - e
2

) (Fig. 18) (2 - 40) 
r cos y 

= r~ (" ~ -(1 - ':1 ,eo: y)} /2 ::~::: 
1 ± {t - (1 - e ) sec y ~ 

r!-l (1 + e
2 + 2e 20S e)] 1/2 

L a (1 - e ) 

/ 
1/2 

{ 

'1/2 r 2~14} J.l1/2 2ae -l!" a (1 - e ~ 

r 2 J 1/4 
a fa (1 - e ~ 

( 2-45) 

tan -1 [ e 

it -e
2 

V- 2 2 cos -1 a (1 - e ) 
r (2a - r) 

1 r r r 
cos - 'V a p r (r + r - r) 

a p 

( 2-46) 

(Fig. 17) (2-47) 

(Fig . 17) (2-48) 

(Fig. 18) (2-49> 

tan -1 [(1 - r 2 ) tan eJ 
\ a(l-e) 

(2-50 ) 

(Fig. 19) 



'Y 

9 

TABLE 2 (continued ) 

-1 e sin 8 j = tan l +e cos G (:Fig . 20) (2- 53) 

( e sin 8 ) · -1 (Fi.g . 20 ) (2 - 54) = Sin 

~1+2e cos 8+e 2 

= cos -1 ( 1 + e cos 9) (Fig. 20) (2 - 55) 

f1+2e cos 9+e
2 

{ 

·_1 /2 [ 2 -1- /4 [ 2 J 1 /2 
= ± tan- 1 2a fr /f a~l-e LL 2 - ./fa(1-e ) 

} 

a (l- e ) 9 
1/2 

- 1 

(2- 56) 

= cos -1 f cos E - e \ 
'\1-e cos E/ (Fig. 14) (2-57) 

= 2 tan- 1 [(i~:\ 1/2 tan -}l (Fig. 14) 
I :J (2-58) 

· -1 (Sin E {;;;2) = Sin 1 - e cos E (Fig. 14) (2- 59) 

= cos -1 ( ~ [cos E - eJ) 
(2-60) 

· -1 ( a ~ sin E) = Sin (2- 61) 

-1 [a (l-e 
2

) - r = cos 
er J (Figs . 12 & 13} 

(2- 62 ) 

-1 [ 2r r - r (r +r )J 
= cos a pap (F igs . 12 & 13) 

r{r - r ) 
a p (2-63) 

= sin -1 ~-=a~(!..:l~-~e_: r!-) ..:..;tac:.:.n=--<..y_] 

2 = tan -1 [ a (1-e ) tan y 
2 

a (l-e ) - r 
j 

f/2} 

(F ig. 20) 

-1 
= cos {

r 3 2 3 1 /4 
( (~- e ) ] e 

(2-64) 

(2-65) 

(2-66) 

(2-67) 

(2-68) 

(2-69) 

III- 23 

8 

e 

= (~3) 1/2 

2 1/2 
(1 - e ) 

2 (l-e cos E) 

L a (1 - e
2)J 1/2 

2 
r 

2 2 [ 2 ] 1/2 
(a v +/f)/fa(1-e) 

4 
2 2 

/f a 

[ 2 J 1/2 
/f a (l-e) 

=± 

2 (1 + e cos 8 ) 

2 1/2 
j.l 2e (l-e ) sin E 
-r- 4 a (l-e cos E ) 

2 2 2 2 22 )4 [(2ar - r ) (1-e ) - a (l-e ) 

2 
= ± ---=2;I:/f::-,-,( 1~--;e==) =t=a=n=y~==-,;r 

3 f. ~I 2 2 J 4 a L1 ±,1 - (1- e ) sec y 

(2-71) 

(2-72) 

(2-73 ) 

( 2- 74) 

(2-75) 

(2-76) 

( 2-77) 

] 

1/2 

(2-78) 

(2 - 79) 

(2-81) 

2/f e (1 +e cos 8)3 sin 8 (2-82) 
3 

a 3 (1-e 2 ) 

8 2 / 3 { 2·1/2 r 2 J1 /4 
2 2) 2a (l-e ) 8 t' a ( l-e ) 
a (l- e 

= ± 

2 r 2j/2 
- (l-e ) [?a (l-e 1 2 2 2 

-a (l-e ) 



a 

A 

e 

L 

P 

r 

v 

x 

TABLE 3 

Elliptic Orbital Elements in Terms of Rec ­
t a ngular Position and Velocity Coordinates 

~ 2 2 2 -1 /2 r (x + y + z ) 

- 1 
1 ' 2 '2 . 2] (x +y +z ) 

J.l 

( 3 - 1) 

= {I -+ fx~ - yx) 
2 

+ (x ~ - z~) 2 
(3-2 ) 

. . 2J[ 2 2 2 - 1/2 . 2 
+ (y z - zy ) 2 (x + y + Z ) 1 (x 

J.l 

'2 '2 ]}1 /2 + Y + z ) 
(3 - 3 ) 

= cos - 1 {(xi - y~ ) [(xy _ ~)2 + (x~ _ z~ ) 2 
. . 

2J
1/2} 

+ (yz - zy ) (3-4) 

= t a n 
-1 ~ yx:r~XYJ (3 - 5 ) 

= cot- 1 [L cos n - ~ sin n ] (3 - 6 ) z z 

. -1 
= SIn 222 - 1 / 2 J 

[ z (x + y + z ) (3 - 7) 

1 ~. . 2 . 2 . . 2J 
(xy - yx ) + (xz -zx) + (yz - zy ) 

J.l 

t 2 2 2 = x +y +z 

J.2 . 2 . 2 
=l'x + y +z 

(3 - 8) 

(3 - 9) 

(3-10) 

= r [cos ( w + 6) cos n - cos isin ( w+b ) sin nJ 

(3 -11) 

y = r [cos ( w + 8 ) sin n + cosisin ( w+b ) cos n J 

z 

x 

y 

z 

(3 -1 2) 

= r sin ( w + 6 ) sin i (3-13 ) 

= [cos 8 (cos w cos n - cos i sin n sin w ) 

+ sin 6 (- sin w cos n 

- c os i sin n cos w ) J p 
1 + e cos 6 

(3 - 14) 

= [c os E; (c os w sin n + cos i cos n sin w) 

+ sin e (- sin w sinn 

+ cos i cos n cos w )] 

= [cos 6 sin i sin w 

p 
1 + e cos G 

+ sin e sin i cos w )] p 
1 + e cos e 

(3 -1 5) 

(3-16 ) 

III - 24 

x 

y 

z 

y 

e 

¢ 

=if. ~c os e + e ) (- sin w cos n 

- cosisinncosw ) (3-17) 

- sin 6 (cos w cos n - cos i sin n s in w)J 

= ~ 8 cos e + e ) (- sin w sin n 

+ cos i cos n c os w) 

- sin e (cos w sin n + cos i cos n sin w)] 

(3-18) 

= ~ [(cos e + e) sin i cos w - sinE; sin i sin wJ 
p ( 3-19) 

-1 [ . . . 2 2 2 -1 /2 . 2 = sin (xx + yy + zz) (x + Y + z ) (x 

. 2 . 2 -1 / 2J 
+y + z ) (3 -2 0) 

= cos - 1 [(xx + yy + ZZ ) (x 2 
P P P 

22-1 /2 2 2 2 - 1 / 2J 
+ y + z ) (x p + yp + zp ) (3- 21) 

=cos- 1 [(xx +yy +zz ) (x 2 
n n n 

2 2 -1 / 2 2 2 2 -1 / 2J 
+y +z ) (x n +Yn +zn) (3-2 2 ) 

w = cos -1 [(x x + y y + z z ) (x 2 
np np np n 

+ 
2 2 - 1/2 2 2 2 - 1 /2 J 

Yn + z) (x + y + z ) n p p p 

where : 

n = node 

p = perigee 

- 1 
= tan 

(3-23) 

f- iz - y~ ) 
\ xz - xz 

(3-24) 

TABLE 4 

Elliptic Orbital E lements in Terms of r , v, y 

a 

b 

r 
2 rV 

2 --­
J.l 

r 
2 - Q 

2 2 
r cos y 

2J.l _ 1 

rv 2 

2 
(r cos y) 

~ - 1 
Q 

(Fig . 15) (4 - 1) 

(Fig. 15) (4 - 2) 

(4-3) 

(4-4 ) 

-. 



e 

p 

Q 

r 
p 

v p 

K 

(F ig. 19) (4 - 6 ) 

1 2 (rvcosy) (F ig. 18) (4 - 7) 

r 
-2 

2 _ rV 

J.I. 

r 
2 - Q 

r 
2 

2 _ rV 

J.I. 

r 
2 - Q 

J.I. 
rv cos y 

(4 - 8 ) 

2 rv 
J.I. (Figs . 15 and 19 ) (4 - 9) 

2 2 v
2 J (rvcosy) (- --) 

r J.I. 

(4 -1 0 ) 

f + -VI - Q (2 - Q ) cos
2

y J (4-11) 

2 2 v
2 J (rvcosy) (- --) 

r J.I. 

(4 -1 2 ) 

G -{t -Q (2 - Q) cos
2 

y J (4 -13) 

[1 -V; -~ (rvcosy )2 (~ - :2 )] 

(4 -] 4 ) 

=Qc~sy ~ -~1 - Q (2 - Q ) cos
2 

y J (4 -1 5) 

rv COSy 

v 
QCOSy 

[1 -rl 1 ( )2 (_2 _ v
2 

)] +1'1 -11 rvcosy r J.I. 

(4 - 16 ) 

~ + ~1 - Q (2 - Q ) cos\ ] (4 -1 7) 

TABLE 5 

Miscellaneous Relations for Elliptic Orb its 

= __ 1.1_ 
2a (5 -1 ) 

(see Eqs 1-1 through 1-19 for parametric 
variations of a) 

=K+P ( 5- 2) 

v 2 
.L ( 5-3) =~ r 

2 
v 
=~ (5- 4) 
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M 

n 

P 

r 
m 

t 

v c 

v e 

= E - e sin E (Figs. 2 and 22a to i) (5-5) 

(see Eqs 2 -1 through 2-9 for parametric 
variations of E) 

21( 
--"[-

J.- -3 /2 = lJ.l. a 

(Fig. 7) (5 - 6 ) 

(5 - 7) 

(see Eqs 1-1 through 1 -19 for parametric 
variations of a ) 

_ M 
-r:r­

p 

= - .L 
r 

(5- 8) 

(5-9) 

= a ( see Eqs 1-1 through 1-19 for parametric 
variations of a ) 

~+t 
n p 

3/2 
a (E - e sin E ) + t 
~ p 

(5 - 10) 

(5 - 11 ) 

(5 - 12) 

(see Eqs 2-1 through 2-9 for parametric 
variations of E ) 

(Fig. 8) (5 - 13 ) 

(see Eqs 2-10 through 2- 18 for parametric 
var iations of r ) 

= Y2v c (5 - 14) 

= r 2J.1. 
r (5 - 15) 

( see Eqs 2-10 through 2-18 for parametric 
variations of r) 

= sin -1 (± e ) Ym (5 - 16 ) 

e 
m 

(see Eqs 1-41 through 1-59 for parametric 
variations of e ) 

- 1 ( ea \ '" tan T7 

(
r - r ) 

= tan-l 2~ 
a p 

-1 = cos (-e ) 

-1 (b \ = sin aJ 

(5- 17) 

(5-1 8) 

(5 - 19 ) 

(5 - 20) 

_f a (Table 9 and (5 - 21) 
= 2 1( a l'/j Fig . 1) 

(see Eqs 1-1 through 1-19 for parametric 
variations of a ) 



E 

TABLE 6-1a 

General Forms of Series Expansions 
in Powers of Eccentricity 

(see Fig_ 4) 

• M+ (6-1) 

sin E _= 
d n-l 

(sinn M) 
dM n-l 

(6-2) 

cos E 

(?) 

x 
a 

X. 
a 

sin e 

cos e 

(6-3) 

1 + \' en d
n

-
2 

(sinn M) (6-4) L (n-l)! dMn-2 
n • I 

00 n 

I ~ 
n '" I 

00 

" 1 + I 
n • 1 

'" n-I 
~ I e 
1 - e 

~ 
n .. I 

'" n-I e 

(6-6) 

(sinn M) 

(6-7) 

dn - 1 
(sinn M) 

dMn - 1 
(6-8) 

dn - 1 
~ I -- (sinn M) 

n=1 (n - 1) ! dMn - 1 
(6-9) 

'" n-l dn - 2 -I ne (sinn M) (6-10) 
({l=1)! dMn - 2 

n = 1 

e = s ~ (?) 2 dM (6-11) 

NOTE: Divergence for e > 0_ 662743 __ _ 

E 

TABLE 6-lb 

7 
Power Series Expansions up to e 

2 e 
M + e sin M + F sin 2M 

3 
+ e (3 2 sin 3M - 3 sin M) 

;-? 

+ e
4 

(4 3 sin 4M _ 4 _2 3 sin 2M) + 
;?" 

\continued) 
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TABLE 6-1b (continued) 

5 
+ e ( 54 sin 5M - 5 -3 4 sin 3M + 5-2 sin M) 
~ 

6 
+ ~ (6 5 

sin 6M - 6 -4 5 sin 4M + 5 - 3 - 25 sin 2M) 
6!2 

7 
+~ (7

6 
sin 7M _7-56 sin 5M 

7! 2 

+ 7 - 3 -36 sin 3M - 7' 5 sin M) 

+ . .. . . (Fig. 2) 

sin E = sin M + ~ sin 2M 

2 
+ ~ (3 2 

sin 3M - 3 sin M) 
3:2 6 

3 3 3 
+~ (4 sin 4M - 4- 2 sin 2M) 

4!2 

(6-12) 

4 
+~ (54 sin 5M - 5- 34 sin 3M + 5-2 sin M) 
5! 2 

5 
e 5 5 5 . 
+~ (6 sin 6M - 6·4 sin 4M + 5· 3 - 2 sm 2M) 
6!2 

eO 6 6 
+~ (7 sin 7M - 7'5 sin 5M 

7!2 

+ 7-3 '3 6 sin 3M - 7- 5 sin M) 

777 
+ e (8 sin 8M - 8' 6 sin 6M 
8!? 

+ 7 ·4' 4
7 

sin 4M - 8· 7 ' 2
7 

sin 2M) 

+ . . ... 

,;o~ E '" cos M +;' (cos 2M - 1) 

e 2 
+ (3 cos 3M - 3 cos M) 2!22 

cos 4M - 4-2 2 cos 2M) 

(6-13) 

3 3 
(5 cos 5M- 5· 3 cos 3M + 5- 2 COB M) 

+ 

(6 4 cos 6M - 6 _44 cos 4M + 5- 3- 24 cos 2M) 

(continued) 



I­
I 

e 

TABLE 6-1b (continued) 

6 e 5 5 
+~ (7 cos 7M - 7'5 cos 5M 

6! 2 

5 
+ 7'3'3 cos 3M - 7'5 cos M) 

7 e 6 6 
+ -:::-::7 (8 cos 8M - 8· 6 cos 6M· 

7! 2 

+ ..... (6 14) 

2 
M + 2 e sin M + ~ sin 2M 

3 
+ IT (13 sin 3M - 3 sin M) 

4 
+ mr (103 sin 4M - 44 sin 2M) 

5 
+ ~60 (1097 sin 5M - 645 sin 3M + 50 sin M) 

6 
+ IDro (1223 sin 6M - 902 sin 4M + 85 sin 2M) 

7 
+~ (47,273 sin 7M -41,699 sin 5M 

+ 5985 sin 3M + 749 cos M) 

+ (6-15) 

sin e f1 - e 
2 

{Sin M + e sin 2M 

2 2 
+ :S (3 sin 3M - 3 sin M) 

2! 2 

e 3 3 3 
+ ::-:-::r (4 sin 4M - 4' 2 sin 2M) 

3! 2 

4 e 4 4 
+~(5 sin5M-5'3 sin3M+5'2sinM) 

4! 2 

5 
+ ~ (6 5 

sin 6M - 6'4
5 

sin 4M + 5'3'2 5 sin 2M) 
5! 2 

e6 6 6 + :-:-:J) (7 sin 7M - 7' 5 sin 5M 
6! 2 

+ 7' 3' 36 sin 3M - 7' 5 sin M) 

7 
+ ~ (8 7 

&in 3M - 8'6
7 

sin 6M 
7! 2 

7 2 r 7'4'4 sin 4M - 8'7 sin M) 

(6-16) 

cos a 

TABLE 6-1b (continue d) 

cos M + e (cos 2M - 1) 

3 e
2 

+ 2!22 (3 cos 3M - 3 cos M) 

4e 3 2 + (4 cos 4M - 4' 22 cos 2M) 
3!7 

5 e 4 3 
+ 4!24 (5 cos 5M - 5' 33 cos 3M 

+ 5'2 cos M) 

5 
+ 6 e (6 4 cos 6M _ 6 '44 cos 4M 

5! 25 

+ 5'3'2
4 

cos 2M) 

7 e 6 5 
+ 6"!7" (7 cos 7M - 7' 55 cos 5M 

5 
+ 7'3'3 cos 3M - 7'5 cos M) 

7 
+- 8 e (8 6 cos 8M _ 8'6 6 cos 6M 

7!21 

+ ..... 

r 2 
a % 1 - e cos M - r (cos 2M - 1) 

3 
e 

-~ (3 cos 3M- 3 cos M) 
2! 2 

e 4 
2 2 

-~ (4 cos 4M - 4 · 2 cos 2M) 

(6-17 ) 

e 5 3 3 - 4!2"4 (5 cos 5M - 5' 3 cos 3M + 5' 2 cos M) 

e 6 
'! 4 

--r (6 cos 6M- 6' 4 cos 4M 
5~ 2" 

+ 5' 3 . 24 cos 2M) 

e 7 5 5 
- :-:---::lj (7 cos 7M - 7' 5 cos 5M 

6! 2 

5 + 7'3'3 cos 3M - 7·5 cos M) 

(6-18 ) 

III - 27 



a 
r 

TABLE 6-1b (continued) 

2 
1 - 2 e cos M - ~ (cos 2M - 3) 2. 

3 -n (3 cos 3M - 3 cos M) 

e 4 2 2 
-~ (4 cos 4M - 4 · 2 cos 2M) 

4! 2 

5 
_.;:..e-..-_ (53 cos 5M 
5! 23 

3 
- 5·3 cos 3M + 5 ' 2 cos M ) 

6 
e (64 cos 6M - 6!24 

- 6 ' 44 cos 4M + 5' 3 ' 24 cos 2M) 

e 7 5 5 
-~ (7 cos 7M - 7 - 5 cos 5M 

7! 2 

5 + 7' 3 · 3 cos 3M - 7 · 5 cos M) 

1 + e cos M + e
2 

cos 2M 

3 
+ ~ (3

3 
cos 3M - 3 cos M) 

3! 2" 

e 4 4 4 + ~ (4 cos 4M - 4 · 2 cos 2M) 
4! 2 

5 
+ ~ (55 cos 5M - 5'3

5 
cos 3M 

5! 2'" 

+ 5 ' 2 cos M) 

e 6 6 6 + ~ (6 cos 6M - 6 · 4 cos 4M 
6! 2 

6 + 5 · 3·2 cos 2M) 

e 7 
7 7 + -:-:--:::6 (7 cos 7M - 7 · 5 cos 5M 

7! 2 

+ 7 ' 3· 3
7 

cos 3M - 7· 5 cos M ) 

+ ..... 

2 
1 + 2 e cos M + ;- (5 cos 2M + 1) 

3 
+ ;- (13 cos 3M + 3 cos M ) 

._-- - - ----

( 0 -19) 

(6 -20) 

III-28 

x 
a 

l. 
a 

TABLE 6 - 1b (continued ) 

4 
e + 24 (1 03 cos 4M + 8 cos 2M + 9 ) 

5 
e + 192 (l 097 cos 5M - 75 cos 3M + 130 cos M) 

o 
+ 160 ( 1223 cos 6 M - 258 cos 4 M 

+ 105 cos 2M + 50) 

7 
e + 23, 040 (2 36 , 365 cos 7M 

- 83 ,1 05 cos 5M + 17 , 685 cos 3M 

+ 13 , 3 75 cos M) 

+ . .... 

e 
- e + cos M + 2" (cos 2M - 1 ) 

2 
+ ~ (3 cos 3M - 3 cos M) 

2! 2 

+ e
3 

2 2 ~ (4 cos 4M - 4 - 2 cos 2M) 

(6 - 21) 

4 ( 3 3 
+ 4!e 24 5 cos 5M - 5 ' 3 cos 3M + 5 ' 2 cos M ) 

5 
+ e (6 4 cos 6M _ 6'44 cos 4M 
~ 

+ 5 ' 3 '2
4 

cos 2M ) 

e 6 5 5 + ~ (7 cos 7M - 7 ' 5 cos 5M 
6! 2 

5 + 7'3' 3 cos 3M - 7 - 5 cos M) 

7 
+ e (86 cos 8M _ 8 . 66 cos 6M 
~ 

+ 7 ' 4 -4
6 

cos 4M - 8 . 7 .26 cos 2M) 

+ . ... . ( 6 - 22) 

~ {Sin M + ;-sin 2M 

2 2 
+ ~ (3 sin 3M - 3 sin M) + 

3! 2 
(continued) 



TABLE 6-1b (continued) 

3 
+ e (43sin4M-4-23sin2M) 
4!7 

4 
+ ~ (54 sin 5M - 5-3 4 sin 3M + 5-2 sin M) 

5! 2" 

5 
+ ~ (6 5 sin 6M - 6-4

5 
sin 4M 

6! 2 

+ 5-3-2 5 sin 2M) 

6 
+ e (7 6 sin 7M _7- 56 sin 5M 

;ZS 

+ 7-3-3 6 sin 3M - 7-5 sin M) 

e 7 7 7 + -:::-::v (8 sin 8M - 8- 6 sin 6M 
8! 2 

7 7 + 7-4-4 sin 4M- 3 -7-2 sin 2M) 

+ - - - - -} (6 -2 3) 

TABLE 6-1b (continued) 

2 e 
1-"2 

1-3-5 e 8 

- 2-4-6-8 

TABLE 6-2a 

Expansions of Powers of Sin M 

sin
2 

M }(1 - cos 2M) 

sin3 M i(3 sin M - sin 3M) 

sin 4 M } (3 - 4 cos 2M + cos 4M) 

sin5 
M is- (10 sin M - 5 sin 3M + sin 5M) 

_ 6 
M SIn h (10 - 15 cos 2M + 6 cos 4M - cos 6M) 

sin 7 M ri- (35 sin M - 21 sin 3M + 7 sin 5M - sin 7M) 

sin 
8 

M riB- (35 - 56 cos 2M + 28 cos 4M - 8 cos 6M + cos 8M) 

sin 9 
M ~ (126 sin M - 84 sin 3M + 36 sin 5M - 9 sin 7M + sin 9M) 

sin10 M 
1 

512 (126 - 210 cos 2M + 120 cos 4M - 45 cos 6M + 10 cos 8M - cos 10M) 

sinll M rdi.r(462 sin M - 330 sin 3M + 165 sin 5M - 55 sin 7M + 11 sin 9M - sin 11M) 

sin 12 M z-ok- (462 - 792 cos 2M + 495 cos 4M - 220 cos 6M + 66 cos 8M - 12 cos 10M + cos 12M) 

(6-24) 

sin13 M 40!6 (1716 sin M - 1287 sin 3M + 715 sin 5M - 286 sin 7M + 78 sin 9M - 13 sin 11M + sin 13M) 

NOTE: 

The numerical coefficients are easily obtained from the Pascal's triangle (cut in half) , as shown in Table 6-2b_ 

III-2 9 



TABLE 6-2b 

Pascal's Triangle and its Modification 

1 

1 1 

1 2 1 

1 3 3 1 

1 4 6 4 1 

1 5 10 10 5 1 

1 6 15 20 15 6 1 

1 7 21 35 (35) (21) 7 1 

1 8 28 56 70 (56) 28 8 1 

Note: In t he Pascal's triangle, each term is the 
sum of the two terms imm ediately above it (e. g . , 
35 + 21 = 56). The coefficients for the expansions 

of sin~ i n Table 6- 2a result if the Pascal's 
triangle is cut in half a s s hown below. 

n The Coefficients of Expansion of sinn M 

0 1 
!" 

1 1 

2 1 1 

3 3 1 

4 3 4 1 

5 10 5 1 

6 10 15 6 1 

7 35 21 7 1 

8 3 5 56 28 8 1 

IIl- 30 

TABLE 6- 3a 

General Forms of Fou rier - Bessel Expansion 
(see any reference on celestial m e chanics, 
e . g., Smart ) 

co 

E M + 2 L 1 I n (ne) sin n M n ( 6 - 25 ) 

n=1 
co 

sin E = ~L 1 J (ne) sin n M Ii ( 6 - 26) 
n 

n=1 

cos E 
1 

=-~ e 

co 

{In (ne)} +I Z d 
~ de 

n=1 n 
cos n M 

(6-27) 

co +co 

e M + L ~ sin n M l f Inl I n +k (ne) 

(6 -2 8) n=1 k= -co 

where 

f '" 

sin e 

c os e 

r 
a-

(~)2 

a 
r 

x 

1-~ 
e 

1 d 
nde 

co 

e 5 5 e 7 
nr+ TI8 + ... 

(6 - 29) 

{In (ne)} sin n M 
(6-30) 

2 
+ 2 (1 - e ) - e I I n (ne) cos n M 

(6 - 31) 
e 

n=l 

2 co {In (ne) } cos n M 1 + e - 2 e L 1 d 
T ~ de 

n=1 
n 

(6 -3 2 ) 

2 co 

1 + 3 e - 4 L ~ J (ne) cos n M -Z- n 
n=1 n (6- 33) 

co 

1 + 2 I J (ne) cos n M (6 - 34) n 
n=1 

co 

3e 1 d + 2 L a =-Z ~ de {In (ne)} cos n M 

n =1 n (6 - 35) 

co 

l. 2 ~L 1 J (ne) sin n M (6 - 3 6) 
a e- n n 

n=1 

Note: Divergence for e > 0.6 62743 . .. 
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TABLE 6-3b 

Expansions of J (ne) 
n 

and ~e {In (ne)} ut: :; J~ (ne) 

co 

L 
k = 0 

(_l)k xn + 2k 

2n+2k k! (n + k) ! 

e 3 e 5 e 7 
J 1 (e) = 2"" - Is + 3114 - 18,432 + 

J
2 

(2e)= ~2 _~ +e6 e
8 

'" 0 4S" - '72tr +. . 

9 3 5 7 
J (3e) = e 81 e + 729 e 

3 -rs- -~ 10,240 

( 2e
4

8e
B 

8e
8 

J 4 4e) = -g- -~ + ~ - . 

625e
5

15,625e
7 

J 5 (5e) = "'701r - 18,432 + 

J
6 

(6e) = ~ _ 729 e
8 

au 560 + . 

7 
J (7e) = 117,649 e 

7 92, 160 -

8 
J (8e) = 512 e 

8 315 

, 7 
J

2 
(2e) = 

2 3 e _ e 
-:r-

5 
+ e 

8 
_ e + mr ... 

J~ (3e) = d _ 405 e
4 

+ 5103 e
6 

.LO 256 10, 240 

, 8 3 16 e 5 7 
J 4 (4e) = +- -----s- + ~ -
, 3125 e 4 109,3751'6 

J 5 (5e) 768 - 18,432 
+ 

J 243e 
5 729 e 

7 
J 6 (6 e) -:fO - 70 

+ 

, 823,543 e 6 
J 7 (7e) 

92,160 

, 4096 e 7 
J 8 (8e) 315 

(6-37) 

III- 3 1 

E 2 

TABLE 6-4 

Fourier - Bessel Expansions up to e 
7 

( 
3 5 e7 

M + e - E- + m ----gno +. . .) sin M 

(

2 4 6 
+ e e e ) 2" - 0 + 4S" - . . . sin 2M 

+ (3 e
3 

_ 27 e
5 

+ 243 e
7 

) --n- ~ 5120 -... sin 3M 

+ (;! -~ + ) .) .Lv •• sin 4M 

+ (125 e
5 

384 

+ 27 e 
( 

6 
so- - ... ) sin 6M 

+ (16,807 e 
7 

) 46,080 -. . . sin 7M + . (6-38) 

sin E = (1 _ ~ + 19 ~ e 
6 

) a -9216" + . .. sin M 

(
e e3 e

5 
e

7 
) 

+ "2" - 6 + 41r -"'nO + . . . sin 2M 

+ u-? -1~1 e 
4 

+ ~ - ... ) sin 3M 

+ e 4e 4e ) 
( 

3 5 7 
j -~ + --:rs-- . .. sin 4M 

+ (125 e
4 

384 
3125 e

6 
) 

9216 + . . sin 5M 

+( 27 e 
5 

_ 243 e 
7 

+ ) --mr- 560 . .. sin 6M 

+(16,807e
6 

) 46,080 - ... sin 7M 

sin 8M + ..... 

cos E = e 
-"2" 

(6-39) 

+( 1 3e
2

+ 5e
4 

7e
6 

) - a- 192 - 9216 + . . . cos M 

( 
e3 5 7 

+ T - j + rr -11m + .. .) cos 2M 

+ 
(cont inued) 
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TABLE 6-4 (continued ) 

+(~ -~+ ~- .. ) cos 3M 

(
e

3 
2 e

5 
8 e 7 ) 

+ :r- - 0- + 40 - . .. cos 4M 

+ (12 5 e
4 

4375c
6 

) 
384 - 9216 + ... cos 5M 

5 7 +( 81 e 81 e ) ~ - -r:rn-+ . . . cos 6M 

+ ( 1~', ~~~ e 
6 

- ... ) cos 7M 

( 7) + 128 e 315 - . .. cos 8M + ... .. (6-40) 

( 
3 5 7 

M + 2 e - T + ~ + ~ + .. . ) sin M 

2 4 6 
+(5 e _ 11 e + 17 e _ ) i 2M 
~ ~ 1]'2 .. , sn 

(
13e

2
43e

5 
95e

7 
) 

+ 12 -~ + 0I2""" - . . . sin 3M 

+ 103 e 451 e . ( 
4 6 

-mr- - ""4!l"O + .. .) sm 4M 

+ (1097 e
5 

960 
5957 e 7 ) 

- 4608 + . .. sin 5M 

+ e~~30 e 
6 

- ... ) sin 6M 

+(47,273e
7 

) 32 , 256 - .. . sin 7M + ..... (6-4 1) 

sin 9 = (1 sin M 

) (
9 2 207 e 4 

+ . . . sin 2M + --;- -~ 

+ 3681 e
6 

) 5120 - . .. sin 3M 

+ 4 e 34 e + 12 1 e ( 
3 5 7 

-r--rs-- --go- - ... ) sin 4M 

4 6 
+ (625 e 29,363 e + ). 5M 

384 - 9216 . . . sm 

+ (81 e
5 

_ 313 e 
7 

+ ) . 6M 
~ 70 ., . sm 

6 ) 117,649 e 
+ (46,080 - . .. sin 7M 

+ ( l~I~ e 7 _ .. . ) sin 8M + ..... (6-42) 

III- 32 

TABLE 6-4 (continue d) 

cos e = -e + (1 - ~ 

r 
a 

+ 25 e ~ 49 e + 4 6 ) 
l'9'T 1l'2TIi . . . ( 

4 e 3 
cos M + e - --s--

3e
5

2e
7 

) 
+~ - 40+'" cos 2M 

+ (9 e
2 

225 e 
4 

+ 3969 e
6 

) 3M "8 - 12 8 "5T21J - . . . cos 

+ (4 e 
3 

12 e 5 + 64 e 
7 

) ~ - -S- ~ - . . . cos 4M 

4 
+(625e 

384 
30,625 e

6 
) 

9216 + . .. cos 5M 

+(81e
5

486e
7 

) ~ -~ + ... cos6M 

(
117,64ge

6 
) 

+ 46 , 080 - . . . cos 7M 

+ 1024 e 
( 

7 ) 
315 - ... cos8M+ ... .. (6-43) 

2 ( 3e3 
=1 + ~ - e-s---

+i9~ 9
72:6 + .. . ) COSM -(;:' 

4 6 ) e + e - '3 W - ... cos 2M 

(
3e

3 
45e5 + 567e

7 
) 

- --g- - T2'8 "'5TZU - ... cos 3M 

(
4 2 6 ) - T - + +. . . cos 4M 

(
12 5 4375e 

7 
) 

- :r84 - 9216 +... cos 5M 

(
81e

6 
) - '240 - . . . cos 6M 

'7 

(
16,B07e ) 

- 46, 080 - ... cos 7M - (6 -44) 

+ ~ -k + ... ) cos M - ( ~ 
4 

e 
T 

+ ~ - ... ) cos 2M + (continued ) 

J 



TABLE 6-4 (continued) 

(
e 3 ge5 + 81e

7 
) + T - 6"4 ~ -.. . cos 3M 

+ (~4 _ 2~: + . .. ) cos 4M 

+ (21~25 _ ~7 + ... ) cos 5M 

(
ge6 81e8 ) + 1l"O - mro + . .. cos 6M 

(
2401e

7 
) + 23 040 -.. . cos 7M + ..... , 

(6-45) 

a 
1 + (e 

3 5 e e 
r -8 +~ 

7 
+ ... ) cos M + (e

2 
4 6 

e e + e 
- "9'mr 3 N 

- ... ) cos 2M 

+ (~ 81e5 72ge 
7 

) 
o - T21l + ""5T2\J - . .. cos 3M 

(
625e 5 15, 625e 

7 
+ ) 

+ ~ - 9216 .. . cos 5M 

ti 

+ (
81e _ ) cos 6M 
~ .. , 

24 6 

(
1 + e + 3e + 15e + 

2" lj lti ) 

+ (2e + 
~3 65e

5 
+ 2675e 

7 

't + 96 4608 

+ . .. ) cos M 

(
5 2 4 21 6 ) 

+ -2- + T + + + . . . cos 2M 

3 5 7 

( 
13e 25e + 393e 

+ -r- - trr --nr - .. . ) cos 3M 

+ (continued) 

III- 33 

X 
a 

TABLE 6-4 (continued) 

+(~ -~ + .. . ) cos4M 

+ (1097e
5 

192 
16,621e

7 

4608 

( 
3e2 + 5e

4 
7e

6 

" - 32e + 1 - tr "f9]"" - 9TI6 

+ ... ) cos M + (~ -;-
5 7 ) 

+ Is- -TIro + .. , cos 2M 

+ ( ~ _ ~~e84 + ~ _ ... ) cos 3M 

( 
3 2e 5 8 7 ) 

+ ;- - -S- + -;fs- -.. . cos 4M 

+ (~ - 4JJ[:6 + .. . ) cos 5M 

(
81e

5 
81e7 + ) cos 6M + NO --no ... 

+ (
16,807e6 _ ) cos 7M 
46, 080 .. , 

( 
128e 

7 
) + ----rrr- - . .. cos 8M + .. . . . (6 -48) 

( 
5e2 lle 4 _ 457e

6 
_ ) 

~ ,,1 - "8 -~ 9?:Ilj .. , sin M 

_ ~ + . .. ) sin 2M 

+ (~ _ 5
1
184 

+ ~ - . . . ) sin 3M 

+ (e 
3 

_ 13e 
5 

+ 13e 
7 

• _ ) sin 4M "3 30 """"'7r . . . 

+ (125e
4 

_ 4625e
6 

+ ) . 5M 
~ 92~6 ... sm 

(
27e

5 
_ 135e 7 + ) sin 6M + + 80 ~ .. , 

(continued) 
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TABLE 6-4 (continued) 

+ 16,807e . 
( 

6 ) 
46,080 - . . . sm 7M 

( 
128e 

7 
) . + ~ -. .. sm 8M + ..... (6-49) 

TABLE 6-5 

Expansions for Near-Circular Orbit (e 2 < < 1) 

E 

E 

sin E 

cos E 

e 

sin 6 

cos 6 

x 
a 

l. 
a 

M + e sin M + ... 

sin M +;' sin 2M + ... 
e e - 2" + cos M + 2" cos 2M + 

M + 2e sin M + ... 

sin M + e sin 2M + ... 

-e + cos M + e cos 2M + ... 

1 - e cos M - ... 

1 - 2e cos M - . . . 

1 + e cos M + ... 

1 + 2e cos M + ... 

(6-50) 

(6-5 1) 

(6 - 52) 

(6 - 53 ) 

(6 -54) 

(6-55) 

(6-56) 

(6-57) 

(6-58) 

(6 - 59) 

3e e - '2" + cos M + 2 cos 2 M + ... (6 - 60) 

sin M + ;. sin 2 M + . ... (6 - 61) 

TABLE 6 - b 

Expansions in Tru e Anomaly and Eccentricity 

2 
= 6 - e sin 6 +;- sin 26 

- e: (Sin 6 + j sin 36) + . .. (6 - 6 2) 

sin E 
2 

" sin 6 - ~ sin 26 - ~ (sin 8 - sin 38 ) 
2 4 

3 
e - "8 sin 48 - . . . (6-63) 

III - 34 

TABL E 6- 6 (continu ed ) 

cos E e 
" cos 9 + '2 (1 - cos 29) 

2 3 
- ;- (cos 8 - cos 38)+ e

8 

2 2 e ( cos E '" cos 8 + '2 cos 8 - cos 38 ) 

2 
+ ~ (- 2 cos 28 + ~ cos 48 + ~) 

3 e +8 (3 cos 38 - cos 58 ) 

M ,. 8 - 2e sin 8 + i- e 
2 

sin 28 

r 
a 

a 
r 

r 

v 

1 3 . 38 - '3 e Sln + 

2 
,. 1 - e cos 8 - ~ (1 - cos 28) 

2 

e 3 
- 4" (cos 38 - cos 8 ) - . . . 

= 1 + e cos 6 + e 
2 

+ e 
3 

cos 8 

= ~ e cos 8 [1 + 2e cos 8 
a 

2 
+ ~ (cos 28 + 5 ) 

2 

+ 4e 
3 

cos 8 + .. . J 

(6 - 64) 

(6 - 65) 

(6 - 66) 

(6- 67) 

(6-68) 

(6 - 69) 

(7- 70) 

,,{if [1 + e cos 8 + ~2 (3 - cos 28) 

3 
+ e8 (4 cos 8 - cos 38 - 7) + .. . J (6-71 ) 

2 3 
'I 

8 e e = e sin - "2 sin 28 + "3 sin 38 

4 
e - "4 sin 48 + (6-72 ) 

e 2 1 3 
sin 'I = e sin 8 - "'2 sin 28 + 24 e (sin 38 - 3 sin 8 ) 

1 4 . - 16 e (sin 48 - 2 sm 28 ) + .. . (6-73) 

2 3 
cos 'I " 1 +;- (cos 28 - 1 ) +ir- (cos 38 + 7 ) + .. . 

8 f5 [1 + 2e cos 8 + e2

2 
(4 + cos 28) 

+ 3e
3 

cos 8 + . .. J 

(6-74) 

(6 - 75) 

l 



TABLE 6-6 (continued) 

" -~ e sin 6 [1 + 3e cos 6 
a 

3
2

] ++ (3 + cos 26) + ... 

TABLE 7-1 

Hyperbolic Orbit Element Relations 
(see Fig. 6) 

b 
a .. --;::::===-fe 2 

- 1 

or 

bZ 

p 

b Z _ r Z 
p 

2r 
p 

p 
2 

e - 1 

u (1 + e) 
2 

v (e - 1) 
P 

r Z 
p 

p - 2r 
p 

u 

2 
r v - 2J.l 

P P 

b '" a feZ - 1 

(6-76) 

(7-1) 

(7-2) 

(7-3) 

(7 - 4) 

(7-5) 

(7-6 ) 

(7-7) 

(7 - 8) 

(7-9) 

(7 -10) 

(7-11) 

(7 -12) 

(7 -13) 

(7-14) 

III - 35 

p 

TABLE 7-1 (continued) 

b • r ~/e+i 
p ye:-r 

J.l (e + 1)3/2 
'" v 2 (e _ 1)1/2 

p 

r 
-E. + 1 
a 

2 
av +J.l 

p 

b 2 _ r 2 
p 

= ~ - 1 
r 

p 

=~fEv - 1 li7 p 

r v 2 
P P -1 

U 

b
2 

a 
2 

a (e - 1) 

r 
-P. (r + 2a) 
a p 

(

2a v J 2 

J.l av l_J.lJ 
p 

(7-15) 

(7-16) 

(7-17) 

(7-18) 

(7-19) 

(7-20) 

(7-21) 

(7-22) 

(7-Z3) 

(7-24) 

(7-25) 

(7-Z6 ) 

(7-27) 

(7-28) 

(7-29) 

(7-30) 

(7-31) 

(7-32) 



P '" 

b
2 2 

- r 
p 

TABLE 7-1 (continu ed ) 

x r (e + 1) 
P 

r = 
p 

r 2 v 2 
P P 

J.l. 

J 2 2 l a + b - a 

a (e - 1) 

p 

P 
1 + e 

J.l. (1 + e) 

v 2 
p 

iff 
v 

p 

bfa 
v = 

p ~a2 + b 2 - a 

z ~ ~ (e + 1) 
l'~ (e - 1) 

a (R- 1) 

={-~p (2 +~) 
_~'(e+1 ) 3/2 
-)'~ (e - 1) 1/2 

(7- 33) 

(7-34) 

(7- 35 ) 

(7- 36) 

(7- 37) 

(7- 38) 

(7- 39 ) 

(7-40) 

(7-41) 

(7-42 ) 

(7-43 ) 

(7-44) 

(7-45) 

(7-46 ) 

(7 -47) 

(7-48 ) 

(7- 49 ) 

(7- 50 ) 

(7-51) 

III-36 

TABLE 7-1 (continued ) 

v z 
pi;; 

p 

= (f<1 + e) 

= ~ (1 + e ) 
p 

TABLE 7-2 

Time Variant Hyperbolic Relations 
(see Fig. 6) 

E lements 

a = 2 
rv - 2J.l. 

3 2 2 r v cos '{ 

2 
rv - 2J.l. 

b 

~ f. 1 2 2 2 
e =)'1 + ~ rv cos Y (rv - 2f..1) 

2 2 2 
r v c os '{ 

p 
J.l. 

r '" p 2 

(7- 52) 

(7 - 53 ) 

(7- 54 ) 

(7-55) 

(7 - 56 ) 

(7-57) 

(7-58 ) 

(7- 59) 

( 7 -6 0) 

(7-61) :: ) - '" 
. _f..I __ (1 + ~ ( + f 

rv cos y )' 1 .- .c. 
2 2 2 ) rv COB y (rv - 2J.l. ) v = 

p 

Time variants 

F = iE 

= cosh -1 [~ (1 + ~)J 
-1 '-e + cos e J 

= cosh Ll + e cos e 

-1L~1 e 1 
= 2 tanh ~ tan z-J 

r >= 
p 

1 + e COB e 

( 7 -62) 

(7 -63) 

( 7 - 63a) 

( 7 - 63b ) 

(7 - 64) 

t 
~f:3 1 

=l'~ ~ 
J.l. e - 1 [ r ~ /22 2 

± p)'e r - (p - r) + 

(continued) 
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TABLE 7- 2 (continued ) 

~" ~ 1 In{~ ~ +~ 
±~/r2 - ( p ; r )2)}] + tp 

= { :3' [_ F + e sinh F ] 

~f3 1 
= ,,~ -n2- -

JJ. e - 1 

I e sin e 
Ll +ecos9 

(7-65a) 

1 1 (e + cos e + fe~sin e ,l 
n 1 + e cos 9 ) J 

~ 
+t 

P ( 7 -65b ) 

v = ~JJ. (~ + ~) £(} + (7 -66a ) 

y 

=V~ [1 + 2e cos e + e
2 
] 

l [,,:: (,' -1)J 

1 + e cos 8 

~1 + 2e cos e + e 
2 

TABLE 8 

Spherical Tri gonometri c Re lation s 

cos - 1 (cos L sin f3 ) 

. - 1 ( sin L sin (3 ) 
Sln sin v 

- 1 ( tan L ) 
tan sin <\> sin f3 

-1 (cos L sin v) 
= cos \ s in (j) 

= sin-
1 (: ~~ ~1 

= sin-
1 (~~: ~) 

= tan - 1 ( cos, f3 tan <\» 
Sln v 

( 7 -66b) 

(7 -67 ) 

(7 -68) 

(7-69 ) 

(8-1) 

(8- 2) 

(8- 3 ) 

(8- 4 ) 

(8- 5) 

(8 -6 ) 

(8-7) 

(8 -8) 

III- 37 

TABLE 8 (continued) 

" tan 
- 1 ( cot f3 ) (8- 9) 
~ 

-1 c an v) 
" cos tan <\> (8- 10) 

-1 ( cos i ) (8- 11) L " COS 
s in J3 

· - 1 " Sln ( Sin i sin 
s i n f"l v) (8- 12) 

" tan 
-1 

(tan i sin f3 sin <\» (8 - 13 ) 

= tan -1 (tan i sin v) (8 - 14) 

-1 
" tan (sin i cos v tan <\» (8-15) 

= sin - 1 (sin i sin <\» (8 - 16) 

- 1 (tan v) (8- 17) " sin tan"{r 

- 1 (cos f3 sin <\» (8-18) " sin cos v 

- 1 
" tan (cos f3 tan <\» (8- 19) 

- 1 ( cos <\» (8-20) " cos cos v 
f3 

-1 (c os ~ ) (8-21) " sin c os L 

· -1 ~Sln i sin v) (8 - 22 ) " Sln sin L 

-1 (Sin i cos <\» (8- 23 ) " cos cos L 

'" cos - 1 (sin i cos v) (8 - 24) 

" cos 
- 1 ( tan i sin 

tan <\> ) (8 - 25) 

= tan - 1 (c ot i ) (8- 26 ) COsli 

" t an 
-1 ~t~n v) (8 - 27) 

s mL 

· -1 ( t an v ) (8- 28) = Sln 
c·os L tan <\> 

- 1 eanL
) 

(8 - 29) '" c o s Tanll 

- 1 (~v) (8 - 30) " sin smq, 

-1 t tan L ) (8-31) v " s in tan I 

-1 ( Si~ L sin f3) (8-32) '" sin SIn 1 

" tan 
-1 ( s in L ) (8 - 33) t an 1 cos <i> 



TABLE 8 (continued) 

v = cos - 1 ( c os ~) (8- 34 ) sm l 

= cos -1 ( sin~ cos <1» (8-3 5) cos 1 

= tan 
- 1 

(cositan<l» (8-36) 

= tan - 1 
(sin L tan ~ ) (8-37) 

- 1 (cos ~ sin <1» (8-38) : cos 
sIn L 

- 1 (COS <1» (8-39) = cos COSL 

= sin 
-1 

( s in ~ sin<j» (8-40) 

<j> . -1 ( sin L ~ = sm si~ (8-41) 

- 1 ( cos L cos ~) (8-42) = cos 
sm i 

: tan -1 ( tan L ) (8-43) sln icos v 

-1 
(c ot i cot ~ ) (8 - 44) = cos 

= sin- 1 ( tan v ) 
sin I t an 13 (8 -45) 

= tan - 1 (tan v) (8-46) cos I 

= tan - 1 (~nL) (8-47) 
cc5'SJf 

= sin- 1 ( sinL cos v) 
c os {3 (8-48) 

- 1 (cos L c os v) (8-49) " c os 

. - I = Sin (:in ~) (8-50) 

IIl- 38 
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L. PRESENTATION OF GRAPHICAL DATA 

The figures presented at the end of this chapter 
will not be discussed here. A list of figures is 
given at the beginning of this chapter . 
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7.31;49 7.387 7.38. 7.382 1.379 1.371 7.374 1.J72 1.369 7.367 1 • .$0" 1 . 362 1.J59 7.357 7.3'. 1.352 1.349 7.347 7.]4" 7 . 3.2 
1.72" 1.726 1.128 1.130 1.131 1.133 1.135 1.137 1.738 1.1.0 1.742 ,.144 1.146 1.741 1.149 1.7:51 1.753 1.754 1·156 1. 7 158 
3.644 3.6"0 3.631 3.U3 3.629 3.62' 3.622 3.618 3.614 3.611 3.607 3.603 3.600 3.5'6 3.592 3.589 J.'85 3.581 3.578 3.157 .. 

7.339 1.331 7.334 7.332 7.329 7.321 1.32 .. 7.322 7.320 1.317 7.315 7 . 312 7.3'0 7.307 1 .305 7.302 1 . 300 1.297 7.;295 7.293 
1.71'.01.7621.1631.76' 1.761 1.7691.7101.772 I.n4 1.171. \.178 1.779 1.1811.7831.185 •• 1871.1881.790 •• 7921.194 
3.'70 3.567 3.563 3.560 3.556 3.552 3.549 3.54' 3.5"2 3.1539 .3.'3' 3.:'31 3.521 3.52" 3.520 3.517 3.513 3.510 3.506 3.1503 

10. u. ". ... ... ... ... 50. .. . ... ... 70. .. . ... ... .. . fl. 

1.190 1.2e& 7 . 285 7 . 283 7 . 280 7 . 278 1.276 1.273 7 . 27 1 7 . 268 1 . ::~6 7.264 1 . ::6\ 7 . 259 7 . 2!56 1 . 254 7 . 252 1.249 1 . 2 .7 1.244 
1. 796 1.197 1.799 1.80 1 1. 603 •• 805 1.806 1.1l'08 l. a l 0 l.a12 1.81. 1.815 1.&:17 1 . 819 1. 82 1 1.813 •. 82 . 1.826 1.928 1.830 
3 '''99 3. 496 3 . .. 92 3.489 3 . "85 3.482 3 ... 78 3.475 3 .~ 71 3 ."68 3 ,"65 3."61 3."58 .3 . 45" 3 . 451 3 . .... 1 3 ....... 3.44' 3'''37 3.·3. 

7.2"2 7.240 7.237 7.235 7 . 133 7 . 230 7 . 228 7 . 2::5 7 . 223 7 . 22' 7 . ... ,8 7 . 216 7 .214 7 . 2 11 1 . 209 1 . 201 7 .204 1.202 1.200 1.191 
1.832 1.833 1. 935 1.837 1. 839 1. 841 1 \.842 1 . 8 "4 1. 846 1.8.6 1.850 1.8,2 1.8'3 1.855 1. 857 1.859 1.861 1.862 \.864 1.866 
3,"30 3.427 3 ... 2. 3 •• 20 3 .41 7 3 ."'. 3 . " '0 3 . 407 3 . 404 3 ."00 3 . 397 3 . 394 ,3 .390 3 . 3a7 3 . 38. 3.380 3 .377 3.314 3.310 3.361 

7 01 95 1.1 9 3 1 .1 90 1.188 1 01 86 1 . 18] 7. 181 7 .1 19 7.176 7 .174 1 . 112 1 . 16<;1 7 . 167 7.165 7.162 7.160 7.1:58 7.156 7.153 1 •• 151 
\. 868 1.810 ,.87 1 1. 873 1.875 1.877 1. 819 1. 981 1. 882 1.884 1 . 8S6 1. 888 \.890 1 .892 1.893 1.895 1.891 1.899 1.90' 1.903 
3 . 36 " 3.361 3.35 7 3.35. 3 .351 3. 348 3.3 .... 3 . 3'" 3.3J8 J.3l5 3 .331 3.328 3.32' 3. 322 3.ltS 3.315 3.312 3.309 1.306 3.303 

7.149 1.1.6 7.1 .... 1.' '' 2 1 . 139 7 .1 3 7 7 .1 3, 7.133 7" 30 1.129 1 . 126 1.12" 1 . 121 7.119 1 . 117 1.115 1 .112 1.110 1.108 7.105 
1.90. \.906 1.908 1. <) 10 1.912 1. 9, .. 1. 9 15 1. 9 17 1. 919 1. 921 1. 923 1. 92' 1. 926 1. 928 1.930 1.932 ,.93. 1.936 1.931 1.939 
3.299 3 . 296 3 . 293 3. 290 3.287 3.264 3 . 280 3.277 3 . 214 3.211 3.268 3 · 2" 3.262 3.259 3 · 25' 3 . 252 3.2.9 3'.2.1> 3.2.3 3.:l4(.i 

1. 103 1.101 7.099 7 . 097 7.09 .. 7 . 092 1 . 090 1.088 7 . 085 7 . 083 7. 081 7. 079 7 . 016 7.01. 7 .012 1.010 1.068 7.065 7.063 1.061 
1. 9 41 1. 9 43 1. 9 45 1. 9 .7 1.948 \. 950 1 . 9 5 2 1. 95 4 1. 956 1. 9:58 1 . 960 \,961 1 . 963 1. 965 1.967 1.969 1.911 1.913 1.914 1.976 
3.237 3.23" 3.231 3.228 3 . 22 5 3 . 222 3.2 19 3.216 3 . 2 1 2 3.209 3. 206 3.203 3.200 3 .1 97 3 . 194 3.191 3.188 3 •• 85 3.182 3.119 

1.059 1.056 1.054 7.052 1 . 050 7 . 0 " 8 1 . 0 " 6 7 . 0 4 3 7 . 0. 1 7.039 1. 037 1.035 7 .032 1.030 7. 02 8 7.026 7.024 7.021 I.OIY 7.01"1 
1.978 1.980 1.982 1.984 1.98' \. 981 1.989 \,99 \ \. ~J 1. 9" 1.9'.11 1. 999 2 . 0 0 0 2 . 002 2 . 00. 2.006 2.008 2.010 2.012 2.013 
3.116 3.173 3.170 3.169 3 . 16 5 3 .1 62 3 .1:59 .3 .156 3.153 3 .1 50 3 .1.7 3 .144 3 .1'" 3 .1 38 3.13' 3 .'32 3 .129 3.126 3 . 12" 3.12' , 
7.015 7 .013 7.011 7 .009 1 . 006 1.004 1.002 7.000 6 . 998 6 . 996 6.993 6 . 99 1 6.989 6 . 987 6.985 6.983 6 .981 6. 978 6.916 6.-i14 
i.015 2.017 2 . 01 9 2 .021 2 .023 2 . 025 2 .026 2 . 029 2 .030 2 .032 2 . 034 2 . 036 2.038 2.0 4 0 2.041 2.043 2.045 2 . 047 2.049 2.08. 
3.1183.1153.11 2 3.1093.'063.1 03 ]. 1013.0993. 0953 .0923 . 0 893.0863.0933.081 3 . 018 3.07:> 3.072 3.069 ..1.067 l.Ub" 

6.912 6.910 6.968 6. 966 6 . 9 6" 6 . 961 6 . 959 1>.9:11 6 . 955 6.953 6 . 951 6.949 6 . 9 .. 7 6.94' 6 . 9 43 ':' . 9 40 6.939 6.936 6 . 93 4 6.'J~2 
2.0,3 2.0SS 2.056 2 .058 2.060 2 . 062 2 . 06 .. 2 . 066 2. 068 2.070 2 . 072 2 .073 2 . 015 2 . 077 2 . 019 2 .081 2. 083 2.08' 2.081 2.088 
3.061 3 . 059 3 .05, 3.053 3 . 050 3.047 3.0 ... 3 . 04 1 3.039 3 .036 3 . 0l3 3.030 3 . 028 3.025 3 . 022 3.0 . 9 3. 011 3.01. 3 · 011 3.008 

6.930 6.928 6. 9 26 6.92" 6.922 6 . 9'20 6 . 9 17 6 . 9 15 6.913 6 . 9 11 6 . 909 6.901 6 . 905 6 . 90 3 6 . 90 1 6.899 6.897 6. 895 6 .893 6. 89 1 

2.090 2.092 2.09. 2.096 2 . 098 2 .1 00 ~ . 1 02 2 ,, 0" 2 .1 06 2 .' 07 2 . '09 2 .11 1 2.\13 2. 115 2 .111 2.119 2.121 2.123 2.12" 2.126 
oS.OOb 3.003 3.000 2 . 998 2.995 2 . 992 2 .990 2 . 98 7 2 . 98. 2.98 1 2 . 979 2.976 2.973 2.911 2 . 9Ge 2.965 2. 963 2.960 2.958 2.91:15 .. ~ .. ~6._ .. _6._6.~L_ .. ~ .. ~ .. _ .. ~ .. _6._ .. _6._ .. ~L_ .. ~L~ .. -
2.128 2.130 2.132 2.13. 2.136 2.138 2 . 1"0 2 . '''2 2 . 14 3 2. 145 2 .1'" 2 .1 .. 9 2 .1 51 2.1 5 3 ~.155 2 ,'51 2.159 2 .161 2.163 2.164 
2.952 2."0 2.947 2.944 2 . 9 .. 2 2 . 939 2 . 937 2.93. 2 . 931 2 . 929 2 . 926 2.923 2 . 92 ' 2 . 918 2 . 916 2 . 9 13 2.9 11 2.908 2.90 5 2.903 

6.8.8 6.846 6 . 84 .. 6.·84 2 6.84 0 6 . 838 6 . 836 6 . 834 6 . 832 6.930 6.828 6.826 6.824 6.822 6. 820 6.8 19 6.8'6 6.814 6.811 6.810 
2.166 2 . 169 2 . 110 2.11 2 2.17" 2 . 176 2 .178 2 . 180 ~ .1 81 2 .1 8. 2 .1 86 2. 187 2.189 2 . 19 \ 2 ,,93 2. '95 2.197 2.199 2.201 2.203 
2.900 2.898 2.895 2 . 89 3 2.890 2 . 888 2 . 865 :: . 882 2 . 880 2.871 2 . 915 2 . 872 2 . 810 2 . 867 2 . 865 2 .862 2.860 2.851 2.9:5 5 2.8152 

6.8096.8066.8046.6026.8006. 7966 . 7% 6 . 194 6 .192 6 .790 6 . 7B8 6.786 6.18 .. 6 . 7826 . 7806.1796.177 6.175 6.773 6.771 
2.205 2 . 201 2.209 2.211 2 . 212 2 . 2 ." 2.2 16 2 . 2 18 2 . 220 2 . 222 2 . 22" 2 . 226 2 • .l2e 2.230 2 .232 2.23. 2.236 2 .231 ".~J9 2.241 
2.850 2.847 2.845 2 . 842 2.8.0 2 . 837 2 . 8J~ 2 . 833 2 . 830 2.828 ~ . 825 2 . 923 l . 820 2.818 2 . 8 15 2.813 2 .81 I 2.808 2 .806 2.803 

6.1696.7676.1656.7636.7616. 7596. 7 51 6 . 755 6 . ~3 6 . 75 1 6 . 7496 . 1476.1466.7 .... 6 .1.26.1.06. 1 386.136 6.734 6.732 
2.2"3 2.2"5 2.241 2 . 2.9 2.251 : . 253 2 . 255 2 . 251 2 . 259 2.26 1 2 . 263 2 . 265 Z. Z67 2.268 2.270 2 . 212 2 . 2 7 .. 2 . 276 2.218 2.280 
2.80' 2 . 798 2.196 2.794 2.79 1 2 . 789 2 . 786 2 . 78 4 :0. . 782 2 . 779 2.171 :;;: .775 2.712 2.710 2.167 2.765 2 .763 2.160 2.758 2.756 

6.130 6.128 6.726 6 . 124 6.723 6 . 72 1 6.7 19 6.7 11 6 . 7 15 6 . 713 6 . 7 11 6 . 109 6 .1(17 6 . 705 6.10" 6 .702 6 .100 6.698 6 . 696 6.694 
.l.282 2.28" 2.286 2.288 2 .290 2 . 292 :0. . 29 .. 2 . 296 2 . 298 2 .300 2.302 2 . 30. 2 . 305 2 . 307 2.309 2 .311 2.313 2 .315 2.311 2.319 
2.153 2.751 2 . 749 2.746 2 . 14" 2 . 142 1 .139 2 . 137 2.735 2.732 :: . 730 2 .128 ~.72~ 2 . 723 2.72 1 2 . 7 18 2 .716 2."" 2.112 2.709 

6.692 6.690 6.689 6.687 6.68' 6 . 683 6.68, 6 . 6 79 6 . 67 7 6.67~ 6 . 674 6.612 6 . 610 b . 668 6 . 666 6 . 664 6 .6 ~2 6.66\ 6.659 6.6157 
2.321 2.323 2.325 2.327 2.329 2 . 331 2.ll3 2 . 335 2 . 337 2 . 339 2.34 1 2 .343 2.3"5 2 .341 2.34 9 2 .350 2 .352 2.354 2.356 2.358 
2 . 101 2.105 2.702 2.700 2. 6 98 2 . 696 2.6!13 2.b9 1 2.689 2.687 2 . 68" 2 . 682 1 . 6&0 2 . 678 2 . 675 2 . 6 73 2 .671 2 .669 2.666 2.66. 

Velocity -- - Velocity in Kilometers per Second 
Period --- Period in Hours 
Ang. Vel. --- Angular Ve locity in Radians per Hour 
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:;: Perlod 
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T ABLE 9 (c ontinued ) 

It. ll. ". ... ". ... " . lO • ... " . 10. n. 10. &S. ... fS. 

6.6" 6.6,3 b . bSI 6 . 649 6.648 6 . 646 6.6 4 .. 6,642 G'b40 6 . 6~8 6 . 637 6.63'5 6 , 63l 6.631 6.629 6 . 627 ~ . 6:16 6./~2 4 6 . 6 22 6 . 620 
2.360 2 . J\i2 2 . 364 2 . 366 2 . 368 2 · 370 2 . 372 2 . 37 4 2 . 376 2 · 378 2.380 2 . 382 2. la. 2 , 386 20388 2.390 2 .392 2 , 39 4 2 ,J96 2.398 
2 . &62 2 . &~C. 2.659 2 . 6 5 5 2.65 3 2 . 65 1 2 . 6 " 9 2 . 6 .. 7 2 . ., .... 2 . 6 4 2 2 . 6 .. 0 2 . 639 2 . 636 2 . 633 2 . 631 2 . 629 2 . 627 2.625 2 . 62 3 2 . 6 2 0 

6.619 6 . 617 6 . 6 15 6 . 6 13 6 . 611 6 . 609 6. 6 07 6 . 606 b . 60 " 6 . 602 6 . 600 6 . 5 98 6 . 597 6 .:5 9 :5 C, . !i93 6 . '91 6 . :5 89 6 . :5 8 8 6 .596 6 .e;84 
2 ... 00 :- ,"02 2 . .. 0 .. 2 .406 £. 408 2 . 41 0 2 ·" '2 2 . " 1 4 2 ... 16 2 ·" 18 2 . 4 20 2.422 2 . 4 2 " 2 . " 21) 2 .'28 2 ... 29 2 . " 31 2 .433 2 . "35 2. " 31 
2 . 10\8 2 . 616 2 . &1 .. 2 . 6 1 2 2 . 6 10 2 . 601 2. 60:5 2. 60 3 2 . 60 1 2 . '" 2 . ~91 2 . 5 <;1 5 2.593 2. ' 90 2 . , 8 8 2 . 58& 2 .58 .. 2 . 582 2 .580 2 .&1' 

6 . :582 ti . 5aCl 1) . 579 &. 5 77 6 . 515 6 . 5 73 6. 5 72 6. 5 70 6.568 6 . :i6 6 6 . 56 4 6 .563 6 . 561 6 . 5 5 9 6.557 6 . 556 6 . '5 5 .. 6 . 5!l 2 6 . '55 0 6. &4' 
2 . 439 2 . ... 1 2 ..... 3 2 . .. 4 5 2.404 7 2 . . .. 9 2. " " 2 .453 2 .45!1 2 . " " 2. 459 2. 4 61 2 . .. bJ :: .4 65 2, ' 67 2 ."6!1 2 . .. 11 :. . .. 7 3 2 . 47 5 2 .4n 
2. '576 2 . 5 7" 2.51 1 2 . 569 2.567 2 . 565 1 .563 2.561 2 . 55 9 2 . 15:57 2 .555 2.553 2 .55 1 2 . 5" 9 2 . 5 4 7 2.5 .... 2 .5"2 2 . 5 4 1> 2.53 8 2 .1536 

6 .5 .. 7 6 . 5 45 6 .'5 4 3 6 . 5" 2 6 .5. 0 6 .538 6 .53 6 6 . 5 35 6 .53 3 " .531 6 .~29 6 .528 6 .526 6 . 5 2 4 6 , 5 2 2 6 .52 1 6 .51 g 6 .51 7 6 .515 6 . 1514 
2 ,"79 2 . 481 2 . .. 83 2 .485 2. 487 2 . 489 2 . .. 9 1 2 , " 9 3 2 .495 2 .49 1 2 ,"99 2.50 1 2. 50 3 2 . 5 0 5 2 · '50 7 2 .509 2.5 1 1 2 .'51 3 2 . 51' 2.5 11 
2.534 2 . !l32 2.!l30 2 . 529 2 . 5 26 2 . 52 " 2 .522 2 . 5 2 0 2.518 2 . e; 16 2. 5\4 2 .5, 2 2 .51 0 2 . 5 09 :. ~06 2 . 5 0 " 2 . 5 02 2 . 500 2 ,"9 8 2 .496 

6 . 512 6.510 1) . '508 6 .507 6 . 50:5 6.503 6 .'0 2 6.500 6 . 498 6 ... <)6 6 ... 9 5 6 . 493 6 ."9 1 6 , " 8 9 6 .488 6 .48 6 6 . " 8 " 6 . .. 83 6 . 4 8 1 6. 419 
2. 5 19 2 .521 2 . 5 2 3 2 .52' 2.521 2.529 2 . 5 31 2. 5 3 3 2 . 5 36 2 .538 2. 5"0 2.5,, 2 2. 5 "4 2 .5" 6 2 .548 2 . 5 50 2 .552 2 .'55 .. 2.556 2 .15158 
2 . "9" 2 ."92 2 . .. 90 2 .4 88 2. 486 2 . 48 .. 2 . .. 82 2.4 80 2 ,"78 2 . ' 76 2 . " 7 " 2. 412 2 ."'0 2 .,,68 2 . 466 2 ."6 4 2 . " 62 2 . 4 60 2 .45 9 2. '1,., 

6. 4 78 6 . 476 6. " '" 6 . 41 2 6 .<&71 6 .469 6. 4 6 7 6 . ' 66 6 . 46 4 6 . " 62 6 ... 6 1 6 . ' 59 6 ."'7 6 ."55 6 . " '" 6 ."5 2 6 . 4 5 0 6 .44 9 6 . 447 6. 445 
2 .560 2 . 5 62 2. 56 .. 2 . 5 6 6 2.56 8 . .1:.5 70 2 .5 72 2.574 2.57 6 2.:i 78 2 .580 2 . 58 2 2 . 58 " 2 .58 6 2 . 588 2 . 590 2 . !l92 2 . 59" 2 . 5 96 2. 1S9 8 
2 ... ~5 2 .453 2 . " " 2 .. .. 9 2. 44 7 2 . .... 5 2 . .... 3 2 . • 41 2 . 4 39 2 . 4 37 2 ... 35 2. " 33 2 . " 32 ~ . " 3 0 2 .• 28 2 ,"26 2 . " 2 .. 2 . " 22 2 .,, 20 2 . .. ,8 

6 ..... 6 . 442 6 .• " 0 6 .4 39 6 .437 6 ."3 5 
1 . 600 2 .60 2 2 . 6a . 2 . 606 2 .608 2.610 
2. ,, 162 . • 14 2 . " ' 3 2. 4 112 . 40 9 2''' 0 7 

6 . " ,0 6 . 4 09 6 . 4 0 7 6. 4 05 6. 4 0 4 6 .40 2 
2 . 6 .. 1 2 . 6 4] 2.6 4 5 2.6 4 1 2.6 4 9 2.6" 
2 .379 2.371 2 . 375 2 . 374 2.372 2 . 370 

6 . 37 8 6 . 316 6 . 37 .. 6 .373 6. 371 6 .369 
2 . 682 2.684 2.68 6 2. 6 88 2. 690 2 . 692 
2 .3"3 2 . 34\ 2.339 2 .337 2 .336 2. 334 

6 . " 3 . 6 ."3 2 6 ."30 6 ."29 
2.612 2.61 4 2.611 2 .6 19 
2 ." O!l 2. 4 03 2 . .. 01 2 . 3 99 

6 . " 0 0 6 .399 6 .39 7 6 .396 
2 .653 2.655 2.657 2 . 6159 
2 .36 8 2.366 2 .36 4 2 . 363 

6 . 368 6 . 366 6 . 36 5 6 .36 3 
2.69 .. 2 . 696 2 . 69 8 2 . 7 00 
2. 3 32 2 .330 2 . 329 2 . 327 

6 . " 27 6 .4Z5 6 ."2 .. 6 • • 22 6. 4 20 6 .41 9 
2 . 621 2 . b 2 3 2 . 6 .{5 2 . 621 2 · 6 2 9 2 . 6 3 1 
2 .398 2. 396 2 . 39" 2 .39 2 2 . 390 2.38 8 

6 . 39 " 6 . 392 6 . 39 1 6 . 3 89 6 . 38 7 6 .38& 
2 . 66 1 2 . 663 2 . 666 2 . 66 8 2. 6 7 0 2 . 612 
2 . 36 1 2 . 359 2 . 3 57 2 . 3!i5 2 .35 4 2 .352 

6 . 361 6.360 6 . 3 5 8 6 . 357 6.35 5 6 . J!i 3 
.{ . /u2 2 . 705 :- . 707 2 . 709 2.711 :-.713 
2 .325 2 . 323 2 . 321 2 . 320 2 . 3 18 2.3 16 

6. " 17 6 ."' 5 6 ."' " 6 . " '2 
2 . 6.33 2 . 635 2 · 6 3 7 2 .63 9 
2. 386 2 . 38!1 2 .383 2 . 3 8 1 

6 . 3 8 4 6 .382 6 . 381 6 .379 
2 . 6 1. 2. 6 16 2 . 6 7 8 2.690 
2 . 350 2.3 4 8 2 • .]4 6 2. 345 

6 .352 6 . 3 5 0 6 . ~4 9 6.341 
2 . 715 2.7 17 2 . 71 9 2.721 
2 . 3 1" 2.313 2. 3 11 2 .309 

b. 3,,5 6 . 3 '" 6 .342 6.3 4 0 6.33 9 6 . 337 6. 3 36 6 . 3 34 6 . 333 6 .33 1 6 . 329 6 . 328 6 . 3 2 6 b . 325 6 . 323 6 . 321 6 . .320 6 . 318 6 . 3 17 6 .3 15 
2 . 723 2 . 725 2 . 7 2 7 2 . 729 2 . 7 31 2 . 7]3 2 .13:5 2 . 738 2 . 7" 0 2.7 ,, 2 2 . 7"" 2 . 746 2 .748 2 . 750 2 . 7'2 2 . 754 2 .7 '56 2 . 7~8 2 . 760 2 . 762 
2 . W2._~_ 2._ 2 . _2.~2._2._2 .~2.~2 ._2._~_2.~2 .~2. ~ ~_2.~2._2.= 

6 .3 13 6 .31 2 6 .3 10 6 .309 6 .30 7 6.306 6 . 3 0 .. 6 .30 2 6 ·JOI 6 . 2 99 6 .298 6 . 296 6.295 6 . 293 6 . ~9 2 6 .290 6 .288 6.28 7 6 . 2 85 6.284 
2 . 76 " 7 ."76 7 2. 769 2 . 7 7 1 2.713 2 . 775 2 .777 2 . 779 2 . 78 1 2 .78 3 2 . 785 2 . 787 : . 789 2 . 791 2 . 19" 2 .796 2 . 798 2.800 2 . 802 2. 11104 
2 . 7 3 2 . 27 1 2. 26 9 2. 268 2 . 266 2 . 26" 2. 26 3 2 . 26 1 2 . 259 2 . 2 58 2 . 25 6 2 . 25 4 2.253 2 . 251 : •• ~ 9 2 . 2 " 8 2 . 2 . 6 2 . 2 "" 2 . 2 4 3 2.24 1 

6 . 2 82 6.28 1 6 . 2 7 9 6 . 278 6 . 2 1 6 6 . 2 74 6.273 6 . 2 71 6 . 270 6 . 268 6 . 267 6 . 265 6 .26" 6 . 262 6 . 261 6.2'59 6 . 257 6.:t56 00 .25" 6.283 
2 .806 2 . 808 2.81 0 2 . 8 1 2 2 .814 2 . 8, 6 2.81 9 2 .821 2.82J 2 . tl2 :) 2 . 827 2.829 2.831 2 . 83 3 2 . 83:5 2 . 837 2 . 839 2 . 8 4 2 2 . 8 ,." 2 . 8 4, 
2 . 2 39 2.238 2 . 236 2 . 234 2 .233 2 . 231 2.22 9 2 . 228 2 . 226 2 . 2 2 " 2 · 223 2. 2 21 2.219 2 . 218 2 . 2 16 2 . Z, 4 2 . 21 3 2 . 2 11 2 . 21 0 2.208 

6 . 251 6 . 2 50 6 . 2 4 8 6 . 2 4 7 6 . 2 "!I 6 .244 6 . 2 4 2 6 .24 1 6 . 239 6 . 238 6 . 236 6 . 2 35 6.233 6 . 23 1 6 . 230 6 . 228 6 . 227 6 . 225 6 . 22 4 6.222 
2 .84 8 2 . 850 2.852 2.854 2. 8 5 6 2 . 858 2.86 0 2. 86 2 2 . 86 5 2 . 867 2 . 869 2 . 87 1 2.87] 2 . 875 2 . 8 77 2 . 879 2 . 8e , 2.883 2.886 2.8e8 
2. 206 2.205 2.20 3 2.201 2. 200 2.1 98 2 . 197 2.1 9 5 2 .1 93 2 .1 9 2 2 .1 90 2 . 189 2 . 187 2 . 185 2 . 18" 2 . 182 2 .1 81 1 . 179 2 . 177 2 .1 76 

6 . 221 6.219 6.218 6 . 2 16 6. 215 6 . 2 13 6 . 2 12 6.210 6 . 209 6 . 207 6 . 206 6 . 204 6 . 203 6 . 201 6 . 200 6 .1 98 6. 197 6 . 1915 6 . 19 4 6.192 
2 .890 2. 8 92 2 . 89 . 2.89 6 2 . 898 2. 900 2 . 902 2. 90 5 2.907 2 . 909 2 . 91 1 2.913 2 . 915 2.917 2.919 2.921 2.9 2 .. 2 . ~ 26 2.928 2.9]0 
2 .17 4 2.173 2.171 2.170 2 . 168 2 . \66 2 .16!1 2 .\63 2 .1 62 2 .1 60 2 . 159 2 . 157 2.1 5 5 2.154 2 . 1!12 2.151 2 . 1" 9 :' . 1" 6 2 . 146 2 .145 

6. 191 &.189 6 .188 6 .186 6 .185 6 . 18 3 6 .1 82 6 . 180 6 . \79 6 .1 18 6 . 116 6 . 175 6 . 173 6 . 172 6.110 6 .169 6 . 167 6. 166 6 . 16 " 6 . 163 
2. 9 32 2.9)4 2 . 936 2. 9 3 8 2. 9 4 0 2. 9 43 2. 9 " 5 2 . 9 47 2 . 9 4 9 2. 9:5 1 2 · 9 !13 2. 9 55 2 . 9 57 2 . 9 5 9 2 . 962 2 . 964 2 . 966 2 . 968 2 . 970 2 . 9 72 
2. 14 3 2. 141 2.1 4 0 2 . 138 2. 137 2.135 2. 134 2 . 132 2. 131 2.129 2 . 128 2.1 2 6 2 . 125 2 .123 2 . 12 2 2 . 120 2. 11 9 2 . 117 2.\1 5 2 .,,4 

". 15. ". <S. lO. ". ... " . n. &S. ... fl . 

6 .161 6 .1 60 6.158 6 .157 6 . 1:0; 5 6 . 15 .. 6 . 153 6.151 6 . 150 6 .1"8 b . 147 6 .1 " 5 1) .144 6 . 142 6.1 4 1 6.139 6 .1 38 6 .137 6 . 135 6.134 
2 . 9 7 4 2 .976 2. 9 7 '9 2. 9 81 2.983 2 . 98~ 2 · 98 7 2.989 2 · 99 1 2 . 993 2. 996 2.99& 3. 000 3. 00: 3.00" J . 006 3 . 008 3. 0 11 3 . 013 3 . 0 15 
2 .11 2 2 .1\ 1 2.1 0~ 2.1 0 8 2 0\06 2 · \ 05 2.1 0 3 2 . 1022 . 100 2 . 0992 . 0972.0962 . 09 .. 2.093 2.092 ~.090 2 . 089 2 . 0 (17 2 . 0 8 6 2 .084 

6 .\32 6.13 1 6 . 129 6.128 6 . 126 6 . 125 6 . 12 " 6.1 22 6 . 121 6 .119 6 .,, 8 6 . 1 16 6.11~ 6 . \ 13 6 01 12 6. 11 1 E. .l 0g 6.108 6 .106 6 . 105 
l.OI1 3 . 01 9 3 . 021 3 . 0 23 3.02~ 3 . 028 3 . 030 3 .032 3 . 0 3 " 3 . 0 3 6 3 .038 3. 0 " 0 3 . 0 4 3 3.0" 5 3 . 0 " '( 3 . 049 3 . 0 51 3.053 3.055 3. 0 1S8 
2.083 2 . 08 1 2.080 2 . 078 2. 011 2.075 2 .01" 2 .072 2 . 0 11 2 . 069 2. 068 2. 06 7 2 . 065 ~ . 06 " 2 . 062 2. 1>61 2. 0 5 9 2 . 0 5 b 2.05 6 2 . 0 1S5 

6.IOl 6.102 6.1 0 1 6.0 9 9 6. 0 98 6.096 6 . 09, 6 . 09 .. 6 . 092 6 .09 1 6 . 0 &1 <) 6 . 0 88 6 . 086 6.08 5 6 . 08 " 6 . 082 6.081 6 . 079 6 . 078 6.071 
3 . 060 3 . 0 6 2 3 . 0 64 3 . 0 6 6 3 . 06 8 3.070 3 . 0 13 3 .075 3. 017 3 . 079 3.08 1 3 . 083 3 . 086 3 . 0 88 3 . 090 3 .092 3 . 09. 3.096 3.()<jI8 3. 10 1 
2.05 4 2.052 2 .0'!!1 2 .04 9 2. 0 " 8 2 . 0 " 6 2 . 0 45 2 . 0 4 3 2 . 0 " 2 2.0" 1 2 . 039 2 . 018 2 . 0 36 2 .03~ 2 . 034 2 . 0j2 2 . 03 1 2 .029 2 . 028 2.02'6 

6.015 6.074 6 . 072 6 . 071 6 . 0 70 6 . 068 6 . 06 7 6.06 5 6 . 06" 6.06 3 6 . 06 1 6 . 060 6. 0 5 8 6 .057 6.056 6 . 0 54 6. 0 53 6 . 0 51 6 .0'0 6 . 0 4' 
3 .\ 0 3 3. 10'!! 3.101 3.1 0 9 3.1\1 3. "4 3 .11 6 J .11 8 3 01 20 3 . 122 3 . 12 4 3 .126 3.1 29 3 .131 301 1 3 3 . 135 3.131 3.1 39 3.142 3.\44 
2 .025 2.U24 2.022 2. 02\ 2.0 1'\1 2 . 018 2 . 017 2 . 0 15 2 . 01 " 2 .0 , 2 ~ .011 :t . 010 2.0 0 8 2 . 007 2 . 006 2 .00" 2 . 003 2. 0 0 1 2. oou 1 . 9,., 

6 .047 6 . 0 4 6 6 .04" 6 . 0 43 6 . 0 4 2 6 . 0 ,.0 6 . 0 3 9 6 . 0 3 8 6 . 0 36 6 . 0 35 6 . 033 6 . 032 6.031 6 .029 6 . 028 6 . 0 2 7 6. 0 2 5 6 .02. 6 . 022 6.021 
3 01 463. 1483.1503. 115 2 3d " 3 .1 57 3 . " 9 3.1 6 13,,633.1 6 5 3.1683. 1703.112 3 .114 3. 116 3 . 1183. 1813.183 3 . 185 3.117 
1.997 1.996 1. 995 1. 993 1.992 \. 990 1. 989 1.988 1.986 1. 9 95 1.98 ' \.982 1.981 1 . 9 8 0 1. 9 78 1 . 9 77 1.975 1. '51 74 1. 91.3 1 . 9 7 1 

6 .020 6.0 18 6 .017 6 . 0 16 6 . 0 14 6 . V13 6 . 0 " 6.010 6 . 009 6 . 007 6.006 6 . 005 6 .003 &.002 6 . 00 1 ,.999 5. 998 5 .997 5.99' 15.994 
J . 189 3.1 9 13. 19" J . 196 J.1 98 J .200 3 .202 3. 20:5 J. 207 3.209 3 . 211 3.21 3 3 . 2 1!1 3 .21 8 3 . 2203.222 3. 2 24 l . 226 3. 2 2 9 3 . 2l! 
1. 910 1. 969 1.967 1 . 966 1 .965 1. 963 1 . 962 1. 96 1 1. 959 1. 9 e;8 1. 9 5 7 1.9:55 1. 9 :54 1.95 3 1. 9 51 \. 9 5 0 1.94 9 1. 9 47 1.9'" 1 .• '" 

B ~ ::~ty 
to ~ AnI. Vol. 

5. 99 3 5.99 1 '!!. 990 5. 988 5.98 7 ,!! . 986 5 . 98 4 !I. 9 8 3 5. 982 15. 9 80 5 . 9 1 9 5 .978 5 .976 !I .915 5.974 '!I. 9 72 5 . 9 71 ' .970 5 . 968 15 .9,7 
3.23 l 3.235 3 . 237 3 . 239 3.2" 2 3. 2 "" 3 .2" 6 3.2" 8 3 · 250 3.2153 3.255 3 . 2 " 7 3 .25 9 3. 261 ) .26 4 3.26 6 3 . 2 6 8 3 .27 0 3 . 27 2 3 . V4 
1 . 9 '" 1. 9 4 2 1. 9 .. , 1. 9"0 1. 938 1. 9l1 \.'\IJ6 1. 9J .. 1.933 1 .932 \.930 1.92'9 1.928 1.927 \.915 1.'124 1.923 1 .-92 1 1 . 920 I.'''' 

~ 
8 Velocity 
~ Period 
- Anc. Vel. 

Velocity 
Period 
Anc. Vel. 

~ ~::.ty 
- Ana. Vel. 

8 ::~o!sty 
~ Anc. Vel. 

8 Veloe1ty :; =~.l. 
8 ~~ty 
::: ADc. Vel. 

8 Veloclty 

:: :::'~.l. 
51!: Velocity 

~ ~O:.l. 

!I.966 5. 96" 5. 963 5 . <;162 5 . 960 '!I . 959 5 .9~8 5 . 9!56 5 . 955 !I .9 , 4 5. 9 !12 5. 9 51 5 .950 5 .948 5 .947 5. 9 46 5.944 5 . 943 5.942 15.941 
3 . 27 7 3. 2 79 3 . 281 J . Z81 3 . 285 J . 288 3. 290 3.292 3 . 2'<)4 3 . 296 3 . 299 3 .30 1 3 .30 3 3. 3 0 5 3 . 30 7 3 . 310 3 .3 1 2 3 . 314 3 . 316 3.311 
\. 9 18 1 . 9 16 1. 9 15 1. 91 4 1. 9 1 2 1 . 911 \, 910 1 . 909 1. 907 1.906 \.90:) 1 . 904 1. 9 02 1.90 1 1.900 1. 898 1. 897 1. 8 '16 1.89:) 1.893 

:5. 939 
3 .32 1 
1 . 892 

5. 9 ) 8 
3.l23 
1 . 891 

5. 9 3 7 
3 .32, 
, . 890 

5. 935 
3 . 327 
, . 888 

5 . 93 4 
) . 329 
1 . 887 

!I . <;133 
3 . 3 3 2 
1.886 

5 . 9 31 
] . 33,. 
1 . 885 

5. 9.30 
3.3l6 
1. 88 3 

5 . 929 
3 . 338 
1. 882 

5 . 9 27 :5.<)26 
3.3 .. , 3 . 3" 3 
1. 8 8\ "r.880 

5 . 9 2 5 
3 • . ]4S 
1. 878 

,. 9 24 
3.341 
1 . 87 7 

5 . 92 2 
3.34 9 
1. 87b 

'!! .92 1 
3 .352 
1 · 8 7 :) 

!I. 920 5 . 9 18 
3 . 3 54 3 . .1 "11 ':' 

1.873 1.1172 

!. 9 11 
1 . 358 
1. 811 

5 . 916 
3.31&0 
1. 8 7 0 

IS. 914 
3.3U 
1 . 8,9 

5 . 913 5 . 9 12 5 . 911 ~.909 5.90e 5 .901 5. 90!l 5 . 90 4 5. 903 15 . 9 01 5'.900 5 .899 5 . 8 98 '!I. 8 96 5. 89!1 !I . 894 5. 892 '!I .891 5 .890 1S . 8., 
3.36'!1 3 . 367 3 . 369 3 . 37 1 3. 3 74 3 . 376 3. 318 3.380 3.38J 3 . 385 3 . 387 3 .389 3 .39 1 3 .n4 3 • .196 3.3'18 3.400 3 . .. 03 3 . 40 5 3.407 
1. 86 7 1. 866 1 . 86:5 1.86 4 1.862 1.86 1 1 . 8 6 0 1.859 1.8,!!8 1.8:56 1.855 1. 854 \.8'1 1.85 1 1.8'0 1.849 1. 848 \. 8 4 7 1.94 '!! 1.844 

5 . 887 5.886 5 . 88'15 15. 8 8 4 5.882 5. 8 81 5.880 5.878 !I . 817 15 . 876 !I. 875 5.873 5.812 5.871 5 . 87 0 !I . 8 68 5.861 !I .866 5.86 4 15 •• ,3 
3. 409 3. 4 1\ 3 .41 4 3. 4 16 3. 4 18 3.420 3.4 23 3. 4 2 5 3.427 3. 4 29 3. 431 3 . 434 3 ... 36 3 .438 3 .440 3. 44 3 3.4" 3.44 7 3 . 44 9 3 . 4152 
I . A .. 3 1.84 ' , . 8 " , 1. 8 3 9 1.838 1.837 \.836 1. 835 1 .83 3 1. 8 32 1.8JJ 1 . 8 30 \.8 29 1.82 7 1.821& 1.825 1. 9 24 1 . 823 1.822 1 . 820 

5 . 862 '. 861 5 . 85, 5 . 858 5 .8!17 !I.856 5.8 !1 .. 5.853 5. 852 e; .81S 1 !I . 8 4 9 5 . 848 5.841 5 .84 6 5 . 844 '!! . 8 4 3 5. 842 5 .84 1 !I . 83 9 e.uI 
l .4:5. 3. 4 5 6 3 .4 58 3 . 4 60 3.463 3. 46 5 3. 4 6 7 l. 4 69 3.472 3. 474 3. 476 3 •• " 8 3 .481 3. 4 83 3. 485 3. 4 87 3 .490 3. 4 92 3 . 4'304 3 . "" 
1.81'1 1.818 \,817 1. 816 1. 8 15 1.813 1 . 812 1 . 811 1.810 1. 8 09 1.808 1. 806 \.80~ 1. 8 0" 1.803 1.802 1.80 1 1.799 1.798 1 . 191 

5. 837 !I .836 ~.834 ~. 8 3 3 :5.832 5 . 831 5.829 !I.828 5 .827 15. 8 2 6 5 .82 4 5 . 8 23 5 .822 5 .821 :i .819 ~ . 8 1 8 5 .817 5 .816 5 . 815 S. 813 
'"). 499 3 .501 3 .50 3 3 . 505 3. 508 3 . , , 0 J. 512 3.5 '4 3.516 3 . S1 9 3. 5 21 3 . 5 23 3 .525 1.52b 3. 5 30 3 . !l32 3. 5 3 4 3. !ll'I 3 . 539 3. 154 '-
1.796 \.1 95 1.79 4 1.792 1.79 1 1. 790 1.789 1.788 1.787 1 . 1861 . 784 1.783 1.7821 . 781 1. 78 0 1. 779 \. 778 1 . 1 17 1.775 l .n4 

5.812 5.8 11 5. 8 10 5.808 5 . 8 07 5. 8 06 5 . 8 0 :5 5 .803 5 .802 :5.80 1 5. 800 5 .799 5 .197 5 . 7 9 6 15 . 19!1 5 .794 5 .79 2 '. 7 9 1 5 .790 15.789 
3.543 3 . 546 3. 54 8 3.550 3 .55 2 J . 5'!!:) .].:)5 7 .].:):)9 3.:$62 3 .:56 4 3 · 566 3 . 5 6 8 3. 57 1 3. 5 7J 3.57!1 ).517 3 . 580 J.!ltll 3 · 58 4 3.1586 
1. 173 1. 712 '.17 I 1.170 1. 7 6 9 I. 168 1.166 1. 76 5 1. 76 4 1. 763 1. 762 \, 761 1.160 1 .159 1. 7:58 I. 756 1.155 I. 154 1. 75 3 1 . 1152 

5.788 5 . 786 5 .785 5 . 794 !I . 783 5.781 5 . 780 5.779 5 .778 5 . 771 5 .175 5 .774 5 .173 !I . 77 2 :5 .771 !I . 76 9 5 . 7 68 '. 76i ' .766 :5.765 
3 .~89 3 . 591 3 . !l9 3 3.595 3. , 98 3.600 3.602 3. 6 0 " 3 .607 3 . 6 09 3 . 1& 11 ).61 .. 3.61 6 3.6 18 3 . 6 20 3.62 3 3 . 625 3 . 6 27 3 . 629 3 . 632 
1.7!11 1. 75 0 1 . 74'9 1.748 1. 7 " 6 1.745 1.744 1.7 '3 1.74 2 1.141 1.140 1.739 1. 738 1 .7 37 1.736 1.13 .. 1. 7J3 1.712 1. 7 .11 1 . 730 

Veloc ity - - - Velocity in Kilometer. per Second 
Period --- Period in Hours 
Ang. Vel. -- - Angular Velocity in Radian. per Hour 
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8 Velocity 

~ 
Period 
Ang. Vel. 
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~ 
Velocity 
Pertod 
AoK. Vel. 
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TABLE 9 (continued) 

10. ". <C. lO. ". 10. 10. 90. 

'!i.?bJ '.761 5 . 759 ' . 756 00;.75 __ ',751 '.7~9 5.747 5 . 744 5.742 
3.634 J.b3tJ 3.643 3 . 648 3.6'':: 3 . 657 3 . 661 3.666 3 . 670 3.67:\ 

41 .49741.44:\ .1.3,}3 41.3'11.'.29041.23841.18741.13641.0854\.034 

5.716 5 . 714 5 . 711 5.709 5 . 707 5.704 5.702 5.100 5.697 ~.695 
3.7253.7303.7343.7393.7.'13.7483. 7533.7573.7623.766 

.0.48040 • • 31 40.381 40.331 .0.28240 . 233 40.183 40.134 40.085 040.036 

5 . 1>70 '!i. 661 5 . 665 5.663 5 . 661 5 . 658 5 . 656 5 . 654 5.651 S.64'} 
3.817 3.822 3.826 3 .831 3.836 3.8.0 3 . a45 3.850 3.854 3 . 8:;'} 

39.5(1539.45739 . • '039 .36239.3,539.26739. 220 39.173 39 . 126 39.07'} 

5.625 5.622 5.620 , ",8 5.616 5 . 613 "1.611 5.609 5·607 :;. 605 
3.910 3.91' 3.9 19 3.924 J.929 3.933 3 . 938 3.943 3.947 3 . "':52 

38.568 38.5.;2 38 . 476 38 . • 31 38.385 38.3"'0 38.294 38.249 38.20'" 38. ISS 

5.580 '!i.'!i78 '!i . 576 5 . '!i74 '!i.572 5.570 5.567 5.565 5.563 15.561 
4.003 4 . 008 4.013 4.017 4.022 '1.027 4.032 "'.036 4.041 4.U4b 

37 . 66837.624 37.58037.53637.49237.44837 . 40437.361 37 . 31737 . 274 

5.537 5.535 5.533 5.531 5 . 529 5.527 5.525 5.522 5.520 5.51S 
4.098 4.102 4.107 4.112 •. 116 •. 121 4 . 126 4.131 4.135 4.1'10 

36.80236.75936.71736.67536 . 63336 . 59036.54 8 36.506 36.465 36.'123 

5 . '195 5.493 5.491 5.489 5 .• 87 5.485 5.48~ 5 . 481 5.419 5.'177 
'1.192 'I.l':H 4 . 202 4.201 4.212 4 . .l1c" 4.221 4 . 2210 '1. 23 1 '1.4.$5 
H._~.~_~~._H._~. __ =~._H.~~._ 

5 .'1 54 5 . 452 5 . 450 5 . 448 5.446 '!i . 4.4 5 . '142 5.440 5.'138 5.436 
•• 288 4.293 4 . 298 4.303 ".307 • . 312 •• 317 4.322 4.327 •. 331 

35.166 35 . 127 35.088 35.0.8 35.009 3 • . '.>70 34.931 H.892 34.~4 3 • . 815 

5 .4" 5."'2 5 .4 10 5."08 5.406 5.404 5.402 5 . 400 5.39B 15.396 
4.384 •. ~a'" 4 . J'}'I '1 . 399 4 . 40'1 4.409 4.'1'" "'.418 " •• 23 .·.28 

34.39334.355 34.318 34 . 280 3 •. 2 .. 2 34.20534.16734.13034.0923".055 

'01. 110. " .. 'lO ,<C. 'lO. '60. '10 110. n •. 

5.140 5.737 :,.7.15 5 . 732 5 . 730 5.728 5.72~ 5.723 5.721 15.719 
3 . 679 3.68 .. 3.689 3.b93 3 . 698 3.702 3.707 3.7" 3 . 716 3.721 

.. 0 . 983 40.932 "0.882 40.tl31 .. 0.78 1 .. 0 . 730 40.680 40. b30 40 · '80 40.1530 

'.693 5.690 5.6£18 5 . 686 '!i. 683 5.6tsl 5.679 5.617 5.674 !5.672 
3 . 711 3.776 3.780 3.795 3.78 9 3.794 3.799 3.803 3.80e 3.8.3 

39 . 99839 .93939.8'9039.842 39.793 39.74~ 39.69739. 64939.601 39.!553 

5.647 '!i.6,(5 5.64..: 5 . 640 '.638 5.616 5.633 5 . 631 5 .629 5.627 
3.863 3.868 3.813 3.1377 3.862 3.887 3.691 3.896 3.901 3.905 

39. on 38.9t1'5 38.938 38.892 ,38.845 38.799 38.752 38.706 38.660 38.614 

"_'.~L~'._'._'._L~'.~'.="~ 
3.$0-;7 3.961 3.966 3.Q71 3.975 ".980 3.985 "' . 989 3. '}<'I 4 3.999 

38.11338.06& 38.02. 37 . 979 37.93437.82931.84,37 . 80037.15631 . 712 

5.5'59 5 . 557 5.55'1 5.55: 5.550 5.5"8 5.546 5.544 5.5.2 :5:.1539 .. = .. -~~ .. - .. - .. ~~- .. ~ .. ~ .. -
31 . 23037.18731.144 37.10137.05637.01536. 912 36.93036 . 881 36.e44 

5.516 ~.51. 5.512 5.510 5.509 5.50b 5.504 5.501 5.499 S.491 
4 . 1'" ... 150 4.154 4.1 59 4.164 •. 169 4.113 4.178 4.183 4.188 

36.3$136.34036.29836 . 25736 . 21536.17436.13336.09 1 36.05036.009 

5.47" '!i •• 7: 5.470 5.41.>8 5.466 5.464 5.46? 5.460 5 . 4"18 !5.456 

"~"-'.- .. ="-"-~-'.~'.= .. ~ 
35 . 56" 35 .52. 35.48435.4"435.40435.364 35.324 35.28~ 35.245 JS.206 

5 . "34 5 . 432 5 •• 30 5 . 4:8 5.426 5 .• 2. 5.422 5 •• 20 5.418 15.411> 
4 · 336 4.341 4.346 ".351 4.355 '1.360 4.365 4.370 •• ]7:' ... 380 

34 . 77634.73834.6993".661 34.62234 . 58434 . 546 34.50834 . 46934.431 

'._'._L_L~"~'._L_'.~"_'._ 
4.433 4.438 " . 443 4.'141 4.452 •. 457 4.462 4.467 4.472 4 .• 77 

3 4 .01833.98033.9"333.90633.86933.83233.795 33 . 758 33 . 722 33.685 

5.374 5.372 5.371 5.369 5.367 5.365 5 . 363 5.36 1 5.359 5.3157 5.355 5.353 5.351 5.349 5.347 5.345 :5.3'1'1 5 . 3 • ..: !5.3.0 5.338 
4 .• 82 4."&6 4 . "91 '1 .4 ':16 4.501 4.506 4.=>" ... =>16 4.521 4 . 525 •• 530 4.535 4.540 4 . 54~ '''550 4.555 ... 560 4.565 ".569 4 . 1574 

33.64833.61233.57533.53933.50333.46633.430 33.394 33.359 33 . 322 33.28633.25033.214 33,,18 33.1,,3 33.107 33 . 072 33.036 33.00132.965 

5.336 5.334 5.332 5 . 330 5.328 5.326 5 . 324 5.323 5.321 15.319 
•. 579 4.5S4 ... 589 4.594 4 . 599 4.604 4 . 609 4.61. 4.619 4.624 

32 . 93032.89532.86032. 82432.78932.75432.71932.685 32.650 32.6" 

5.298 5.296 5 . 294 5.293 5.291 5 . 289 5.287 5 . 285 5.2&3 5.281 
• . 678 4.683 ".688 4 . 693 4.698 4.703 4.707 4.712 4.71 7 4 . 122 

32.237 32.203 32.169 32.13~ 32 .10132 . 06732.03332. 00031.96631.933 

5.261 5.259 5.258 5 . 256 5 .25. 5.252 5.250 5.249 5.247 5 . 2 45 
4 . 777 4.782 4.7S7 4.792 4.797 4.802 4.807 4.812 4.817 •. 822 

31.567 31 . '!i35 31.502 31.,,69 31 . 4363 •• 40431 . 37131.33931 . 30631.27'1 

5.225 5.~23 5 . 222 5 . :;20 '.218 5 . 2'6 5.2" 5.213 5.211 5.209 
4.877 4.862 4.887 4.892 4.897 ... 902 ".':107 4.912 '1.917 4.92: 

30 . 921 30.88930.85830.82630.79430.76330.73,30.700 30.669 30.6)7 

5.190 5.188 ' . 186 5 . 184 5.)83 5 .1 81 5. 179 5.177 5.176 5.174 
4.977 4.982 4.987 '1.993 4.9<)8 '5.0(11 .... 008 5.013 5.0.8 5.023 

30.296 30.2G6 30.235 30.205 30.174 30.'4430.11330 . 08330. 05230.022 

lO. lO. lO. ". lO. ". 10. .. ... 
5,,!l5 !I.153 ,.152 5.150 50148 5.1,,6 5.145 5 . 1~3 '5 . 1'" 5.140 
5.019 5.084 5.089 5.094 5.099 5.104 5.'09 5 . 11 .. 5.119 15.12" 

29 . 69229.66329.63329.60429.574 29.'!i .. 5 29.515 Z9."a6 29."" :9.417 

5 . 121 ~.119 '5.It~ 5.116 5.114 '5.113 '5.111 5.109 5 . 107 5.106 
5.181 5.186 5.191 5.196 :;.:01 5 . 20u 5 . 211 5._1b 5.;2.tl 5 . 227 

29.1082").08029. 05129.02228.'"" 29.%5 28 . 937 28.908 28.880 28.852 

5.088 5 . 086 5.084 5.083 5.081 5.079 5.078 5.076 5.074 5.073 
5.283 5.288 5 . 293 5.2'}9 5 . 30 4 5.309 , . 314 5.J19 5.324 15.329 

29.,43 28.515 ~8 . 488 28 •• 60 28.412 28.405 28.377 28.350 28.322 26.295 

5.055 5.053 5.052 5.0'!i0 5.1)48 5.047 5.045 5.044 5 . 0..2 5.0'10 
5.J86 5.392 '5.J97 5.,,02 5 . 407 5.412 5.417 5.423 5 .'1 28 5.433 

27.99627 .96921.9.227.91527 . 88927.86227.83527.809 27.782 27 .755 

5.023 5.021 5.020 5.018 5.016 '5.015 '!i.013 5 . 012 5.010 5.009 
5.490 5.495 5.501 5.506 5 . 51' 5.516 5.522 5.527 '.532 5 . 1537 

27.46627 • • 4027.41'127 . 38827 . 36227 . 33627.3'021.285 27 · 259 27 .233 

4.991 4.990 4.988 4. 981 4 . 985 '1 . 983 4.982 4 . 980 4 . c)79 4.977 
5.595 5 . 600 5.605 5.e.ll 5 . 616 5 . 621 5.626 5 . 632 '.637 5.642 

26 . 9:;326.92826.90226 .87726.85226 .827 2b.a02 26.777 2c".752 26'.127 

'1.960 4.959 4.'}'!i7 4.956 4.95. ".953 4.951 4.950 4.9.8 4.947 
5 . 700 5 . 705 5.7" 5.716 5.721 5.726 5.732 5.737 5 . 7 .. 2 5.7048 

26 .45526 ."31 26. 40626.38226.35826.33326· 30926.28526.26026.236 

4.930 4.,}29 4.927 4. 926 4. '}24 4.923 '1.92'1 4. 920 4.9.8 4.917 
5 . 806 5 . 811 5.817 5 . 822 5.827 5 . 833 5.838 5.843 5.848 15.854 

25.97325.94925 . 92525.90225 .87825.8,'1 25.831 25 . 80725.7842'5.760 

4.900 4.899 4.891 4.896 4.894 '1.893 4.891 4.890 4.888 4.887 
5.9.: 5 . 9'8 5 . 923 5.929 5.934 5 . 939 5.945 5.950 5 . 955 15.961 

25.50525.482 ":' . 4 :19 ;t':1 .4 .$0 25.'Il~ 4!) . .J90 "5 • .$1:>7 4=>.3'14 2:' . 32' 215.49'" 

4.871 4.870 ".868 '1 . 867 4.865 '1.86 4 4.862 4.861 • . 859 4.8158 
6.020 6.025 6.030 t.'o36 6.041 6.04, 6.052 6.057 6.063 G.068 

25.051 25.02825.00624 . 98424 . 961 2".93924.9172 •• 89524.8732'1.851 

4 .8.2 4.841 4.839 • . 838 4.837 ".835 •• 834 4.832 4.831 '1.829 
6.121 6.133 6.138 6 . 144 6 , '49 6 . 155 6.160 6 .1 65 6 . 171 6.n6 

24 . 6 1024.58824.567 2'1 . 5<1'!i 24.523 24.502 2<1 .'180 24 .459 24.431 2".",6 

S.317 5.31:5 5.3'3 :5.31 I 5 • .]09 5.308 5 . ,]06 5.30'1 5.302 15.300 
•• 628 4.633 4.638 •. 643 4 . 648 • . 653 4.658 •• 6b3 4.668 4.073 

32.58032.54632.51132.'177 32 . 442 32.408 32.373 32.339 32.305 32.271 

L_'.~'._'.~'.='.=L_L~'._'._ 
'1.727 4.132 <1 . 737 4.7'12 4.747 4.752 4.757 4.762 01.767 4.7u 

31.89931.86631.83231.79931.76631 .73331.699 JI.666 31.633 31 . 600 

5.2"3 5.241 5.239 5 . 238 5.236 5 . 234 5.232 5.230 5 . 229 15 . 227 
•• 827 4.832 ".831 4.942 4 . 847 ".852 4.857 4.862 4.867 4.872 

31.2'" 31.20~ 3 •• 177 31 . 1'" 3 1.113 31.0813 •. 049 3 •• UI1 30.985 31.1.9153 

5.207 5.:0b 5.204 5.202 5.200 5.'98 '.197 5.195 5.193 5.191 
4.927 4.932 4.937 4. 9 42 4.947 4.952 4 . 957 4.962 ".967 4.972 

30 . 606 30.575 30.54'1 30.513 30.482 30 ''' ~1 30 •• 20 30.389 30 . 358 30.327 

5.112 5.170 5.169 5.IGo7 5 •• 65 5.164 5 . 162 5.1'60 5.158 5.1157 
5.028 5 . 033 5 . 038 5.043 5.(148 5.053 5.058 5.063 5.068 15.074 

29.99229 . 96229. 93229.90229.87229.8"2 .l9 . 812 29.78'2 29.752 4:9 . /22 

,GO . 11 •• llO. 'lO. ,<C. '50. ,,,. "0. '10. '''. 
: . 1~8 5.136 5 . 134 5 . 133 5.131 5.129 5.128 5 . 126 5.124 15 . 123 
5 .1 29 '5.'35 5.1'10 :;.145 5,,50 5"55 5.160 5.165 5.110 15.175 

:-9 . 39$ 2~.369 29.340 29 . 311 .;:~.:82 29.2'!i3 29.224 29.19529.16629.137 

::'.10" 5.102 5.101 5.099 5.097 5.096 5.094 5.093 5.091 15.089 
5.23':: 5.237 5.242 5.24, 5.252 5.257 ... . 263 5.268 5 . 273 5.278 

28.32328.79528.76, 2R.739 28.711 28.6e3 28.65528.62728.59928.1571 

5 . 071 5.0u9 5 . 06& 5.06b 5.065 5.063 5.061 5.060 5.058 15.056 
5 . 3.!5 '!i.340 5.345 5.350 '.355 5.360 5.366 5 . 311 5 .37b 15.381 

2~ . 267 28.2"0 28.213 ..:8.lts6 2t1.158 2a.13' 28.10428.077 28.050 28 . 023 

5.039 5.037 5.036 5.034 5.032 5.031 5.029 5.028 5.026 15.024 
5.438 '!i . 443 5.449 5.454 5."59 5 •• 64 5.469 5.415 5.480 !5 . 485 

27.7:!9 27.703 27.616 27.650 27.623 27.597 27.511 27.5.527 . 51827."92 

5.007 5.005 5 . 004 5.002 5.00. " . 999 4.998 4.996 4.994 4.993 •. _L_~_"~"~'.~~~L~"_"~ 
27.20727.18227.15627 •• 3' 27 . 10527.08027.05427.02927 . 00326.978 

4 . 976 •. 91" 4 . 973 4 . 971 '1 · 970 4.9G8 4.966 4.965 '1 . 963 4.962 
"~'.~~~L~'._ •. ~~~ •. _ •. _ •. _ 
n._n.~~_n.~n.~n._~=~_n._n.~ 

4.945 4.944 4 . 942 4.9'11 4.939 4 . 938 4.936 4.'}35 '1.933 4.932 
5 .753 5.758 5.764 5.769 5 . 774 5.779 5.n ... 5 . 790 5 . 795 15.801 

26.21226.18826 . 16426.14026.11626.09226.068 16.044 2b.021J 215 . 997 

4.915 4.'}14 4.912 4 . 91' 4 . 909 4.908 ".906 4 .905 4.903 4.902 
5.859 5.864 5.870 5.875 5.880 5.886 5.891 5.896 5 . 902 S . 907 

25.737 25 . 714 2,.690 25.667 25.64. 25.620 25.597 25.514 25.551 2!5.~2e 

4.886 4.884 4.883 ".881 •• 880 4.878 4.877 4.875 '1.874 4.872 
5.966 5.97' 5.971 5.982 5.987 5.993 5.998 6.004 6.009 6.01 4 

25.27625.253 25.,iJI 25.20825.18525 . 16325.14025,,'825.095 lS . 07J 

4 · 857 4.855 ... 854 4.8'2 4.851 4 . 8 .. 9 ... ~ 'I 8 ".847 4.845 4.844 
b.073 6 . 079 6 . 084 6.090 6 . 095 6.100 6.106 6.111 6.117 6"22 

24.82Q 24. 807 24 . 785 2 4.763 24.74124.71924.69724.67524.65324.632 

4.828 4.821 4.825 4.824 4.822 4.e21 4.820 ... 818 4.817 4.815 
6 .182 6. 1876.1926.1986.2036.2096.214 6.220 6.225 6.230 
~._~.=N.mN._~._".~N._N.~" ._"._ 

4.8,4 4. 813 4.811 4 . 810 4.808 4.807 4.806 4.804 4.803 '1.801 '1.800 4 . 799 ... 797 4.796 4.795 4.793 4.792 4 . 790 4.789 •• 788 
6.236 6 . 241 6.24, 6.252 6 . 258 6 .263 6.269 6.27. 6.279 6.285 6 .Z90 6.296 6.301 6.307 6 .312 6.318 6.323 6.329 6.3)4 6.340 

24.18224.16124.14024 . 11 924.09824.017 2 ... 05624.03524.01" 23.993 23 . 97323.9'223. 93123.91023. &9023.86923.134823.829 23 . 807 23 . 787 

4.786 4.785 4 . 783 4.782 4.7$1 4.779 4.718 4 . 777 4.775 '1.774 
6 • .$45 6 . 3:'0 10 . 356 6.36 1 6.367 6 . 372 6.378 6 . 383 6.389 6 . 394 

23.76623.74623.72523.70523 . 684 23 .66423.64'123 . 623 23·603 23.583 

4.773 4 .771 4.170 4.768 4 . 76 7 4.766 4.764 4.76J 4.762 4.760 
6."00 6."05 6.411 6 . 41!> 6 . 422 6.427 6 . 433 6.438 6.444 6.4'19 

23 . 56313. 54323.52223.502 23 . 482 23.462 23.442 23.422 23."02 23 . 382 

4.759 •• 758 '1.756 4.755 4.754 •. 752 4.751 4 . 7::'0 4.748 4.747 4.746 4.744 ".143 4. 741 4.740 ... 739 4.73, 4.,36 4.135 4.733 
6.'155 6.460 6.466 6.471 6 .477 6 . "82 6 .488 6 . 493 6.499 6.504 6 .51 0 6 . '!i15 6.521 6.526 6 .532 6.537 6.543 6.'!i 4 ts 6.55 4 6 . 1560 

23.36223.34223 . 32223.30323.28323.26323.24323.224 23 . 20.. 23 . 184 23 .1 6523.14523.12523. 10623.08623.06723. 047 2J .028 23.008 22.989 

4.732 4.73' '1.730 ".728 4.727 ".726 4.n. ".723 '1.122 4.720 ".719 4.718 4.716 4.715 4.7'4 4 . 712 4.7., 4.710 4.708 4.707 
6 .565 6.571 6.576 6 .582 6.587 6 . 593 6.598 6 . 604 6 . 609 6 . 615 6.620 6.626 6.632 6 .637 6 . 6 43 6.h8 6.654 6.659 6.665 6.670 

22.9'70 22.95Q 22.93122 . 91222 . 89222.873 22.85. n.S35 22 . 816 22.796 22 . 777 22.758 22. 739 22 . 720 22.70122.68222.66322.644 22.626 22.60' 

Velocity --- Velocity in Kilometers per Second 
Period --- Pe riod in Hours 
Ang. Vel. --- Angula r Ve loc ity in Radians per Day 
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TABLE 9 (continu ed) 

. ~ ::~c:ty 
~ An,. Vel. 

8 Velocity 

;; ~~~.l. 
8 Velocity ; =~~.1. 
8 ~~~ty 
; Mg. Vel. 

§ ~~~ty 
~ Ang. Vel. 

Velocity 
Period 
Ang. Vel. 

Ve locity 
Period 
Ang. Vet. 

Velocity 
Pe riod 
Ang. Vel. 

~ ::~c:ty 
_ Ang. Vel. 

I 
Velocity 
Period 
AnI, Vet. 

~ ~~~ty 
~ Anc. Vel. 

8 Velocity 

~ ~~~.1. 
8 Velocity 

~ ~~~.1. 
8 ~~:Sty 
11 _.Vel. 

sc: Velocity 

~ ~;~~'l. 
g Yeloclty 

E ~~~.l. 
g Vel ocity 

~ =~~~.l. 
~ ::~'t~ty 
•• Ang. Vel. 

~ ~~c:c~ty 
.... Ang. Vel. 

~ Velocity 

~ =~~.1. 
Velocity 
Period 
Ang. Vel. 

Velocity 
Period 
An(. Vel. 

Velocity 
Perlod 
Ang. Vel. 

~ ~:~f~ty' 
•• Ang. Vet. 

Si! Velocity 

~ ~~~.l. 
8 Velocity 

a :;~~.1. 
§ ~~~ty 
~ Ang. Vel. 

S ~~~ty 
~ Ang. Vel. 

§ :!!.:ttr 
~ Mg. Vel. 

'''706 4 . 704 4.103 4.702 4.701 ".'99 ... 6~E 4 . ,~97 .. . 6(~ •• ~94 
6 . b76 6 . 68~ 6 . 687 6 . 1)93 6.4.i98 6.704 6.109 6 . 7" (,.7.1 (,.7~ 

22.$8822 . 569 Z2."O 22.$31 22.51322 . 494 .. ;..4/52 . . .. 5122.43822" ... ' 9 

4.680 •• 67fj1 4. 677 4.676 4.675 ., 673 4 . 672 4.671 4.670 4 . 66£0 
6 . 788 6 .793 6.799 6.804 6 .81 0 6.8,6 6.82, 6 . 8:7 6.832 6 . 838 

22 . 217 22 .1 98 ~2.180 22.162 ~:::.143 2~.1:5 ';:~ . 107 22.0tl9 : •• 071 ':2 . U::'3 

4 . 6, 4 4. 653 4. 6'2 4.651 4.649 4. 6.8 4.647 4.6.b 4 . b44 " . b43 
6.900 6.90, 6.9 11 6.917 6.922 6.928 6.93" 6.939 b.9 .. ' 6.950 

21 . 85521 . 83721.82021.80221.784 21.767 21.·1ofto9 21.73121.71421.6% 

;:~;~ ;:~~: ;:~~! ;:~~~ ;:~; ;:~:~ ;:~~; ;:~~~ ;:~~: ;:~!! 
21.50.21. 48621.4692 1. .'24':1.43'11.417 21.400 2 1. 383 21.3g6 21.349 

•. 60' •. 603 •• 602 •. 60' 4.600 4.'98 4.597 4.596 4. ,95 ... 594 
7. I :!6 7 . 132 7 . 137 7 . 1.3 7.1 .. 9 7. "" 7.160 7 . ,66 7.172 7 .' 77 

21.16221.,.,21.12921.", 21.09. 21.077 21.06, 21 . 04 " 2 1. 027 21.0'0 

".'80 •. 579 ".'78 4 . , ,, • . 57' 4 . 57 .... '73 " . ,7;: 4.571 ... 569 
7.240 7.2 . 6 7 . 2', 7.257 7 . 263 7.269 7 . 2" 7.280 7 . 286 7.29' 

20.8'2820 .81 2 :!0.79, 20.779 20 .763 20.746 20.'130 21,) . 71. 20.b97 20.681 

4." 6 •. 5'5 ".5' ••. ,,3 4."2 4. 550 ".5"9 4.548 4.5 .. 7 ".54! 
7 . 3" 7.360 7.366 7.372 7.378 7.383 7.389 7 . 395 7.40' 7.406 

:to.,04 20 . 486 20.472 20.456 :0 .• 40 20 . 424 20. " 08 20 . 39: ~0.376 :0.360 

.. = .. = .. = .. - .. - .. =.- .. = .. ~ .. = 
7.470 7.476 7 . 4 8 , 7.487 7.493 7.499 7.'0, 7."0 7."51b 7 . S22 

20. 187 20.I'Z 20.1"56 ZO . 141 :'0.1:' 20.' 10 ZO.09 4 20.079 20.063 ';:0.048 

4. "0 •. 508 4 . '507 4.506 4.,05 4.50" 4.503 ".'O~ 4.'500 4 . 499 
7.586 7 . 591 7 . 597 7 . 603 7 . 609 7.61'5 7.b~0 7 . 626 7 . 63: 7 . 6J8 

19.879 19 . 56. 19.84919 . 83419 . 81919 . 80319.78819. 77319 . 1'5819 . 743 

4 .487 •• 486 4.48' " ... 83 4 . 482 4.481 .. . 480 4 . 479 4 •• 7b 4.477 
7.702 7 . 708 7.714 7 . 720 7.725 7 . 731 7 .137 7.743 7.7 .. 9 7.755 
1~1.579 19 . 564 19.5.9 ' 9 . ,3" 19.520 19.50'5 19 . .. 90 19.475 ,9.461 19 ..... ' 

4 . 464 4 .463 4.462 4.46' '''460 ..... '9 4.458 4 . 457 . ,"55 4.45" 
7.819 7.82' 7.831 7.837 1.8.2 7 . 8d 7.854 7 . 860 7.866 ;.872 

19 . 28619 . 271 19.2'719 . .<. 43 19.Z28 19 . 214 19.199 19.18'5 19.171, 9 .,,6 

. . ... 2 4.441 4.~.0 . . .. 39 ".439 4.437 4.436 4 ... J4 4 . 433 ... 432 
7.m7.~7 ._7._7 ._7._~~~_7._7._ 

19.000 18.986 IS.972 l e.958 18.94 " 18 . 930 18.916 18 . 902 18 . 888 18.874 

4.420 ..... '9 4."' 8 . ... 17 4 . • '6 ".41' .. . .. ,4 4."'3 " . • 12 4.411 
8 .05' 8 . 06\ 8 . 067 8.0n 8.018 8.084 8.0?0 8 . u96 8 .1 02 8 . 108 

18. 721 18.70818.69 .. 18 . 68019 . 66618.653 18.63'1 18.6=:'!: 18 . 61. 18.:598 

4.399 ".398 4.397 ". 396 4.39' ". J93 ... 392 4 . 391 4 . 390 4.389 
8 . 114 8.179 8 . 11:15 8 . 191 8 . ,97 8.203 8.209 8 . Z'5 8 .:::1 8.227 

18.449 18.436 18 .42] 18.409 18 . 396 18.38~ 18. 369 18d'56 18.342 '8.3~ 

4.J78 4.371 4.376 4. 374 4.37J .. . 312 4.371 " . 370 4·369 ... 368 
8.293 8 . 299 8.305 8.311 8.317 8 . 3.23 8.329 8 . 33' 8.341 8 . 3 .. 7 

18.18418.171 18. 1'8 18. 145 IS .13:! 18.119 18.106 18.093 '8 . 080 , 8.067 

10. ". >0. ... " .. 70 

4.3'57 4.350 ".3''5 • . 3, 40 .... 3'3 .. . J'5: ... 3~' ... hS '" !47 
8 ... ,! 8."19 8 .4:, S ... ]I e .... J7 8 ..... 3 8.· .. 9 ".4"~ . .... I 8,"67 

17.92517 . 912 17 . 89<J 17 . e8b 17.87" ".hl 17. S40 I·.t!t; ,7.~.3 17.010 

4". 336 4.33' ".J]4 ".333 ~ . 33: ".HI 4.330 4.3';' ... 3~J? 4 . 3~7 
8 . 533 e.S39 8.545 ~ .-: '51 8.",57 1;1;.'563 8.~b9 S . 475 8 . ~j;l. A.'58A 

,7 . 67217.6,9 17 . 6 4 7 17.0.3" 17.622 \1.609 1j.'!I~'7 17 . ~8":> 17.,7: ,7 · :;'60 

4 . 316 4.31'5 " . 31 " 4 . '13 4.312 .. . 311 4.210 " . !v9 ".3uS .. . 307 
8 . 654 8 . 660 A.66,:' 8.67: 8.679 e.6~,!: 8.691 8.b97 8.703 £1.109 

17.42'5 17.41: 17 . 400 17 . 3a$' 17 . "l7~ 11. 1.~ .. 17.3~::- 1':".33~ ,7. n7 17. ~1'5 

".:96 4 . 295 4.Z94 ". 293 " . 2:92 .. . ~91 ... .0:90 4.'::89 4.:88 ".187 
8 . 716 8 . 78: 8.78& 8.79 .. 8.800 8.106 8 . &12 8.1:119 8.8~5 8.831 

17 .1 83 17.171 17.,5? 17 . 147 17.136 11.1:4 11.112 17.100 17 . 088 17.076 

4.276 4. 27'!". 4.27" 4.271 4.:'72 ".Z71 4 . 270 4.:69 " . :68 ".267 
8 . 898 8.904 8.,10 8.9'6 &.923 8 . 929 8 . 935 8.9"\ 8.9.7 6 . 9S3 

16.947 111 •• 936 16.924 lG.91Z 16 . 901 '6.889 16. 87e 16.866 16.S'!:4 \b.843 

4.2'57 4.256 •. 255 •• 254 ... 253 4 . 252 4.251 4.250 4. ';:"9 ".2"8 
9 . 021 9 . 027 9.033 9 . (.139 9 . 0 .. , 9 .052 9.058 9.064 9.070 9.076 

16.71116.70516. 69 .. 16.683 16.67f '6.66016. 6 49'6.637,6 . 6:6,6.6,'5 

". 237 4.23G •• 235 4.:!l" 4.234 4 . :33 •• 232 4.231 ". 230 4. 229 
9 .1" 9 .1 50 9.I!lb 9.163 9 . 169 9 . 17!1 9.18 1 9.187 9.193 9.~OO 

16."91 16 •• S0 \( .... 69 16."5S 16. 44 7 16.436 16. "25 16.4\4 16,"03 16.391 

". 2·f 8 4.217 ". 216 4.:16 4.21'5 4.214 4 . 213 4 . :12 .... 211 4.210 
9.268 9 .27 4 9 . 280 9 . Z86 9.':93 9.299 9.305 9.311 9 . ]18 9 . 3~. 

'6.21116 . 26016.2 4916 . :3816 . :27 16.217 16.206 16.1~5 1(;.18" 16 . 113 

4.200 4.199 4.1 98 4.197 4.196 4.195 4.1'iI" 4.19.! 4.192 ... 191 
9 . 392 9 . 398 9. 405 9 ... 11 '?-,,,'1 9 .4 23 9.430 i.4J6 "iI .4" . 9. "48 
lG . O~:5 16 . 0 . , 16 . 0.34 16 . 023 16 . 01] 16.01l2 15.992 15. 991 1'5.911 IS;960 

4 . 181 • . 180 ".179 4.178 4 .178 • . 171 4.176 4.17'5 4. 11 .. 4. 113 
9.517 ':/ . 523 9.~30 9 . '36 9 . 5"2 9 . 549 9.'555 9.56 ' 9.567 9.57 .. 

15.84515. 83.'5.82 .. 15.813 I~ . 803 15 . 793 15.782 '5 . 772 1'5.762 15 . 7$1 

•. 163 4.1 62 ... 161 4.160 4 . 159 ... 1'58 4.1'8 4 .157 4.156 ... 1&5 
9 . 6 .. 3 9.6. 9 9.6'5'5 9 . 662 9 . 668 9.674 !I.GSO 9 . 687 9 . 693 9 . 69i 
,' . 638 15:6:!8 15.618 15.608 15.~98 15 . '588 15.577 1'.567 15 . '557 15.~47 

4.1.~ 4.1-4" 4 . H 3 • . 142 • . , .. , 4.141 •. H O 4. 139 'L138 • . 137 
9.769 9 .175 9.781 9 . 188 9 . 79. <J.8OQ 9.807 9.813 9.819 9.826 

1, .437 15 •• 27 15. " 17 15 ... 07 15.397 ".381 15.377 ,5.3b7 1'5·351 15.3 .. 1 

".' 27 4.126 ... 125 4.12'5 ".12" •. 123 ... 122 4 .1 2 1 4 . 120 4.119 
9.89' <J .902 ,.908 9.9 1" 9 . 92 1 9.927 9.933 9.940 9 . 9 4 6 9.953 

15.Z39 15. :29 1'5.22l1 15.2 10 15.200 15 . 190 15 . '8115.1 1115,'6 1 Hi.152 

• . 110 4.1 09 ".IOe 4.107 4.106 .. . 10'5 4 . 105 4.1 0 4 4. 103 4.1 02 
10.022 10 . 029 10 . 035 10 . 0 4 2 10 . 0 4 8 10.05. 10 . 061 10 . 067 '0.073 10.080 
15. 0.b 15.036 1' . 027 15. 017 15 . 00e 1 ... 998 14.989 14.979 1". 970 14 . 960 

4. 092 4.092 4.09 1 •. 090 ".089 4. 088 ... 087 4. 086 ... 086 4 . 0S'!: 
10.1'\010 . 1'57 10. 163 10 . 16910.17610 . 182 10.,89 10.1<J' 10 . 2n l 10.208 
14.a'7 14 .8 .;.7 1 ... 838 14. 829 14.81<"1 ' •. 810 1 ... e01 1 •• 79 1 14 . 7821 4. 773 

Velocity --- Velocity in Kilometers per Second 
Period --- Period In Hours 
Ang. Ve l. ___ Angular Velocity in Radians per Day 
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, .. '10. '''. 
4.b93 4 . 691 ".690 4. 689 4. 688 ... be6 4. 68' ... 68 .. 4. 682 4. b8 1 
6.732 b . 737 6.7"3 6.148 G.75" b.760 6.765 6 .771 6.776 6 .782 

:; .4(11 22 . 38: ::2.364 .~ . J " '5 2~ . 327 22 . 30822.29022.272 22 . 253 U . 23' 

... 6<>7 4 . b6b 4.,6'5 4.663 ".662 ... 6bl ... 6'59 4 . b58 .. . 657 ". 6:56 
6.':: ,"", 6 . 8.9 6.85~ 6.860 6 . 266 6.872 6.977 6 . S83 6 . 8S9 6 . 8 9 4 

24!" . Ol5 w2.017 :1.99c. 2:'.981 =1.:.63.21.9 .. 52, . 92721 . 9092 1. 89121.813 

4. b .. 2 4.6 .. 1 .. . 639 " . bJ~ ".637 ... 636 ... 63 ..... 633 ". 632 4. 631 
6 . ~6 b.96: b.967 t,97J 6 . 979 6.98" 6 . 990 6 . 996 7.001 7.007 

LI.678 .1.661 :11.6432 1. 62621.60821.591 21.5732 1. 5'562 1. 53821.521 

4.617 ".6,b ... 614 " . 613 4 . 6,2 ". 611 4 . 609 4. 60S 4. 607 4 . 606 
7.0(~9 7.07'5 7 . 08\ 1.0867.0927 . 0987.1037.109 1 . 115 7 . , ;dI 

21.33121.31 .. 2 1. 29" ZI . 280 21.263 21.2" G 21.22921.2 1221.19'21.178 

4.592 ".:191 4 . 590 4. 589 ... '88 4. 586 •. '85 ". '84 ... 583 4.581 
7. 183 7.189 7·19 .. 7.~00 7.206 7.2" 7.2 17 7 . 223 7.229 7.234 

20.99" ::0 .971 20.':161 ::0 . 9 01 .. 20.927 20.911 20.89. 20.s78 20 . 861 20.84, 

.. . 568 ... 561 ".566 ". 565 ".'56" 4.562 " .561 4. 560 " .5'59 •. 558 
7.297 7.30] 7.309 7.314 7.320 7.326 7 .H2 7 . 337 7.343 7 . 3 4 9 

20 . 665 20.b-t') 20 . 63.;: 20 . 616 20.600 20.5e" 20.56820.55220.'3620.1520 

4 .1545 4.543 ... 54. 4.5'" 4.54 0 ... 539 4 . 538 ". '536 ".535 4.'34 
7 . 41 2 7.418 7 ... 2 .. 7 ... 29 1.435 7 .... 1 7. "47 7 ... 5J 7' '' 5a 7, " 64 

20.J"5 20.329 :Z0 . 313 20.297 20 . 281 20 .:6620.25020.234 20.21920 . 203 

" . '521 4.520 4 . "9 4 . 518 4 . 5 17 ".5,5 .. . 51" 4.'513 ".512 " .51 1 
7 . 528 7.5ll 7.539 7.5"5 7 . ~5 ' 7.557 7 . 562 7.568 7. ,,4 7.1580 

20 . 03220.017 20 . (J02 19 . 986 19.971 19.956 19 . 9 " 0 19.925 19. 9 10 '9 .89 4 

4."98 ".4 ')7 4 . "96 4."95 4 .49 " 4 ... 92 4."9 1 •. "90 "."89 " .• 98 
7.6." 7.650 7.655 7.661 7 . 667 7.673 7.619 7.685 1.690 7 . 696 

,9.728 19.713 19.696 19.683 19 . 668 19.653 1<J.638 19.623 19.608 '9.594 

4 .• 76 4 . 47 .. 4 ... 73 ..... 72 ... 471 4."70 " . .. 69 4 . .. 68 ".467 ..... 65 
7.760 7.766 7.77: 7.178 7 . 78~ 7.790 7.796 7 . 801 7.8U1 7 .813 

'9."31 ,';1.417 '9 . 402 19.388 1<J . n3 19 . 3~ 19.34" 19 . J29 19 .31"5 19.300 

4 .• '3 4."'2 .. ... " ".450 •• 4.9 ... 448 ".445 4,,,44 ... 4 .. 3 
7.$78 7 . 88" 7.89(.1 7 . a95 7 · 901 7.907 7.9 13 7.919 7.925 7.931 

19.1"219 . 1=8 IQ.I14 '9 . 09919.08, 19.071 19 . 05719. 04319.028 19 . 0 1" 

".431 4."30 ".429 4.418 4 . 427 " . 426 4."25 " ."24 " .• 22 4 ... 2' 
7.99b a.Oo: 8.007 S . OIJ 8.0 19 8.02'5 8 . 031 8.037 8.043 8.04 9 
IS·~60 18.8 .. t, 1£;.e3", I$.SH] ,8.90" 18.790 18.777 18 . 763 18. 7 .. 9 18.135 

4.410 4.408 .. . 407 .. . 406 4 •• 05 "."04 •• 40J 4.402 ".40 1 4,"00 
8.114 8.120 9.126 8 . 132 8"38 8.1 ... 8.150 8.156 8 . 162 8.168 

lS . 585 18 . '511 18.5'5718. '''' 18.530 18.517 18.503 19.490 18'''76 18.463 

4.388 •. 387 .. . 3eb 4 . 385 4 . 384 4.383 4. 382 4 . J81 " .380 4. 37<J 
8.233 8 . 239 ~ . 2" 5 8 . 25 1 8. 257 8.263 8.269 8 . 27' 8.28 1 8.287 

19.31618.30318. 28918 . 27618 . 26318 . 25018.237 18. 223 18.210 18.1 9 7 

4. 367 4.366 " . 365 4.364 4.363 ... 362 •• 361 4.360 4.35 9 4.3158 
8 · 3538.3598.36,8 . 371 8 .,371 8.383 8 . 389 8 . 395 8 .4018. 4 07 

18.05· 18 . 041 18. 028 18.01' \8 . 002 17.989 17 . 916 17 . 963 I , . 9~0 17.938 

, .. 11. '" '>0. , .. '''. , ... '10. '10. '90. 

... ';"6 ... 345 4 . 3 '" 4.343 4 .34 2 4.341 4.3"0 •. 339 " .3.38 4 . 337 
&.47! 6.'19 8 .• 85 8 .491 8.497 8.503 8 . 509 8.515 8.521 8 . 527 

,7.798 \7 . 785 17.772 17.7(;,0 17 . 7 4 7 17.734 17.722 17 . 7~ 17 . 697 17.684 

4. 326 4 . 3:'5 4 . 32 .. 4.323 ".322 4.3~1 4.320 4 . 319 4.3 18 ".317 
&. 594 8.600 8.1)06 8 . 612 clo6 18 8.624 8 . 630 8 . 636 8 . 6 4 2 8.648 

17.547 17 . 53' '7.:52J '7.510 17 ."98 17 . "86 17."74 17.461 17.4,.9 17.437 

" . 3(J6 4.30'5 4.30. 4.303 4 . 302 .. . JO, 4.300 4. 29'1 4. 298 4 .297 
8.71'58.7218 . 727 8.733 8 . 73~ 8.74 ' 8.7518. 7588 .76 4 8 .170 

17.30317.29117.27917 . 21>711.:'5:5 17 . 243 17.231 17.21917 . 20717. 1" 

4.:ab ... ~8'S ... .484 •• ~83 4.:82 4 . 281 4.280 •. 219 ". 278 • • 217 
e . ~37 8.2 .. 3 8.8" 9 8.855 8·861 8 . 947 8 . 87 .. 8 . 880 8.&86 8 . 892 

17.065 17 . 0'53 17.041 17.02917 . 017 17.006 16.99 .. 16 . 98216 . 971 \6 . 9 59 

• . ':61> 4 . :65 4 •• 6. -'. 4':63 4.262 ... 261 4 . 260 " . 259 ... 258 .. . 258 
8.959 8 . %'5 10.97.:. 8.978 8 . 98 " 8 . 990 8 . 996 9 . 002 9 . 008 9 . 015 
I~ . e31 ,6.S:0 1(;,.808 16.797 16 . 785 16 .77. 16 . 762'6.751 16.739 , 6 .728 

4 . 1 .. 7 4. 2 " b ... 245 4.244 4. 2 .. 3 4. 242 4.241 •• 240 4. 239 ". 238 
9 · 0~2 9 . 08£1 9 . 09, 9 .' 019 0\ 079 . 1139.1199. 1259,,329 .1 38 

16.60316.592 16 . 581 16 . 570 '6.'558 16 .547 16.536 16.52'5 16 .5'" '6.1502 

" .• 29 4.:2:7 ... 226 • . 22' 4 . 224 ". :Z23 4.222 ".221 ". 220 " .219 
9 . ZOG 9 . 212 9.21fe 9.22 4 9.231 9 . 237 9.2. 3 9 . 249 9 .255 9. 2 62 

16 .380 16.369 16.3'8 16 . 3"7 ,6 . 336 16.326 16.31516.304 16 . 29 3 16.281 

".209 4.Z08 •• 207 • . 206 4 . 205 ... 20. 4.203 ".202 4.202 4. 201 
9 · 330 9.336 9.3. 2 9.349 9.355 <J . 361 9.367 9 . 314 9.380 9.386 

16.16316.1"5: 16.141 16 . 13016.12016.10916. 09816 . 08 71 6.07716. 066 

" . 190 •. 189 ".189 4.188 ... 187 4.18b ".185 4.184 " . 183 4.182 
9.4~5 9 • • 61 9. " 67 9 .4 73 9. 480 9 .486 9 ... 92 9 . 498 <J.505 9.S" 

1'5 ... 9 15 . 939 1'5.928 1'5 . 918 f5.g07 15.h7 15.Er96 1S. ffn 15 . 8b' IS.lisS 

4 . 172 4.171 4.170 ".169 ".,68 ... 168 4.1 67 4.1 66 4.1 6 5 ... f64 
9.'580 9 . 586 9.592 ';1 . ,99 9.GO' 9 . 6 11 9.6 18 9 . 624 9.6]0 9.636 

IS . NI 1~.731 15.72015.710 1S.700 15 . 690 1'5.619 15. 669 1S.659 15.649 

4.15" ".153 4. 1'. 4.1'51 4.150 ".149 4.1" 9 4. '48 4.1 .. 1 4.1 .. 6 
9.106 9.712 9.718 9.725 9.731 9 . 737 9.1"4 9 . 750 9 . 756 9.762 

15.537 15.5=7 '5.517 15.,07 1~ .• 97 15.487 1'5 ... 17 1'5 ... 67 ".4'57 15.441 

4. 136 4. 1.35 ... 13" ".133 4.13J 4 . 132 •. '31 4.130 •. 129 • • 128 
9.&32 9 . 838 9.a"5 9.851 9 . 857 9 .86 " 9.870 9 .816 9.883 9.889 

\5 . 33715.32715.318 15.J08 , '.298 1,.28815.27815.268 , '5.259 115. 249 

".11 8 ".118 4.117 ". 116 ~ .1I 5 .. . 11. 4.'13 ".112 4.111 4.1\' 
9 . 959 9 . 965 9.972 9 . 978 9 . 98 4 9.991 9 .99 7 10.003 ,0 . 01 0 10. 0 16 
'5,'4~ 15.13~ 15. 123 15 .113 " . 10J 15.094 1'5 . 084 15 . 07'51'5.065 15 .015' 

".1 0' 4 . 100 ... 099 ... 098 ".098 4.097 4 . 096 ". 095 4. 09 " 4.093 
10.086 '0.093 10.09910.10'5 iO.tll 10 . 118 10.12, 10.131 IC.1l7 10.1 .4 
14.9'51 '".9 '' ' '''.932 14. 922 ''' . 9 13 1".903 \4.89 .. 14.885 14.875 14.866 

4 .094 •• 083 4 . 082 ". 0 81 ... 080 4.0eo •. 079 •. 078 4.077 ". 076 
10.21" 10. :21 10.227 10 . 233 10.2 .. 0 10.246 '0 . 253 ' 0.25<J 10.266 10.272 
14 . 76314 . 7'4 '''.74 5 1" . 736 , • . 726 14.717 14 . 708 ,4.699 14.690 14 .68n 

J 
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TABLE 9 (continued) 

10. ". <G. .. ... .. 
" _"_'._ '.~ .. = .. m ~~ •. _ •. _ •. ~ 

10.2'78 10.2S' IC.2'}1 10.298,0 . 304 10.l11 10.317 10.323 10.330 10 .336 
14 . 611 14.662 14.653 14. 6044 14.635 14.626 14. 6 16 14. 607 14.598 14.1589 

4.058 4.058 4.0~57 ".056 4. 05s 4 . 05-4 4.1J'3 4.0~J •• OS2 4.0151 
,0.407 '0 .• '. 10.420 10.42610.43310.439 10.H6 10.4'2 10.4,9 10.465 
14 . 490 14.481 14.47214.46314.454 14.445 14.43614.427 \4.418 1 •. 40'9 

4 . 042 4.041 4.040 4.039 4.038: 4 .038 4. 037 4.036 •• 035 4. 03. 
10.536 10.5.3 10.'49 10.556 10 . 562 10.569 10.:i15 11).582 10.588 10 . 1595 
14.312 14.303 14.294 14.28614.27114.268 14.259 14.2'1 14.242 14.233 

4.025 4.025 4.024 •• 023 4.022 4.021 4.020 4.020 4.019 4.018 
10.66610.67310.67910.68610.69210.69910.705 10.112 10.718 10.725 
14.138 14.129 14.121 14. I 12 14.103 14.095 14. 086 ".018 14 .069 14.061 .. ~ .. ~ .. -.. -.. - .. - .. -.. -.. -.. ~ 
10.797 10.803 10.810 10.816 10.823 10.829 10.836 10 . 842 10.849 10.8155 
13.961 13.959 13 . 950 13.942 13.933 13.'125 13. ~ 11 13.90 8 13.900 13.891 

3.9'33 3.992 3.991 3 . 99\ 3 . 990 3 .989 3.988 3.98'1 3 . c;,s1 3.986 
10.921 10 . 934 10.941 10.941 10 . 954 10.960 10.961 10 . 913 ,0.980 10 . 986 
,3.80013.19213.18313.715,3 . 167 \3.759 13.15013.14213.13413.126 

3.971 3.976 l.916 3.975 3.914 3.913 3 .912 3.912 3.911 3.970 
11.059 '1.065 11.072 11.019 11.085 11.092 11.098 11.105 11.112 11.118 
13.636 13.628 13 . 620 13. 612 13 . 603 13.595 13.'81 13 . 519 13.511 13.1563 

3 . 961 3.961 3.960 3.959 3 . 958 3.958 3.951 3.956 3.955 3 . 9!S4 
11.19111 .19711.20411.211 11.21111.22411.23011.23111.24411.2150 
13.415 13.461 13.4'9'3. 451 13.443 13 •• J!5 13.42813.420 13.412 \3.404 

3.946 3.945 J.944 3 . 944 3 . 9.3 3.942 3. 9 41 3.94\ 3.940 3.939 
11.323 11 . 33011.33611.343 '1.3,0 ,1.35611.36311.310 11.316 11.383 
13.318,3.31013.302 13.294 1.1.286 13.279 13.211 13.263 13.255 13.248 

110. '''. " .. , ... " •. , ... .... , ... .. •. 
4. ~7 •• 066 4.06, 4.06. 4.064 4.06] 4.062 4.061 •• 060 4.06a 

10.34310.3491 0.3"6 10 .36210.36810 . 7 15 10.3SI 10.381? 10.394 '0.401 
14.5S0 , •• 511 14.56214 . '531'''544 14.535 1 •• 526 14.517 14·508 14 •• 99 

•. 0'0 4.0.9 •• 048 4.048 4.0.' 4.046 4.0.5 4.044 4.043 4.043 
10 •• 12 10.478 10.485 10.491 10 . <498 10.5Q4 10.511 10.51110.52310.1530 
14 •• 00 14.391 14.383 14.314 14.365 14.3:56 14.3471 •• 338 14 .330 \4.321 

4.034 •• 033 •. 032 •. 031 4.030 4.029 •. 029 4.028 •• 021 4.016 
10. 601 10.608 10 . 6 14 ,o.621 10.~27 10.634 10.6. 0 '0.641 10.653 10.660 
14.22.1 4 .2161 • . 20714 .1 981 •• 1901".18114.11214.". 1 •• 155 1" ... 6 

•• 017 4.016 •• 016 4 . 015 4.014 4.013 4.012 •• 011 4.011 4. 010 
10.13 110.13810.14410.15110.15110.16410. 17010.717 10.183 10:790 
14.052 '1 •. 04J 1 •• 1135 1 •. 026 14.016 14.009 14.001 13. ~92 13.984 13.916 

4.001 • . 000 3.999 3.999 3.998 3 . 991 3.996 3.995 l~99' 3.994 
10.862 10 . 868 10.875 10.882 10.888 10 .895 10.901 10.908 10.91. 10.921 
13.883 13.815 13.866 ,3.858 13.850 \3.8., 13.833 13.825 13.916 13.808 

3.985 3.9S. 3.983 3.983 3 .982 3 . 981 3.%0 3.919 3.919 3.978 
10.99311. 0001\ . 00611.01311.01911.02611.03211.039 11.()46 11.0152 
13.717 '3.7t19 13.10113.69313.68513.67713.66813.66013.652 IJ.644 

3.969 3.968 3.968 3.961 3.966 3.965 3.965 3.96. 3.963 3.962 
11.12511.1 31 11.13911.144 11.15111.1'5811.16411.17111.17811.194 
13.", 13.547 13.539 1l.531 13.523 13.515 13.501 13.499 13.491 13.483 

3.~" J.953 3.952 3.9'51 3.951 3.950 3.9.9 3.948 3.947 3.947 
11.257 ".264 '1.27011.271 11.283 1\.290 11.291 11.303 \1 . 310 11.311 
13.396 13 . 388 13.380 13.312 13.36 . 13.357 13.349 13.341 \3.333 13.325 

3.938 3.931 3 . 931 3.936 3. 935 3.93. 3.934 3.933 3. 932 3.931 
11.390 11-396 1I .• 0J 11..10 11.41611 .• 2311.42911.436 " .• 43 11 •• 49 
,3.2.0 13.23213.22413.211,,1.20913.201 13.19413.,86 Il.118 13.171 

3.931 3.930 3.929 3.928 3.928 3.927 3.926 3.925 3.92' 3.924 3 . 923 3.922 3.921 3.921 3.920 3.919 3 . 918 3.918 3.917 3.916 
11.456 11.463' 1f.469 11.476 11.483 (1: '''89 11.496 11.503 11.509 11.15'6 1'.52J 1'.529 11.536 '1.'543 1'.5.9 11.'56 11.-63 '1.'57011.57611.593 
13.1631.1.15513.14813.14013.13213.12513.117 13.110 13.102 13.094 13.0811 3 . 07913.0721.1.064 Il.0':57 13.049 13.0.1 Il.034 1).026 1:3.019 

3.915 3.915 3.914 3 . 913 3.912 3 . 912 3.911 3.910 3. 909 3.909 3 . 908 3.907 3 . 906 3.906 3.905 3.904 3.903 3.903 J.902 3.901 
1\.59011.59611.60311.61011.61611.6231\.630 1 1.63611.643 11.6150 11.657 1 1 . 66311 . 1$1011 . 611 11.683 " . 690 11.691 11.103 11.710 11.71 7 
13.01113 . 00412. 996 12.989 12 . 98112 .91.12.96612 . 95912.95212.944 12.937 1~.929 12.922 12.914 12.<}()1 12.900 12 . 891 12.885 12.817 12.870 

3.900 3.900 3.899 3 . 898 3.898 3.891 3.896 3.895 3.895 ~.O;. .. 
11.72.1\.730 11.73i 11.7'" 11 . 150 1\.151 11.764 11.711 \1 . 17711.78. 
12.86312.85'512.848 12.e<l' 12.833 12.82612.81912.811 12.804 12.791 

3.886 3.885 3.884 3.883 3 . 883 3.882 l.881 3.881 3.880 3.979 
11.85811.865 1\.812 11.818 11.885 11.89211.899 ". ge5 11.~12 ,1 . 919 
12.11112.11012.70212.69, 12 . 688 12.681 12.67.12.66612.6'5912.6152 

3.871 3.870 3.870 3.869 3.868 3.867 3.867 3 . 866 3.865 3.8" 
11.993 12.000 12. 001 12.013 12.020 12.027 12.034 12.0.012.04712.054 
12.574 ,2.567 12.559 12.552 12.545 12.'538 12.531 12.52 . 12.511 12 . 1510 

3 . 8!51 3.856 3.855 3.8'. l.85'" 3.853 3.852 3. 8'2 3.8'51 3.8150 
12.12912.13512.1.212.,<1912.156 '2 . 163 12.169 12.176 12.183 12.190 
12.43312.416 12.419 12.412 12.405 12.398 12.392 12.385 12.378 12.311 

10. ". lO. .. ... 10. ... .. 
3.8.2 3.84 2 3.8.1 3.840 3.839 3.839 3.83e J. 8 31 3.831 3.836 

12.265 12.271 12.278 ' 2.2S'5 12.292 12.2S19 12:306 12.J12 12.319 12.326 
12.295 12.288 12 . 282 12. 21'512 . 268 12.:61 12.254. 12.248 12.2.1 12.234 

3.828 3.827 3.827 3.826 3.625 3.825 3.824 3.823 J.82J 3 . 822 
12 .• 01 12.408 12 .• '512.422 ,2."'28 12.4,5 12.441 12.449 12 . • 56 12.463 
12.16012.1'312.14712 . 1.0 12.13l 12.126 12.1 20 12 .113 , 2 .106 12.100 

3 .814 3.813 3.813 3 . 812 3 . 811 3.811 1.910 3 . 809 1.!?09 3.808 
12.538 12.545 12.552 12.559 12 . 566 12.512 12.519 12.586 12 . 593 12.600 
12.021 12.020 12 . 01. 12.007 12.001 11.994 11.988 11. <)8 1 11. 975 11.968 

J.~J.~L~J._J._J._L_J. _'._3 . _ 

12.67612.683 12.689 12 . 696 12.703 12.710 12. 1\7 12.724 12.13112.138 
11.89711.8901'-88.11.871 11.811 11.86.1\. 8 5911.851 11.8451 1.839 

3.187 3.786 3.78'5 3 . 785 3 .78. J.783 3.183 3.182 1.7S1 3 . 180 
12.814 12.82, 12 . 82812.83'" 12.e.1 12.8" 8 12.85~ 12.&62 12.869 12.816 
1"768 11.762 11.7~6 " . 7.9 11.1.311 . 737 '1.730 11.724 1I.1HI 11."111 

3.713 3.712 3.172 3.771 3 . 710 3.710 3.169 J.1b8 1.76B 3 . 167 
1:2.952 12.959 12.966 12.973 12.980 ,2.987 12. 994 13.00 1 IJ . 008 13.015 
1\.643 1\.e.3e. '\,630 '1.e.2<4 ". 618 11.611 ".60~ 11.599 ,1.'"i<)3 " . :S81 

3 .71$0 3.759 3 . 758 3.758 3.7'57 3.7'56 3 . 75 6 J. 1'55 J.,,4 3 . 7154 
13.09113.09813.'0513.112 IJ . II9 13.126 13.1]3 !'.un 13.141 13.18'4 
11.51911.5\311.50111.50111.49.11 . 48811.48211 •• 7 6 11 .• 70 11.4M 

3.746 3.146 1.745 3.744 3.1.4 3.743 3.742 3 . 7"'2 3. HI 3. 140 
13.231 13.238 13.2<1, 13.252 13 . 259 j).26€- 13.273 1 3 .~1l0 13.281 13 .29<1 
'1.391'1.391 ILlS5 11. 319 11.31311.36711.36111.35511.34911-3.3 

3.7333.7333.1323.1313.7313.7303.129 l . 729 3.128 3.127 
,3.371 13.378 13.385 13.392 1.3.399 \!."06 13 •• '3 11.~20 13 •• 21 13.43 .. 
11.218.11.:27211. 266 11.260 11.254 11.2.91,.1.311.=..37 11. 23 1 11.225 

3 .720 3 . 720 3.119 3.11S 3 . 718 3.717 3.116 3.116 3 . 115 3.714 
13.511 13.'51813.52513.53213.53913 . 546 IJ.554 11 . 561 13.568 13 . 157!5 
11.161 11 . 15~ 11.149 11.143 11.1]8 11.132 11.126 11.120 1'-11411.109 

3 . 701 3 . 707 3.706 3.105 3 .705 3.104 3.704 3 . 103 3 . 702 3 .102 
,3.65213.6'59 13.666 13. 673 IJ . G81 13.688 11.695 13.102 13.709 13.716 
11.0.6 ''-0.0 11.034 '1.028 II.02.? lI.r,,' 'l. fl I\ 1I . (lCr. lI.ana 10.994 

1.695 3.694 3./'i.93 3.69 3 ?692 3.692 3. 0$9 1 3 . 6.:\0 ].690 3.689 
13.19 4 13 . 901 13.808 13.815 13. 822 13.829 lJ.836 13.843 13.j;l50 Il.8e8 
10.932 10.927 10.92, 10.915 10. ~ 10 10.90. 1(1 . &9<1 10 .893 10 . 138" 10.882 

3 . 682 3.681 3.681 3 . 680 3.680 3.679 3.618 3.67S 3.677 3.676 
13.936 '3.9.3 13.950 13.957 13 . 96 . 13.911 13.918 13.99513.993 1 • . 000 
10.82 1 10.8nS 10.810 10.804 10.799 10.193 10.7.88 '0.7~2 10 .117 10.~11 

3.670 3 . 669 3 . 668 3.668 ] . 661 3. 6 67 3.666 3.66 5 J.6t;;5 3.664 
14.018 14.085 14.092 14.100 \4.101 , • • 1 14 14 .121 14 . 128 14.135 14.1.1 
10.111 10.70610.101 10.69510.69010 . 68. 10.619 10. 614 10.668 10.663 

3.657 3.657 3.656 3 . 6~5 3 . 6'55 3.654 3.654 3.653 3 . 6'52 3.6152 
1 •• 22' 14.228 14.235 14.2.3 14.250 14 .251 14 .264 ' •• 271 1 • . 2181 4 .286 
10.604 10.598 10.593 10.588 '0.581 10 . 577 10 . '572 10.566 10.56 1 10.1556 

3.893 3.892 3 . 892 3.891 3.890 3 .889 3 . 889 3.888 3.88 7 3.866 
11.7')1 1'-79111.80411 . 811 11.81811.824 ".831 11.83811.84' 11.8,1 
12.7891 2 .18212.7151 2 .76812.16012.75312.74612.738 12.731,2.124 

3 . 818 3.&18 3.871 3.816 3.87:5 3.1l" 3 . 874 3.873 3.873 3.812 
11.92511. 93211.939 " ,.946 11.953 1,.9:59 11.966 11 . 973 11.~80 11.986 
1~.645 12. 638 12.631 12.623 12.~'6 12. 609 12.602 12.595 12.588 12.15&' 

3.86 " 2 . 863 3.962 3.862 3.861 3 .860 3 . 8'9 3. 359 3 . 858 3.8151 
12.061 12.068 12. 07. 12.08 1 12 . 088 12 . 0<)5 12.101 12.108 12.115 12.122 
12 . 503 12.496 12.4&9 12."82 12 . • 7' 12.468 12 •• 61 12.45. 12.44712 .... 0 

3.94 ~ 3.849 3.S.8 3.847 3.847 3.e.6 3, ,845 3.8~4 3.844 3.843 
12.19712.2031'::.21012.217 12.22.12.231 12.237 12.244 12.25112.2158 
12.364 12 . 357 12.350 12 .343 12.336 12.329 12.32,] 12 . 316 12.309 12.302 

lilt ''' . ''' . , ... 15'. , ... '10. , ... '10. 

3. 835 3.83. 3.83. 3 . 833 3 . 832 3.832 3.831 3.830 3.830 3.829 
12.333 1 ~ .34 0 12.346 12.353 12.36 0 12 .367 12.37. 12.381 12.387 12.394 
12. 221 1:. ~2 1 12.2 14 1 ~ .20112.200 12.19" 12.18712.180 12.\7312.161 

3.821 3.8:0 3 . 820 3 . 819 3.818 3.819 3 . 817 3.816 3.816 3.815 
12. 4701 2 .476 12. 48312.490'2.49712.50.'2.511 12.518 12.~4 12.1531 
12.~3 1~.OS'1 12.080 12.073 12.06 7 12 .060 12.053 12. 0 47 12.040 12.034 

3.807 3.806 3.906 J.80"l 3.804 3.80" 3 . 803 3.802 3.802 3.801 
12.607 12 . b 14 12 . 621 12.62712.634 12. 6 41 12 . 648 12.655 12.662 12.669 
11.~61 11.9'51\.948 " . 942 11.930:; 11.929 11.922 11.916 11.909 \1.903 

3. 193 3.793 3.792 3 .79 1 3.791 3.790 3.189 3.189 3.n8 3.187 
12.74:i 12.7521:,:.75812.76512 .11212 . 17912.78612.79312.80012.801 
,1.832 ".926 11.91911 . 81311.807 \1.800 11.794 11 . 787 11.181 1\."17' 

3.780 3.779 3 . 118 3.773 3.177 3.776 3.116 3.775 J.7H 3.174 
'2.883 12. ?90 12.S91 1~.904 12.911 12.<)18 12.92 4 12 . 931 12.938 12. 9 .5 
11.1051\. 699 11. 693 '1.686 11.68011.67411.66111.66111.65511.649 

3.7f,6 ) . 76f. 3.165 3 . 76. 3.764 3 .163 3.762 3.162 3.761 3.7'0 
13.0221 3.029 13.0J6 IJ.04J 13.049 13 . 056 13.063 13.010 13.077 13 . I1S4 
11.,eO ,1.574 11.~ e.8 II.SG2 11.,56 ,1.,,0 11.5.3 11.'3'7 ll'.5n 11.lSi" 

3 . ~3 3.152 3. 752 l.151 3 . 750 3 . 150 3.7.9 3.7.8 .r.14a 3.r47 
13.161 13.16~ 13.11,13.18213.1 89 13 . 196 13.20313.21013.21713.224 
11.45811. 4'211. 44611 .... 0 11.43411 . 428 ".422 11".415 '1 . 40\1 If •• 03 

J._ J.=L_J._ J.=l.=L_L=J.=J .• 
13.301 13.30& 13 .31' 13.322 13 . 329 13 .336 13.34313.3'013.3'57 13.364 
11.331 11.33211 .32611.32011.3, 411.30811 . 30211.296 \1.290 \1.284 

3.121 l.n6 1 .72' 3.725 3. 124 3.723 3 . 723 3.722 3.122 3.121 
13.4.' 13.448 1::k~5'5 13 . "62 13 . 4b9 13.4"'6 13.493 13.490 13.4<)1 13.15Q4 
11.219 11.2'311 . 20711.20211.196 1\.1 90 11.18411.118'1.112 "; '167 

3.71. 3.7'3 3 . 113 3.112 3.111 3.1" 3.110 3.109 3.709 3.70& 
13.'82 13 .589 13.596 13.603 13.610 13 . 6\1 \3.624 13.631 \3.638 13.645 
11.10311 . 09111.09 1 11.08611.0801\.01411.06811.06311.05711.0151 

'3.701 3.100 3.100 3.699 3 . 698 3 . 698 3.691 3.697 3.696 3.695 
13 . 12313.73013.737 13.7.4 13 . 75113.758 1J.765 13.772 13.180 13.187 
10 . 989 10 . 983 10 . 977 10.912 10 . 966 10 . 960 10.955 10.949 10.943 10.938 

3 . 688 3.6S8 3.697 3.686 3. 686 3.685 3.685 3.68. 3. 683 3.693 
13.&165 '3.872 13.879 13.886 13 . 893 13.900 13. 901 13.914 13.921 13.929 
10.871> 10.871 10.86, 10.860 10.8'54 10.849 10.843 10.831 10.832 10 . 826 

3.676 3 . 675 J.675 3.674 3.613 3.6l3 3.612 3.672 3.671 3.670 
".001 14.014 14.021 14.028 ' •• 035 14.04" 14.050 IIt.051 14.064 14.071 
10.766 10.760 10 .155 10.149 10.74410.13910.13310.12810.12210.111 

3.663 3 . 663 3.662 3.662 3.661 3.660 3.660 3 . 659 3.,,9 3.6158 
14.150,4.1,714.1 6. 14.17114.17814.18514.192 '4.2'00 ''' . 207 14.214 
10.657 10.652 10. 6 4110. 641 10.636 10.630 10.625 10.620 10.,,4 10.609 

3.651 3 . '" 3. 650 3.649 3 . 6 . 9 3.648 3.648 3 . 6 47 3.6.E 3.646 
1 • • 29314.300 14.30, 14.314 14 . 321 ,4 . 329 1 .. : 336 14.3.3 14. 350 ,4.357 
10 . "151 10.545 10.54010.53510.'529 10.524 10.519 '0.5t4 10.508 10.1503 

Velocity --- Velocity in Kilometers per Second 
Period --- Period in Hours 
Ang. Vel. --- Angular Velocity in Radians per Day 
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TABLE 9 (continued ) 

i 
v.tacit)' 
Porlod 
AIle. V.I. 

~ 
Vo\oelty 
Porlod 
AQI. V,l. 

~ 
V.locJty 
Porlod 
_ .Vol. 

I 
Voloclty 
Porlod 
AIle. V.l, 

I 
Voloclty 
Porlod 
AlII. v.1. 

I 
Voloetty 
Porlod 
AIle. V.I. 

a I 
V.loetty 
Porlod 

I ADa. V.I. 

~ 
Veloclty 
Porlod 
Me. V.I. ; § V.loclty 
Porlod 

~ Anc. V.I. 

I 
V.loetty 
Pori"" 
Arc. '.1. 

i 
V.loelty 
Porlod 
ADc. V.l. 

~ 
V.lodty 
Porlod 
AIle. V.I. 

I 
V.loclty 
Porlod 
Me. V.I . 

~ 
V.loclty 
Porlod 
_ . Vol. 

I 
V.loetty 
Period 
Anc. V.I. 

§ V.loetty 
Porlod 

!l' ArIC. V.I . 

i 
V.locJty 
Porlod 
Anc. v.l. 

~ 
Velocity 
Period 
AIle. v.t . 

I 
Velocity 
Porlod 
AIle. V.I. 

I Veloelty 
Period 
ADI. V.1. 

~ 
V.loclty 
Porlod 
Anc. V.I. 

I ~ 
V.loclty 
Porlod 
Anc. V.I. 

~ 
V.lodty 
.. rlod g Anc. V,l. 

I ~ V.Jocfty 
Porlod 
AIle. V.l. 

I V.locity 
Porlod 
MI. V.l. 

~ 
V.loetty 
Period 
AD&. V.I. 

i 
Velocity 
Porlod 
Me. V.I. 

~ 
V.loclty 
Porlod 
AIle. V.I . 

I 
Velocity 
Period 
ADc. V.I. 

I 
V.loe1ty 
Porlod 
AlII. V.I. 

L .. '00. , .. lIO. IlO. 100. 150. .... ... 
.l.u"!! 3 .•• 1 J.bl'} J . 6J6 J.61l J.6Ju 3.~27 J,b24 l ... .!! J . ."s 

14 .364 14 . 400 f .. . 4 T6 '4.47~ 14.~O8 ' '' .'"i 44 , .. . 'so '''.bI1 ,4 ... 53 ' ''. Gtl9 
10. 498 10. 4 72 10. ··6 .0. 4 20 10.394 10 . 369 10. ]'12 10.ll7 10. :'''9 1 10 . 2b6 

3. ' 86 3. ' 81 3. ' 80 3.517 J.' ''' 3.'11 3.'69 3."166 3. '63 3.:56('1 
".os9 1,. 12' '5 . 162 ".19S 1 ~ .2." ".271 " . 308 15.J45 ,".J~2 I~ . • ,i 
c)'~9 . 9.970 9 . 946 9.922 9.898 9.814 9 . &', 9.821 9.SO. 9.180 

3. ' 29 3.'27 3.'24 3 .521 3 . 518 3.516 3.,13 3.510 3 . 501 3.ao:l 
15 . 8 2' 15. 862 ' 5 .899 1'.936 1' . 973 , (. .010 16.0. 8 16.08' 16 . 1~2 IC.160 
9. 529 9. 501 9 • • a , 9 .463 9 . • • 1 9.419 9 . 391 9.375 9.353 9.332 

3 • • ,' 3 • • ,3 3 • • '0 3 • • 68 3 .• 6' 3 •• ,2 3 . • bO 3 •• 57 3 .• '5' 3 •• 152 
16. ' 12 '6.6;0 f6. 6.8 " .68 ' 16.12316."6116.79916:83616.814 16.911 

9 . 099 9.019 9.058 9.038 9.011 8 . Q 91 8.971 8 . 9'7 8.9J6 8 . ~ 16 

3 •• 2. 3 • • 21 3 • • 19 3 • • 16 3 • • 1. 3 •• " 3 • • 09 3 . • ";'6 3 • • 0 . 3. 402 
11 .331 17 .369 11 •• 08 11.44617. 4 " . 17.'523 17.'561 11.59917.63817.616 
8.701 •• 682 8.663 8.6'" 8.62' 8 . 606 8. , 81 8.568 8.5'0 8 . &31 

3. 315 3.312 3.370 3.367 3.365 3.36J 3. 360 3.358 3.356 3.3'3 
18 . 10 1 18. 140 18.17918 . 21818.2" 18.296 18 . 335 18 . 313 IfI • • 12 18 .• ,2 

8 . 3JI 8.3 1'; a.295 8 . 217 8.260 8.2.2 8.225 8.207 6.190 8 .113 

3.328 3. 325 J . n3 3. 321 3.318 3.316 3.31 . 3. 3 11 3.309 3.301 
18".8S3 10. 92i Hr.'" 19.001 1~ . 04 0 H).DUo 19. 1 19 19.I ~9 19.198 ". 238 
7.986 1 .969 1."3 1 . 936 7.fl20 1·'04 1 . 887 1 . 871 1 · 855 1 . 83' 

3.282 3 . 280 3.218 1.216 3.213 3 . 271 3.269 3 . 267 3.26' :3.262 
19 . 615 19 . 7 1S 19. 7" 1 9.19~ 19.83' 19.87'5 19.91 5 19 . 95'519.99'520.03' 
1.664 7.6 4' 7 . 633 1.6 18 1.603 7. 587 7 . '512 1.'" 1 . :5 . 2 7.'21 

3.239 3.231 3.23, 3 .232 3.230 3.228 3 . 226 3. 22 . 3 . 222 3.220 
20. 47& 20 . "8 20. 55920.599 20.6.020.68020.-721 20.161 20.90220 . 8 4] 

1.J64 1 .J. 9 1.3]' 1.J2' 7.306 7.Z')2 7.278 7.263 1.2. 9 1.ll5 

3.197 3 .1 95 3.193 J . 191 3.189 3.Hn 3.185 3 .183 3.181 3.171 
21. 2<Jl 2' .33'2 Tl . JTj n . 4" 21. . 55 21. ... 'i!6 21 . '538 :t1.~ I f. 620 2Lt>" 

1.OS2 1 .069 1 .055 1.04 : 1.028 1.015 1 . 002 6.,8€' 6. ~7:5 6.-:'I to2 

301 " 3.1 " ].153 J.1 5 1 30149 3.1 .. , 3.1 '" 3.1 4 3 ] . 1. , 3.139 
22.11622.1 5722.199 22 .24022.28222 . 12322.36522.40622. 4.822 . 490 
6.819 6. 806 6.193 6.780 6.168 6.7fSS 6.74J 6 . 730 6.118 6.705 

3 . 118 3. 116 3 . 114 ! . 112 3 . 110 3.10~ 3.1(\1 3.10'5 3.103 3.101 
22.'5022 . 99"2 23.0J. 23.01~ 21.1 18 23.'60 23.202 23.2. 523.287 23.J29 

6 . 5" 6.5:19 6. 541 6 .,35 6.523 6.5" 6. 4 99 6. 481 6 . • ,6 6 .46 4 

'.~ '.~L~ '.='.~'.~L_'.~"~"_ 
23.795 23 . 8]723.88023.922 23 . 9G5 2 • • 008 2 • • 050 24.u93 2. ·136 2 .. . 178 
6.331 6. 326 6.3 15 6 . 30. 6.292 6.281 6.210 6.259 6.2. 8 6.137 

l. 045 3.043 3.04 1 3.039 3.038 3.036 3.03" 3.032 3 . 031 3.0;:9 
2 •. 650 24. 693 ~ • • 716 2 •• 1192 • . 822 24 . E'b ' : • . ~1)8 2 •. 9:>1 2 • . ~94 21S. 0 J8 
6.118 6.107 6 . 096 6.086 6.075 6.06'5 6 . 0'5. b.O'" 6.0ll 6.023 

3.010 J.008 3.006 3.00' 3·003 J.OOI 3.000 2.998 2.996 2.995 
2 5 .51 4 2 5 .5582' .6022'5.' . 52'5.68925.1]22'.1162'5.820 2'.863 2:5.907 

'5.910 5.900 5. 8 '0 '5.880 5.810 5.%0 5 . 8~0 '5.e . o 5 .e31 &.821 

lO. '00. ' lO. lOO. ".. lOG. 1lO. '00. .... 
2 . 976 2 . 975 2.913 2.971 2 . 910 2.'968 ~.%b :.fI €- ~ :.%3 2.%1 

26 • .1S9 26 .• 33 26."'726.,2126 . 56.5 26 . 609 26 . 05. ~6.o9b : 6 .7.':- .:-&.18b 
5.71 . '. 705 5 . 69' '5.686 '.616 :5.66 7 5.6" 8 .... 6.€' '5.63i 5. 6 30 

2.94 4 2. 9 42 2 . 9 . 0 2.939 ~.931 2.9]6 2. 9 3. 2.9.:3 ~ . 9Jl 2.929 
21 . 274 21.318 27.363 27 • • 0121 .• , 227 • • % Z7., . 1 27.~Es" 27 . 630 27. 6 7'5 

' . ' 29 ' . 5 20 5. 5 " , . , 02 , • • .,3 5. 48. 5 . • 7$ ' •• 66 ' • • '58 1) • • 4 ' 

2 . 912 2 . 911 2.909 2.908 2.906 2.90. 2.90J 2.901 2.900 2.898 

2~.~ ~,:}1~ 2l,n: 2~:i~: 2~:i~~ l~:n: 2t ;~~ 2~:;~; 2~:~;~ 2: : ~~~ 

2.882 2.890 2.819 2.811 2.816 2.814 2.813 2.871 2.910 2.868 
29.012 29 . 11 1 29 . 16J 29 . 20829 . :54 Z9.2"'9 2f>.3 .,!, 29 . 390 29 . d6 ~9 .• 91 

5 . 181 '. 119 , .1 1 1 ' .16 ] '.15' :5.141 5.119 ' .131 t · l;'3 5.11'5 

2 . e 2 2 .851 2. 8. 'jJ 2. 8.8 2.846 2. 84 5 2.8 . J 2.84 2 2.84 1 2 . 839 
29.98' 30.03 1 30. 017 30.123 30 .1 69 30 . 2" 30.261 30 . 307 JO . 353 3(,. 399 

S .029 5.02 ' 5 . 014 ' .006 • • ~98 4. 9"1 ... 983 4 .916 • • fl68 • • 9~ 1 

2 .823 2.822 2 . 821 2 .8 19 2.818 2. 8 16 2.8 15 2 . 81 4 2.8 12 2. 8 11 
30 . 90730 . 9'431. 00031 .0.' 31 .093 31.140 3 1.186 31 .233 JI . 279 31 .326 

4 . 8'flJ 4.8)2 4.n. ~ . 8n 4 .0,0 4 . 84 J 4 . 8J~ 4.a:te • . 82' 4 . 8T,," 

LM2.~ Lml._ 2.~LML~'._'._2._ 
... 1. 83' 31.88631. 9 3331.98032 . 02132.074 32. 121 32.1,8 3Z.21' 32.262 

4 . 136 '. 7 29 • • 172 •. 11' • • T08 4 . 102 4. 69:5 ' .688 4 .68 1 • • 674 

" .769 2.'1" 2. T66 1.iG! 2 .761 2. 7 62 2 . 761 2. /S9 '2. '/58 2.1&7 
32 .780 32 . 828 32.87, 32 . 922 32 . 910 33 · 017 33.0b. 33 . 1 12 ]3.159 33.201 

• . 600 • . 5~ • • , S7 •. '80 •. " . 4 .561 • . '561 •. 5'54 • . ,.8 • • , . , 

2. 1.2 2 .7.1 2 .740 2.13' 2.131 2.136 2 .135 2.733 2.732 2.131 
33 . 130 33. 178 3 3.826 J3 . 8 14 33.922 33 . '69 34 .017 34 .0." 3 • . 113 34 .161 

4 . 41f •. 46. 4 . 4'58 4 . <i n .. . .. '5 • • • 39 • • 03 . . .. :: 4 . • ~1 • . 4 14 

2 . 1 11 2.116 2 .114 2.713 2.712 2 . 111 2.109 2.708 2.107 2.706 
) • • 690 34.738 3 • • 786 3 4 .834 34 .882 3 • • 931 34.979 35 .(127 3'.016 3~.114 

• • 341 4 . 34 1 •. 33, • • 329 4 .323 4 .311 4 .3 11 •. 30' •• 299 • • 293 

2. 692 2 . 69 1 2 . 6 90 2. 688 2.68 7 2 . 6 86 1 . 685 2.68. 2.682 "2 . 68 1 
35 . 6" 35 . 106 3'.7 '55 3'5 .80. 35 . 8'2 3,. 901 3'."03'. 99836.0. ' 36.096 
•. 229 4.223 •. 21 8 4. 2 12 • • 206 •. 200 • • " 5 • • 18" •. 183 •. 118 

2.668 2.667 2. 66 6 2 . " . 2. 663 2 . 66Z 2.66 1 2.660 2.65 8 2.6~7 
36.63 .36.68436.133 36.78 216. 83 1 36. 880 3b.929 36.918 n.0.t8 3'1.017 

4 . 116 4.1 11 ' .10'5 • • 100 4 .094 • . 0('9 • • 083 • . 078 •. 073 4 .061 

2., ... 2. 6 43 2. 64 2 2.6.1 2.64 0 2 .6J9 2.617 2.636 2.635 2 . 63. 
n • ., 20 37.670 31. 71 9 31 . 769 37. 8 18 37 .868 37.911 11 .96"1 J IL 0 11 38 . 066 

• • 008 • . 003 3. 99a J . 99 3 3.981 J . 982 3.911 3 . 972 3.%7 3 . 961 

2. 622 2.'20 2. 61 ' 2. ,1 8 2.611 1.b16 2. " '5 2.6 1. 2.613 2 . b l! 
38 . 61.38. 66.38.1 14 3 8 .76. 38 .a l . J8. 86 . 38. 91 4 38. 96 . 39.0 1'5 39.065 

3 . 905 3 . 900 J.89, 3 . 89 0 3 .88' 3.880 3 .87~ 3.810 3 .86'5 3 .860 

, .- ,.- ,.~,.-,.-,.-,.-,.-'.-,.~ 
39 . 61 139. 66839. 1 1839. 169 J ... . 81 9 n . 869 19. 9Z0 39.970 . 0.021 . 0.0' 1 
3. 806 ].8013 . 191 3 . 1923.787 3 . 1a2 3.771 3 . 113 3.16& 3.763 

Velocity -- - Velocity in Kilometers per Second 
Period - __ Period in Hours 
Ang. Vel. ___ Angular Velocity in Radians per Day 
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lOO. ,.,. .... .... ",. 71O. .... ... ... . ... . 
3.61 ' 3.612 3.609 3.,06 3 . 603 3.600 1!: ~: ~' I~: ~~~ I~': ~~i,~ : ~:j 1 • . 12' 1 • • 161 14. 798 1· .834 14 . 870 1 • • '06 

10.24 1 10.216 10. 19 1 10 .1 66 10. 14 \ 10.1 16 10.091 10 . 067 10.0.J 10 . 0 111 

3. , ,, 3 . '55. 3."2 3.549 3 . 5. 6 3 . 5 .3 3. '4 0 3 . 538 3 . '35 3.~J2 

15 . • " 15. 492 ". ' 29 15 .,66 , '.60 3 1, .6.0 1'.616 " .1 13 15.7,0 115. 781 
9.757 9. 1 34 9. 71 1 9 . 68 8 9 . 66 5 9. 6 . 2 9.619 9 .'91 9 . 514 9 . 15152 

3 . ,02 3, " 99 3 . .. 91 3 •• 9 . 3 • • 91 3 •• 8' 3 .486 3 . • 8 3 3 . • 81 3 • • " 
16.19116 . 21. 16. 272 lb . 109 16 .341 16.184 16. 4 22 16 • • " "6 .• 97 Ii. e34 
9.310 9.28, 9.261 9.2. 6 '.22' 9 . 20. 9. I S3 9. 162 9 . 1. ' 9 . 120 

3.4. 9 3. 4., J . ... 3 . ... 2 3 . 439 3 • • H 3. 4 34 3 •• ]2 ] •• 2'9 ] . 426 
16.95016.98811.02611 . 064 17 . 102 ".140 11 .118 11 . :i11 1":- 2'-' 11 .2.3 
8.896 8.871 8.8" 8 . Ul 8 . 81 1 8.798 8.718 8 .159 8 . 739 8. 120 

'._'.~~_' . ~J._'._ ~_J.~ '.~'.~ 
11.11S 17 . 7'53 17.192 11 . 830 11.869 \7.908 17.946 11 . 985 111 .02. 18 . 0, 1 
8.,,2 8 . • 9. 8.476 8 .4'7 8 . 439 8. 42 1 8 .403 8.38 5 8 .361 8.349 

3.151 3.348 3 . 3.6 3.3" 3.3. 1 3 . 339 .1.337 3. 3 34 3.332 J.no 
Ie . • " 18.'53018 . '56918 . 60818.641 18.G86 18.12' le.765 18. 80 4 la . h3 
8.1'55 8 . 138 8.121 8.10. 8 .081 8.070 8 .0' 3 8 . 0 36 8 .019 8 .003 

3 . 305 3. 302 3 . 300 3.298 3 . 296 3 . 29J 3.291 3. 28 9 3 .28 1 3 .2A4 
1'J.211 19.317 19.1~1 1' • .$, 6 i9 .436 19 • • '" '9."S 19.55S ": , , , 1".635 
1.822 1.606 1 . 190 7 . 114 1 . lS9 1 . 143 1. 1 21 1.711 1."6 7.680 

1.260 ].2,8 1.256 3 .2'4 3.252 3.249 3 .241 J . 2.' J .2.3 3 . 2 .. 1 
20 . 07520.11 5 20. 15,20 .1 9620 . 23620.216 20.31 4 7D.nt'1tJ7'l9"f7r.07 

1 . , , 2 1 .• 97 1 • • 8'2 7 . • G7 1 . 4' 2 1.431 1 .• 22 7 . • 0 8 1. 39 3 1 . 378 

1.218 3.216 3 . 1 13 3.211 3. 209 3 . 201 3 .20' 3.203 3. 20 1 3.1 9'} 
20.883 20.92. 20.965 21.005 21.0 46 21. 081 2 1. 128 21 . 16~ 21. 210 2 1.25D 
7.al 1.201 7.193 '."9 7. 16 5 1. 1" 7.1 37 1.1 240 1.11 0 1 .0" 

3.111 3.17'5 3 .1 13 3.\ 1 1 3.169 3.167 3. 16' 3. 16J 3. 161 3 .1159 
21.70221.1 . 321. 765 21.82621.86721.90921 .9502 1. 991 u.033 22.074 
6.949 6.91' 6.922 6.909 6.896 6.883 6.810 6.8'51 6.844 6 .811 

1.131 3.11' 3 . ll3 3./11 3 . 129 3 .128 3.126 3 .124 3 ,,22 3. ' 20 
22"3222.'513 22 . 6\522.6 '51 22.699 22. 1.0 22.7S-2 12 . 82" 22. 846 2 2. ':II0fI 
6.693 6.680 6.668 6.656 6.64 3 6.631 6.61 9 6 . 60 7 6." S 6 .S8J 

"_'._L_ '._J .~J._L~ '.~" _ "_ 
23.311 23 . 41323.4 '623 .• 9823.'40 23. ' 8J 2l . ~2'5 2 1 .6~ 2 J .1I0 23.'7 :52 

6 • • 52 ,. '" 6. 42'l 6 • • ,1 6 .• 0& 6.394 6.38J 6 .J l 1 6 . J60 6 . 34 9 

1.062 3.061 3 . 0'59 3.057 3.0:55 3 . 05 4 3 . 052 ] .0 ' 0 3.048 3. 0 . ' 
2 •. 221 2 • . 264 24 .3062 • . 34924. 39 2 24 .• 3'2 • • 478 2 • • 5 2 1 2 • • , 60 . 24 .607 
6.22' 6 . 215 6.2():. b,,93 6.182 6.11 1 6 . /6 1 6,, ' 0 6.1 3 9 6 . 128 

3.021 3.025 J.024 1. 022 3.020 3.0 18 3. 011 3 . 0 1~ 3."1 j 3 . 012 
25.08 1 2'.1: . 2'5.1&72:5. 21125. 2,4 2' .291 l S.J4 1 ".384 25 .• 2 8 2& . • 71 
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IV. PER TURBATIONS 

SYMBOLS 

Right ascension, a r ea 

Semimajor axis 

Ballistic coefficient C DA/2m 

Drag coefficient 

Eccentric anomaly 

Eccentricity 

Universal gravitation constant [ 6 . 670 

(1 ± 0.0007 ) x 10- 8 cm 3 /kg- sec 2] 

Magnitude of the angular momentum 
per un it mass; step s i ze in numerical 
integration 

Orbital inclination 

Coefficients of the zonal harmonics in 
the Vinti potential 

Latitude 

Mean anomaly n (t - to ) E - e sin E 

Mass 

Mean motion = 211/ 7 = ~ J.1 /a
3 

Semilatus rectum = a ( 1 - e
2

) 

Perigee radius = a ( 1 - e ) 
also quantity in Encke I s equation 

Vehicle coordinates R = r, S normal 
to R in the plane of instantaneous mo-

tion (S . V = positive number), W com ­
pletes the set 

Radius 

dr 
at 

I V -1 

r 

U 

V 

x,y,z 

E 

8 

7 

>2 
e 

w 

Time 

Potential function 

Velocity vector 

E quatorial Cartesian coordinates 

Angular coordinates of perturbing mass 

-1 ~ -
cos (r ' V ) - 90° 

-J.1 /2a = energy per unit mass 
2 

Vo r 
Dimensionless parameter j.1 - 1 

True anomaly 

= GM = masses' gravitational constant 

Disturbing potential 

Perturbed <I> in Anthony and Fosdick 
theory 

(x - xe), (y - Ye), (z - ze ) in Encke' s 

solution - - also vehicle - centered coordi­
nates 

Orbital period 

Time of perigee passage 

Central angle measured from the as ­
cending node 

Right ascension of the ascending node 

Rotational rale of the earth, 
1 revolution every 86, 164. 091 mean 
solar seconds 

Argument of perigee 

w \1+ w 



A . INTRODUCTION 

The Keplerian relations, as discussed in 
Chapter III, give convenient approximations for 
use in preliminary orbit computations . However, 
in order to obtain pre cise earth satellite orbits, 
the various perturbing factors which give rise to 
accelerations (in addition to that of the central 
force field) and cause the motion to deviate from 
pure conic form must be considered. These per ­
turbative accelerations may be due to the mass 
asymmetry of the earth, the gravitational attrac ­
tion of other bodies, atmospheric drag, electro ­
magnetiC drag, radiation pressure, thrust, or 
may be required ·to account for relativity effects . 
These factors affect the motion of the satellite to 
a varying degree depending on the shape and 
mass of the satellite and the type of traj ectory. 

Special perturbation methods involve the 
formulation of the differential equations of mo­
tion in such a manner that the computation of an 
orbit is achieved by numerical integration. The 
perturbation method to be used is determined by 
the type of problem that is under consideration. 
Similarly, all combinations of integration tech­
niques and perturbation methods are not equally 
suited to the solution of a particular problem, 
even though the use of such combinations is pos ­
sible. Because numerical integration is subject 
to the inevitable accumulation of errors which 
eventually destroy the validity of the results, 
special perturbation methods are restricted to 
the prediction of earth satellite orbits for times 
dependent upon the desired accuracy , the for ­
mulation of the problem and the number of digits 
carried in the computations. 

One source of error in the numerical integra­
tion process is roundoff error, resulting from the 
limited number of digits which can be carried in 
computation. The roundoff error is not reduced 
by double-precision computation where tabulated 
values to b e interpolated at each integration step 
are known t o less than single-precision accuracy. 
This error obviously increases with the number 
of computations, which in turn increases with 
decreased integration step size. Roundoff propa­
gates through the numerical integration so that, 
assuming a normal error d~stribution, the absolute 
error incurred in double integration is 

(the product of the number of steps and 

the original roundoff) 3/2 

A second source of error is truncation. This 
error arises because of the finite polynomial 
approximations in the integration formulas. Since 
the terms in the polynomials involve powers or 
differences of the integration interval, the trun­
cation error can be reduced by choosing a smaller 
integration step. Therefore, increasing the num­
ber of integration steps decreases the truncation 
error, but increases the roundoff error. 

B. SPECIAL PERTURBATIONS 

1 . Perturbative Forces 

The equation of motion of a perturbed orbit is 
of the form: 

IV -2 

r 
r 

- J.l j + F ( 1) 
r 

where F is the sum of the accelerations due to 
the various perturbing forces . If F = 0, there 
are no perturbations and the motion is Keplerian . 

If the position coordinates of the vehicle and 
the perturbation accelerations are given in rec ­
tangular equatorial coordinates, Eq (1) can be 
written: 

.~ = - J.l .; + L O~i' x "' y, z 
r . 

1 

where I o~i is the sum of the perturbation ac ­

i 

( 2) 

ce lerations . These terms are discussed in the 
following paragraph s . 

a . Vinti potential 

If the earth were homogeneous in concentric 
spherical shells, its potential would be that of a 
point mass . The effects of the flattening of the 
poles and lack of symmetry about the equator, 
however , manifest themselves as perturbative 
forces on satellites in the vicinity of the earth . 
The acceleration due to the oblateness of the 
earth can be written in a simple form attributable 
to J . Vinti of the National Bureau of Standards: 

x = J.lX 
- r3 

J3~ (~) 3~ (3-7~ ) 

+ J 4 (~r i ~ 3 + 42 ~ 63 ~ ) 

(r-R ) 5 rZ 1 ( 4 2 ) +J5 "8 -693~+6 30~ - 105 

y = x ¥.. 
x 

z J.lZ 
-j 

r 

2 
10 z 

""""2" 
r 

35 z4 ) 
34 

r 

+ J 4 (~r i (-15 + 7 0 ~ - 6 3 ~) 

+ J 5 (~r i ~ (1 5 - 315 ~ + 945 ~ 

- 69 3 ~) + . . . J 

+ .. .J 
( 3) 



where J. are the harmonic coefficients. Since 
1 

the earth is almost spherically symmetric, the 
J i are all small compared to 1 (see Chapter II). 

b. Perturbative terms due to remote bodies 

The perturbative terms due to remote bodies 
which can be considered as point masses can be 
written directly from the integrals for the n-body 
problem as developed in Moulton (Ref. 1) and in 
other texts on celestial mechanics. 

x = 

00 

y (4) 

00 ~ (Z~i L /.I. ---r 
i=! 1 r~i 

z = 

where r ~i is the distance from the satellite to the 

ith body and r i is the radius from the center of 

the earth to the ith perturbing body. For the case 
of an earth satellite, lunar and solar attractions 
are the major sources of perturbations for short 
term orbits. The order of magnitude of these 
perturbing forces may be observed in Fig. 1. 
(Subsequent discussions appear in Section C of 
this Chapter. ) 

c. Thrust 

If thrust is applied, it may also be handled 
as a perturbation. The general procedure, how­
ever, for large thrust-to-mass ratios is to treat 
the thrust periods in a different fashion by con­
sidering the vector sum of the th·rust and central 
force terms as defining the reference trajectory 
rather than the central force term alone. Since 
the thrust vector is determined by the maneuver 
requirements and the guidance law to be utilized, 
no analytic solutions are available for this ref­
erence trajectory; thus, numerical integration is 
necessary. Indeed, no single form of the per­
turbing acceleration can be written other than its 
resolution in terms of generalized vectorial com-

T T T 
ponents; for example: ~, -.L and ~. 

m m m 

d. Atmospheric lift and drag (Ref. 2) 

00 

x 
2 . 2 {~'Y (v) 

v 
a (H) y (a) 

x 
~ DO s v:-z 

s 

- /.I' (A +~) f (r) ~J iT 0 

[(r x ~)x sin ~ 

+ 1 ~ x (~ x g)f x cos ~J} x -> y, ~ 

2 C L 
- /.I'y(v) a (H) y (a) .;. -c::-

s DO 

(5) 

IV -3 

where the vehicle velocity relative to a 
rotating atmosphere with cross winds is 
given by 

v 
X 

v = 
y 

v 
z 

where 

A 

B 

D 2 
o 

f(r) 

H 

m 

Q 

q 

r 

s 

.. 

.. 

x + yne+ q (cos a sin cp' cos f3 

+ sin a sin (3) 

y - xne+ q (sin a sin cj>' cos f3 

- cos a sin (3) 

~ - q cos CP" cos {3 

constant fitted to the Mach 
number variation of the drag 
coefficient with a mean sonic 
speed ~ 1 

Initial projected frontal area of 

the vehicle, m 2 

constant fitted to Mach number 
variation of the drag coefficient 
with a mean sonic speed 

~ Cs (~:T -0 
o 

~eference (hypersonic continuum) 
value of the drag coefficient (0.92 
for a sphere, 1. 5 for a typical 
entry capsule) 

lift coefficient 

local sonic speed in terms of sur­
face circular satellite speed 

CD AO Po V CO 2/2 gomo 
o 

2 
/.IODO ay(a) 

acceleration of gravity at unit dis­
tance (surface of earth) 

altitucle above an oblate earth = r - 1 

. G f2 (1 1 \ 2 + f Sill" I + T r - 4) sin 2cp I + ..• 

1 
where the flattening f • ~ (units 

of earth radii) 

mass of space vehicle (kg) 

unit vector in the orbit plane perpen­
dicular to the line of apsides 

speed of the cross wind measured in 
a system rotating with earth I s angular 
rate (units of surface circular satellite 
speed V

CO
) 

radius from the geocenter to the vehicle 

speed of the vehicle with resp:,ct to an 

inertial frame, directed along Q 

J 



V : co 

x ,y, z 

Surface s peed for circular orbit--
790 5. 258 m /sec 

e quator ial coordina tes in units of 
e quatorial e a r t h r adii 

right ascens ion of t he vehicle (rad ians ) 

(3 

y (v ) 

a zimuth of the direction fr om which 
t h e w ind i s c oming 

C (v / C ) / CD ' the dr ag c o efficient 
D s 0 

var iation with Ma ch number 

Y (a ) CD (a) /CD ' the drag coeff icient v aria­
o 

P 

e. 

tion in the trans itional r egime 

c onstant r elating to the r otational rate 
of the ear th, 0.05883447 0 

m O/m 

bank angle 

atmos pheric density , kg/m3 

"s ea level" atmos pher ic d e ns ity, 

1. 225 kg /m3 

L 
Po 

ge ocent r ic latitude, r adians 

Radiation pressure 

A body in the region of the earth is subjected 
to solar radiation pressure amounting to about 

-5 / 2 4. 5 x 10 dyne cm , the order of the force being 
the same for complete absorption and specular 
reflection of the radiation. Radiation pressure 
is an important source of perturbations for satel­
lites with area-to-mass ratios greater than about 

25 cm2 / gm . Th e effects of radiation pressu re 
on lifetime are discussed i n Chapter V and also 
in Section C -7 of this chapte r. 

The rectangular coordinates (X-axis toward 
vernal equinox) of the accelerations are: 

: = ; ::: ;0 sin A } (6) 
o 0 

z = f sin i sin A 
o 0 

where: 

i o 

A 
o 

f 

inclination of the ecliptic to the equator, 
23 . 4349 0 

mean right ascension of the sun during 
the computation 

4 . 5 x 10 -
5 (~ )~ . 

sec 
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f. E l ectromagnetic forces 

As a satellite moves through a partly ionized 
medium, the incident flux of electrons on the 
satellite surface i s larger than the ion flux, so 
that the satellite acquires a negative potential. 
On the day side of the earth, this effect is op­
posed by the photoejection of electrons. Jastrow 
(Ref. 3) estimates that the satellite potential may 
approach - 60 volts on the day side a nd will not be 
greater than - 10 volts on the night side . 

In addition to the potential acquir ed by ionic 
collision, the motion of a conducting satellite 
through the magnetic field of the earth causes 
the satellite to acquire a potential gradient which 
is proportional to the strength of the magnetic 
field and the velocity of the satellite . The inter ­
action of the electric currents thus induced in the 
satellite skin with the magnetic field causes a 
magnetic drag to act upon the satellite; this drag 
is proportional to the cube of the satellite dimen­
sions. 

If these forces are found not to be negligible, 
they can be included directly by the use of Max­
well's equations or indirectly by use of a n at­
mospheric model which takes the effects into ac ­
count . 

g. The effects of relativity 

Perturbations caused by relativity are of the 

V
2 

order a = ~ 4, where c is the speed of 
c rc 

light . Since a is a very small quantity and any 
measurable deviations occur only after a long 
period of time, relativistic effects can usually 
be ignored in the case of earth satellites . A mod­
ification of Newton's law as a consequence of the 
theory of relativity can be found in Danby (Ref. 4). 

Substitution of these perturbativ e accelera­
tions (a through g) in Eq ( 2) yields the complete 
equation of motion . 

2 . SpeCial Perturbation Methods 

Three special perturbation methods currently 
used for computing earth satellite orbits will now 
be discussed with an evaluation of the main ad ­
vantages and disadvantages of each . 

a . Cowell ' s method 

In Cowell ' s method, the total acceleration, 
central as well as perturbative, acting on a 
satellite is integrated directly by one of the 
numerical integration techniques (Section B of 
this chapter ). The equations of motion which 
must be integrated twice to obtain position co ­
ordinates are: 

.. /J.x I 0 0 x = - 3 + x., x -+ y, z . 
r . 1 

1 

These equations are symmetrical in the rec ­
tangular coordinates and are simple in form; 
they apply to elliptic parabolic and hyperbolic 
orbits, and require no conversion from one co­
ordinate system to another . 



A disadvantage of the method is the large 
number of places which must be carried because 
of the large central force term to prevent loss 
of significance for the small perturbations. Also , 
since the total acceleration, which is subject to 
fairly rapid changes, is being integrated, it is 
necessary to use a smaller integration step to 
maintain a given accuracy. This requires an 
increase in the number of integration steps and 
the inherent roundoff error a c cumulation. De­
tection of small perturbation effects such as 
those caused by radiation pressure may be im­
possible due to roundoff and truncation errors. 
Cowell's method is especially useful when the 
perturbation forces, such as thrust, are of the 
same order as the central force. 

b. Encke's method 

In the Encke method, only the deviations of 
the actual motion from a reference orbit, which 
is assumed t o be reasonably close to the actual 
orbit, are integrated. Usually a two-body ref­
erence orbit is used since the position at any time 
on this orbit can be determined analytically. How­
ever, more complicated reference orbits such as 
Garfinkel's solution (Ref. 5), which is known 
analytically and which incorporates some of the 
oblateness effects in the earth ' s gravitational 
potential, might be used on an earth satellite 
orbit. 

Let x, y , Z denote the actual position of the 
satellite and x e ' Ye' ze the position on a Keplerian 

reference orbit. 

The equations of motion in an inertial frame 
of reference are then: 

.. 
x x ..... y, Z (7) 

(8) 

Let the deviations from the reference orbit 
be S, T), ~ so that: 

T) 

x - xe} 
Y - Ye 

Z - Z e 

(9) 

Differentiation of Eq (9) and substitution of Eqs 
(7) and (8) into the result yield: 

~. = x - x e x ..... y, Z for s ..... T), ~ 

x) '\ 0 0 

~ + 4 Xi 
( 10) 
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Because of the possible loss of significance in 
subtracting nearly equal quantities in Eq (10), it 
is necessary to rewrite Eq (10) in better compu­
tational form. 

2 
r 

Substitute Eq (9) into the defining equation for 

2 
r (11) 

222 
(xe + s) + (Ye + T) + (ze + ~ ) (12) 

= r: + 2 [S; (xe + ~ S;) + T) (Ye + ~ T) 

+ ~ (ze + i ~) ] ( 1 3) 

Define q to be: 

1 [1 1 q = -Z S (xe + 2" s) + T) (Y e + 2" T) 

r e 

(14) 

So that Eq (13) becomes: 

(1 + 2q)- 3 /2 (15) 

Encke's series, using a binomial expansion, is 
defined by: 

1 - (1 + 2q)-3/2 

00 

'\ (_l)k-l (2k + l)! qk 
L 2k (k!)2 
k=1 

fq 

-1/2 < q < 1/2 (16 ) 

Substitution of Eq (16) into Eq (10) yields Encke's 
formula: 

~. 
'\ 0 0 

(fqx - s) + L xi 

i 

(17) 

This equation, which employs series expansion, 
yields more accurate deviations when the terms 
are small. When the terms exceed a certain 
limit, a process of rectification is initiated, 
that is, a new reference orbit is computed. The 
limits on q needed for rectification are estab­
lished as: 

( 18) 

where 6~' is the allowable error in f and a n+1 is 

the coefficient of the fir st neglected term of the 
Encke series. 



In contrast to Cowell's method, only the dif ­
ferential accelerations due to perturbations are 
integrated to obtain deviations from a two-body 
orbit. These deviations are then added onto the 
coordinates of the satellite as found from the 
two-body orbit to obtain the actual position of the 
satellite. Since the deviations are much smaller 
and, therefore, need not be determined as ac ­
curately, it is possible to maintain a given ac­
curacy with larger integrating steps. As a con­
sequence of the larger integrating steps, there 
is less danger of serious roundoff accumulation. 
Moreover, the integration errors affect only the 
least Significant figures in the deviations and, 
when added to the much larger positions deter­
mined from the reference orbit, should have a 
less serious effect on the overall accuracy. Al­
though the roundoff error is less, Encke' s 
method involves expressions that are much more 
complicated and often less symmetric than 
Cowell's simple formulas. In addition, both the 
necessity of solving the two - body formulas at 
every step and the possible need for rectification 
introduce additional sources of error. In the 
former case, the frequency of rectification af­
fects the attainable accuracy and also introduces 
small errors in the determination of the mean 
anomaly M. For the case of nearly parabolic 
orbits, errors in the use of the two-body formu­
las in an unaltered form are especially critical. 
This is due to the fact that when the eccentricity 
e '" 1, and the eccentric anomaly E is small, can­
cellation errors arise in forming the radial dis ­
tance r = a (1 - e cos E) and the mean anomaly 
M = E - e sin E. In addition, small division er-

rors will be introduced in forming pia = (1 - e 2). 

The Encke method is especially suited to 
problems in which the perturbative accelerations 
are not large and have their major effect over a 
limited portion of the orbit, e . g . , lunar and in­
terplanetary orbits except microthrust or long­
thrust trajectories. 

c . Variation-of-parameters method 

The variation-of-parameters or variation-of­
elements method differs from the Encke method 
in that there is a continuous set of elements for 
the reference orbit . The reference motion of the 
satellite can be represented by a set of param ­
eters that, in the absence of perturbative forces, 
would remain constant with time. The perturbed 
motion of a satellite may thus be described by a 
conic section, the elements of which change con ­
tinuously. The variable Keplerian orbit is tan ­
gent to the actual orbit at all times, and the ve­
locity at any time is the same in both orbits. 
This reference orbit thus osculates with the ac ­
tual orbit. The variations in the elements used 
to describe the osculating conic can be integrated 
numerically to solve for the motion. 

Any set of six independent constants can be 
utilized for this purpose though it is conventional 
to use the geometrical set a, e, T ,W, nand i. 

p 
Lagrange's planetary equations, which specify 
the variations for this set of parameters, are 
derived in Section C of this chapter . 

It is also possible to choose a different form 
for the reference motion. As in Encke' s method, 
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Garfinkel's solution which' includes part of the 
perturbative forces caused by the non spherical 
shape of the earth might be employed. If the 
drag force predominates, as in the case of entry, 
a rectilinear gravity- free drag orbit as applied 
by Baker (Ref. 6) can be used instead. 

Many variation-of-parameters methods have 
been proposed including those of Hansen, 
Stromgren, Oppolzer, Merton and Herrick. 
These methods differ in the choice of elements 
or parameters and of the independent variable. 
Of these, the parameters suggested by Herrick 
(R ef. 7) will be briefly de scribed here . 

Let x w' y W be rectangular coordinate axes 

in the instantaneous orbit plane with xw the 

axis along the perigee radius as shown. Let P 
be the unit vector in the orbit plane in the di -

rection of perigee, Q be the unit vector perpen­

dicular to P in the direction of motion along the 

y w -axis and W be the unit vector normal to the 

orbit plane in a right-hand system. 

The parameters selected by Herrick for or ­

bits of moderate eccentricity are vectors A (t) 

and B (t) , the mean anom~ly M ~nd the mean 

motion n. The vectors A and B are defined by: 

A = eP 

M 

x 

n = 

where 

kg e ~ a 

z 

a = semimajor axis 

e eccentricity 

p semilatus rectum 

~ y 



The differential equations in the parameters 
have the form: 

t 

A AO + ke S A' dt 

to 

t 

B Bo + ke S B' dt 

to 

t 

n(t) nO + ke S n' dt 

to 

t 

M(t) MO +. nO (t - to) + ke SS n' dt dt 

to 

and the perturbative variations A', B I, n', M I 
are defined as: 

D e ra sin E = ;. ~ 

H ex -r· A 
w 

(;; D' = r . F = xF + yF + zF 
x Y z 

dD' 
I.l Clt 2M- .F 2(dX F + dZ F + dz F ) at x at y at z 

r2 dD' 
H' = 2 DD' - --at 

{J; 

J~B' ~dH' _ dr H' - F H 
ll-' = r --at dt 

J:~ ~ ~ dD' _ dr D' - F D 
ll.l A' = r dt dt 

2 ~ 

e -ip Vi = A· B' = A B I + A B I + A B I 
l.t-' X X Y Y z z 

raM' = {p v' - 2 D' 

3 n a dD ' n' = - 2" -- at 
{Ii" 

The Herrick elements must be related to the 
rectangular coordinates and to the usual e~iptic 

elements because the perturbative forces Fare 
given in rectangular coordinates. It is thus 
necessary to go through the two -body formulas at 
every step, as in the Encke method, and through 
some complicated conversions as well. 
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The essential characteristic of this method is 
that the integration is carried out on parameters 
which are much more slowly changing functions 
of time than rectangular coordinates. Since they 
vary slowly, the error accumulation from the 
calculation of the derivative is, for a long time, 
far beyond the eighth significa nt digit of the 
initial calculation. Thus, it is expected that 
truncation error would appear only for very large 
intervals and much larger integrating steps can 
be taken for a given accuracy. Since in this 
method a system of first order equations is 
being integrated, there is less danger of round­
off error accumulation. A disadvantage is that 
the programming and numerical analysiS in­
volved in this method are the most complicated 
of the three methods discussed. Because of 
this, the computing time per integration step is 
at least twice as long as for a Cowell method. 
The Herrick formulas given here lead to special 
d ifficulties on low eccentricity orbits because of 
small division problems. Similar difficulties 
arise with other variation -of -parameter methods 
for low inclination orbits, as well as for hyper­
bolic and parabolic orbits. Such cases all re­
quire special consideration, thus detracting from 
the usefulness of parameter methods as basic 
integration tools. A new method due to Pines 
(Ref. 8) is apparently suitable for all earth 
satellite orbits. The variation of parameters 
method is primarily applicable to missions in 
which small perturbations act throughout the 
orbit, e. g., microthrust transfer. 

C. METHODS FOR NUMERICAL 
INTEGRA TION (REF. 9) 

Of the factors affecting the choice of an in­
tegration method for space trajectory calcula­
tions, the two most important are speed and ac­
curacy. Other factors, such as storage require­
ments' complexity, and flexibility, are of sec­
ondary importance with most modern computers 
such as the IBM 7090. A good integration sub­
routine should have the following features: 

(1) It should permit as large a step -size as 
possible. Thus, higher order methods 
should generally be given preference 
over lower order methods. 

(2) It should allow for the automatic selection 
of the largest possible integrating step 
for a required accuracy. The procedure 
for increasing or decreasing the step­
size should be reasonably simple and 
reasonably fast. 

(3) It should be reasonably economical in 
computing time. 

(4) It should be stable; that is, errors in­
troduced in the computation from any 
source should not grow exponentially. 

(5) It should not be overly sensitive to the 
growth of roundoff errors, and every 
effort should be made to reduce roundoff 
error accumulation. 

Some of the more commonly used integration 
methods are compared in detail on the basis of 
these criteria. 



1. Single Step ~ethods 

Of the various Runge - Kutta m e thods the Gill 
variation is most popular. It was devised to re­
duce the storage requirements and to inhibit 
roundoff error growth. There seems to be little 
reason to choose the Gill variation over the 
standard fourth order method when modern com­
puters are available, because the storage savings 
are insignificant and the roundoff error control 
can be achieved more simply and more effectively 
by double precision accumulation of the dependent 
variables. 

The process of double precision accumulation 
can be used with any integration method. It is 
extremely effective in inhibiting roundoff error 
growth and very inexpensive in machine time. 
The process consists simply of carrying all de­
pendent variables in double precision, computing 
the derivatives and the increment in single pre­
cis ion, and adding this precision increment to 
the double precision dependent variables. For 
integrating a single equation of the form Y' = 
dy/dt = f(t, y), the formulas for the standard 
Runge - Kutta f ourth order method are 

k1 = hf(tn' Yn) 

k2 = hf (tn + ~, k1 ) 
Yn + --z-

k3 = hf (tn + ~, k2) (19) 
Yn +"T (continued) 

k4 = hf (tn + h, Yn + k3) 

where h denotes the integration step-size and n 
denotes the integration step. 

Runge -Kutta methods are stable, follow the 
solution curves well, have a relatively small 
truncation error among fourth order methods, 
and do not require any special starting proce ­
dure. However, 

(1) They tend to require more computing 
time, since four derivative evaluations 
per step must be made compared to one 
or two for other multistep methods. 

(2) The usual fourth order methods restrict 
the step -size for a required accuracy. 

(3) There is no simple way to determine the 
local truncation error and, as a conse­
quence' it is difficult to decide on the 
optimum step - size for a required accu­
racy. 

Various suggestions have been made for over­
coming this deficiency. The same trajectory 
could be integrated twice: first with step -size 
h and then with step -size h/2. The difference 
between the two values at a time t can then be 
used to decide whether the step -s ize should be 
increased or decreased. This process involves 
three times as much computing and, therefore , 
cannot be seriously considered. The simplest 
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method, proposed by Aeronutronic, is to integrate 
over two intervals of length h and then to re ­
compute the dependent variable using Simpson's 
rule, 

(s ) = + ~ (' + 4 , + , ) 
y n + 1 y n - I 3 Yn + 1 Yn Yn - 1 

The difference between this value and that 
obtained by the Runge-Kutta method at time 
tn + 1 is then used as a criterion. This pro-

cedure is relatively simple and inexpensive, but 
there is no mathematical justification for it. 
Any decision to change the step -size based on it 
might be erroneous . 

Other single step methods include several 
attributable to Heun, the improved polygon or 
Euler -Cauchy method, and a method employed 
by C. Bowie and incorporated in many ~artin 
programs. Bowie's method is outlined below. 

. . . h 
Yh/2 = Yo + yO 2 

. h .. h 2 

x h / 2 = xo + Xo 2 + Xo ""8 

. h .. h 2 

Yh/2 = yo + yo 2+ yo ""8 

Step A 

xh / 2 = f h/2, Yh/2 = gh/2' xh = fh, Yh = gh 

Xh I 2 = Xo + ~4 {s KO + 8 'xh 12 - xh } 

Yh/2 = YO + ~ {s YO + 8 Yh/2 - Yh} 

2 
x h 12 = Xo + Xo ~ + lk (7 Xo + 6 xh 12 - xh ) 

2 

Yh/2=YO+Yo~+lk (7'YO+ 6Yh/2 -'Yh) 

xh = Xo + ~ {X'o + 4 Xh/2 + Xh} 



Yh =YO+~{YO+4Yh/2+Yh} 
2 

xh = Xo + Xo h + h6 { XO + 2 xh /2 } 

2 

Y h = YO + YO h + h6 { YO + 2 Y h / 2 } 

Step B 

xh / 2 = fh/2' Yh/2 = gh/2' xh = fh, Yh = gh 

Xh = Xo + ~ {Xo + 4 xh /2 + xh } 

Yh =Yo+~{Yo+4Yh/2+Yh} 

If the functions f, g do not actually involve X, 
y it is clear that xh / 2' Yh/2 need never be com-

puted and that xh' Yh need only be computed at 

the point they occur for the last time in the above 
list . 

It will be noted that the process as described 
above involves two iterations and requires that 
the functions f, g be evaluated five times. If 
further iterations are desired, one simply goes 
back to the point marked "A" when he completes 
all the steps of the preceding page. Note that 
Steps "A" and "B" are identical, though the 
formulas immediately following them are not. 

If the number of iterations are continued un­
til there is no (sensible) change, the solution is 
exact on the assumption that x and Y vary quad ­
ratically over each interval. Since this assump­
tion is exactly reahzed o rily in trivial cases (for 
which it would be unreasonable to use any step­
wise method), the optimum procedure seems to 
be to do only the two iterations as the list of 
steps implies . Put another way: when the over­
all accuracy is not sufficient, it is better to 
shorten the time interval than to increase the 
number of iterations beyond two per interval. 

2. Fourth Order Multistep Prediction -Correct 
Method 

Of this type, for a fir st order system y ' = 
f(t, y) are the Milne and Adams-Moulton methods . 
The Milne formulas are : 

(p ) = y + 4h (2y'1 y.' + 2y.' ) 
Yn+l n - 3 3 n - n - 1 n - 2 

+ ~ h 5 y v (I;) 

(c) _ + h ( I + 4y' + y" ) 
y n+ 1 - Y n -1 "3" Yn + 1 n n - 1 

(20 ) 

h5 
v - W y (I;) 
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and the Adams -Moulton formulas are 

9 I ) + 251 h5 v ( ) 
- Yn - 3 no- y TJ 

(21) 
(c) h ( 

Y n+ 1 = Y n + 24 9y~ + 1 + 19y~ + 1 - 5y~ - 1 

19 5 v ( ) + y~ _ 2) - 'nO h Y TJ 

For these methods, as well as for all multi­
step methods, special formulas must be used to 
obtain starting values at the beginning of the in­
tegration and wherever it is desired to double or 
halve. A Runge-Kutta method is the most con ­
venient for obtaining these starting values. The 
difference between the predicted and corrected 
values provides a good estimate of the local 
truncation error and this estimate can then be 
used to decide on whether to increase or reduce 
the step-size. 

The Milne method has a somewhat smaller 
local truncation error, but for some equations it 
may be unstable (i. e., errors introduced into 
the computation will grow exponentially) and, 
while some techniques have been suggested to 
eliminate this instability, it is probably advisable 
to avoid the use of the Milne method . 

The Adams -Moulton formulas are uncondi­
tionally stable and lead to a fast and reasonably 
accurate method. Its principal disadvantage is 
its low order of accuracy which restricts the 
integration step -size. 

3. Higher Order Multistep Methods 

Variation-of-parameter methods lead to 
systems of equations which are essentially first­
order in form as contrasted to Cowell and Encke 
methods which lead to systems of second order 
equations. For second order systems, special 
integration methods are available. 

Before considering these, the Adams back­
ward difference method applicable to first 
order systems must be mentioned. If the sys­
tem has the form y' = f (t, y ), the Adams 
formulas are 

(22) 

where V k is the backward difference operator 
defined by 

The first few values of Q'k are (I, 1/2, 5/12, 

3/8, 251 /720, 95/288 ) for k = 0, I, 2, 3, 4, 5. 
If Nth differences are retained, the principal 

. . 0 (hN+2} part of the local truncation error is . 
If Nth differences are retained, then N + 1 
consecutive values of y. must be available, and 

1 



these must be supplied by some independent 
method. This Adams formula is of the open 
type and, therefore, not as accurate as a closed 
type formula of the same order would be. How­
ever. it involves only one derivative evaluation 
per step and this, combined with the smaller 
truncation error, leads to a very fast, stable 
integration method for first order systems . 

The Adams method can be modified for 
second order systems . Thus, if the system to 

d
2 

be solved has the form y" = ~ = f (t, y, y, ), 
dt 

the method consists of applying the formulas 

N 

y~+l = y ln+ h L 1lk '\7kf 
k=O n 

N 
(2 3) 

Y n+ 1 = Y n + h y~ + h 
2 L {3 k '\7kf 

k=O n 

The firs t six values of ak are the same as those 

given above, while the first six values of I\: are 

(1/2, 1/6, 1/8, 19/180, 3/32, 863/10080 ). 

In contrast to the straight use of differences 
as exemplified by the Adams method the Gauss­
Jackson method makes use of a summation 
process. The formulas may be expressed in 
terms of differences or in terms of ordinates. 
In ordinate form, predicted values for y at time 
t = tn are given by the equations 

~ = h
2 

(fn + nt Ckfk ) 

k=O 
(24) 

where the first sums Ifn _1 / 2 and the second 

sums IIfn are defined by the recurrence relations 

If = f + If 
n-1/2 n-1 n-3/2 } (25) 

IIf = If + IIf 
n n-1/2 n-1' 

Using these predicted values , Yn' d/dt (Yn)' and 

the attractions fn may be computed from the 

equations . The following corrector formulas 
can then be used to obtain improved values for 
Yn' d/dt (Yn) 

c = h
2 ('f + f 1 f ) Y n n 6 Ck k 

k =l 
(2 6) 
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1 1 The coefficients ck' dk, ck ' d , depend upon 

the number of differences retained. For n = 11, 
the coefficients are given in Ref. lO . With a 
single precision machine, it is recommended 
that eight differences be retained in these for ­
mulas . The starting values as well as the first 
and second sums must be supplied by an in­
dependent method . The difference between the 
predicted and corrected values can be used to 
decide whether to double or halve the step- s i ze . 
A convenient method for starting or changing the 
step-size is the Runge -Kutta method, but, since 
this is a lower order method, several Runge­
Kutta steps will have to be taken for each Gauss­
Jackson step. 

The Gauss -Jackson second -sum method is 
strongly recommended for use in either Encke 
or Cowell programs. For comparable accuracy, 
it will allow step-sizes larger by factors of four 
or more than any of the fourth order methods . 
The overall savings in computing time will not 
be nearly so large, however, because per step 
computing time is somewhat greater and because 
the procedure for starting and changing the in­
terval is quite expensive . As compared with 
unsummea methods of comparable accuracy, the 
Gauss -Jackson method has the very important 
advantage that roundoff error growth is inhibited. 
It can be shown that , in unsummed methods 

roundoff error growth is proportional to N 3 /2 , 
where N is the number of integration steps com-

pared with N I /2 for summed methods. The 
Gauss-Jackson method is particularly suitable 
on orbits where infrequent changes in the step­
size are necessary. Frequent changes in the 
step-size w~ll result not only in increased com­
puting time but in decreased accuracy as well . 

Finally mentio ned is a higher order method, 
associated with the name of Obrechkoff, which 
makes use of higher derivatives . A two-point 
predictor - corrector version as applied to a first 
order system y' = f (t, y ) makes use of the for­
mulas 

Y (p ) ( ) ~ ( 8Yn" n+1 = Yn-1 + 2h 4y~ - 3Y~ _1 -;;) 

.. 2 
+ 7 II ) + ~h (7 III - 3 III ) 

Yn- l 15 Yn Yn- l 

+ 1 3h 
7 

v ii (s ) 
6300 Y 

( c ) h ( I ') h
2 

( Yn+ 1 - + + "") - Yn 2' Yn+1 Yn -nr Yn+1 - Yn 

h4 ( "I III' h7 vii 
+ no Yn+1 + Yn) -roo,aoo Y (S) 

(27) 

where the higher order prim es mean the higher 
order derivative of y with respect to t . The dis ­
advantage of this method is that the higher deriv­
atives of the dependent variable must be available . 
Thus, to use these formulas , the first order sys­
tem would have to be differe ntiated two times. 

/ 



Moreover, as the force terms in the equations of 
motion change, these higher derivatives will also 
have to be changed . Thus, in spite of the favorable 
truncation error, this method cannot be recom­
mended as a general purpose subroutine for space 
trajectory computations. However, the method 
appears clearly tailored to the lunar trajectory 
problem (Ref. 11) . 

4 . Special Second Order Equations of the Form 
y" - £(t, yJ 

The free -flight equations in the absence of 
thrust or drag forces can be written in the form 
y" = f(t, y) with missing first derivative terms . 
Some formulas which take advantage of t his form 
have been proposed . The following special 
Runge -Kutta method, for example, require s only 
three derivative evaluations per step and, thus, 
results in a saving of about 25 percent ove r the 
standard Runge-Kutta formulas: 

kl hf(t n, Yn) 

\ k2 hf (tn + ~, Yn + ~y~ + ~kl ) 

k3 hf (tn + h, Yn + hy~ + ~ k2 ) 

j 
(28) 

Yn+l = Yn + h [y~ + 1/6 (k1 + 2k2)] 

y~+1 = y~ + 1/6 (k1 + 4k2 + k3) · 

A predictor -corrector method (due to Milne 
and Stormer) adapted to this form makes use of 
the formulas 

?n+l = Yn + Yn-2 - Yn-3 + h: (5fn + 2fn - ll 
TABLE 1 

• 

6 
+ 5f ) + 17h vi ( S) 

n-2 "24lJ y 

These formulas appear to achieve a local trun­

cation error of O(h6) while retaining only four 

ordinates . compared with an O(h5) error for 
other fourth order methods. However, this 
advantage is illusory since the overall error is 

still O(h 4) as in fourth order methods . In ad­
dition these formulas are somewhat unstable rel­
ative to roundoff error propagation . In practice 
there appears to be little to recommend the Milne­
Stormer method. 

The characteristics of these various integra­
tion routines are summarized in Table 1. 

5. Evaluation of Integration Methods 

The more important integration methods in 
general usage will be evaluated below as they 
are utilized with the various spe cial perturbation 
form ulations . 

a . Cowell method 

For the Cowell method , the choice of an in­
tegrating routine is very important because of 
the greater danger of loss of significance due to 
roundoff error accumulation. The Gauss-

Comparison Criteria 

Ease of 
Method of Nurperic al Truncation Changing 

Integration Error Step-Size Speed StabUity 

Single Step Me thods 

Runge-Kutta h5 · Slow Stable 

Runge -Kutta Gill h
5 · Slow Stable 

Bowie h3 Trivial Fast Stable 
(step-size 
varied by 
error con-
trol) 

Fourth Order Multistep 
Predictor-corrector 

MUne h5 Excellent Very Cast Unstable 

Adams-Moulton h5 Excellent Very fast Unconditionally 
stable 

Higher Order Multistep 

Adams Backward Arbitrary Good Very fast Moderately 
DiUerence stable 

Gauss -Jackson •• Arbitrary Awkward and Fast Stable 
expensive 

Obrechkoff h7 Excellent ... Stable 

Special Second Order 
Equations [ y" = f(t. y)l 

Special .Runge-Kutta h5 · Slow Stable 

Milne -Stormer h
6 Excellent Very fast Moderately 

stable 

*R-K (single step) trivial to change steps , very difficult to determine proper size . 
• *Gauss-Jackson is for second order equations . 

••• Speed of Obrechkoff depends on complexity of the higher order derivatives required; 
it could be very fast. 

I V-ll 

Roundofr Error 
Accumulation 

Satisfactory 

Satisfactory 

Satisfactory 

Poor 

Satisfactory 

Satisfactory 

Excellent 

Satisfactory 

Satisfactory 

Poor 



Jackson method of integration is recommended 
for Cowell programs because it allows larger 
step-s izes and because it inhibits roundoff error 
growth. 

b. Encke method 

For the Encke method, the choice of an in­
tegration method is less important relative to 
accuracy. There is some advantage in computing 
time, however, in choosing a single step method 
which will allow frequent changes in step-size 
without the necessity of going through an expen­
sive restart procedure . For lunar flights, it 
has been found that the Obrechkoff method is es­
pecially useful in reducing computing time, but 
this method does not appear to be easily adaptable 
to other types of orbits or to other formulations . 
Although the Gauss -Jackson method is recom­
mended in Encke programs, its advantages over 
other methods are not as great as in Cowell pro­
grams. 

c. Variation -of -parameters method 

For variation -of -parameters methods. the 
Adams backward difference formulas are re~ 
commended among h_igher order methods and the 
Adams-Moulton formulas among lower order 
methods. 

In general, multistep integration methods 
which allow for automatic adjustment of the size 
based on an error criterion are preferred . 

With any integration method, the process of 
double precision accumulation of the dependent 
variables should be used to prevent excessive 
roundoff error growth. 

6. Summary of Studies on Special Perturbation 
Methods 

In order to provide the mission analyst with a 
set of guide lines in determining the best integra­
tion methods for various special perturbation 
methods used in computing precise satellite tra­
jectories' it is useful to examine the results ob­
tained by others in the industry. This section is 
intended to show the interrelation of the mission, 
formulation of the problem, and method of inte­
gration so that the most efficient, accurate, and 
economical balance is achieved. Several serious 
questions, which must be carefully considered 
by the mission analyst, are raised in connection 
with the balance between the type of orbit and the 
scheme of integration. 

a . Aeronutronic report (Refs . 12 and 13) 

The Cowell, Encke and Herrick methods are 
compared for the following problems: a selenoidal 
satellite which is physically unstable, but for 
which an analytic solution is known; a low thrust 
trajectory; a high thrust trajectory and a ballistic 
lunar trajectory. In all cases the integration is 
carried out with a Runge -Kutta method with 
variable step- size adjustment. Their conclusions 
are: 
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(1) For the Cowell method, the effect of 
roundoff error is felt very quickly-­
within a few hundred steps . 

(2) Overall, the Encke and Herrick 
methods are computationally more 
efficient than the Cowell method. 

(3) On ballistic lunar trajectories, the 
Encke method is best . The Cowell 
method requires almost ten times as 
many integrating steps as the Encke 
method and three times as many as 
the Herrick method . 

(4) On continuous low thrust trajectories, 
the Herrick method is superior. 

(5) On trajectories where high thrust 
corrective maneuvers are introduced, 
the Cowell method is superior. 

Although the trend of the conclusions in this 
study is probably correct, there are serious 
questions as to the validity of the conclusions on 
the degree of superiority of the perturbation 
methods . For one thing the method of integra­
tion (Runge -Kutta) favors the perturbation meth-
0d . For the Cowell method, the choice of in­
tegration method is much more important, as 
indicated earlier. Experience has shown that 
roundoff error effects are not nearly so critical 
as concluded here. Both the use of the Gauss­
Jackson integration method and double precision 
accumulation make roundoff error much less 
serious for the Cowell method than indicated 
here. The evidence presented, moreover, is 
not conclusive relative to accuracy. The nu­
merical results, for example, are not given at 
corresponding times, and no accurate standard 
for comparis on is available except for the un­
stable selenoidal satellite . The selenoidal satel­
lite is by no means typical of the earth satellite 
problems and any generalizations of results 
based on a study of this orbit must certainly be 
viewed with skepticism . 

b. Republic Aviation report (Ref. 14) 

The orbit selected is that of a vehicle moving 
in the gravitational field of two fixed centers. 
An analytic solution in terms of elliptic functions 
is available for this orbit so that an accurate 
standard is thus available. This study compares 
the Encke, Cowell and Herrick methods with two 
different integration routines: a fourth order 
Runge -Kutta method and a sixth order Adams 
method. The conclusions of this study are: 

(1 ) The Encke method was superior to the 
others in both accuracy and machine 
time . For an integration over a 100-
hr period the Encke method required 
0 . 5 min, the Herrick method 2 . 5 min 
and the Cowell method 3. 5 min. All 
of those programs used the same in­
tegration method and the results were 
comparable as to accuracy. 

(2) The Herrick method is superior to the 
Cowell method relative to attainable 



accuracy and slightly better relative 
to computing time. 

(3) An integral of the motion, such as 
the energy integral or a component 
of the angular momentum, is a poor 
positive test of accuracy. 

(4) The Adams method is considerably 
faster than the Runge-Kutta method 
by a factor of almost three . 

(5) Double precision accumulation is 
very effective in reducing errors 
due to roundoff. 

(6) The largest error in the Encke and 
Herrick methods arises from errors 
in solving the two-body formulas, 
particularly as such errors affect the 
mean anomaly calculation. 

The conclusions of this stUdy appear to be 
well grounded. The only serious consideration 
is that the orbit sel ected is quite specialized 
and that no strong perturbations such as those 
due to oblateness or thrust are considered . Thus 
the extent to which these results can be assumed 
typical for satellite orbits is in some doubt . 

c . Experiments at STL 

Th~ relative efficiency of the special per­
tur~atlOn methods 1S a function of (1) the type of 
?rb1t an~ (2) the method of integration. A given 
1OtegratlOn subroutine may favor one of the 
methods over another , so that the use of the 
same subroutine for a ll methods does not con­
stitute a fair test. 

In general there appears to be no doubt that 
the Encke method is computationally the most 
efficient on ballistic lunar trajectories. For 
~omparable accuracy, however, the advantage 
10 computing time is probably on the order of 
two or three, rather than ten as is sometimes 
quoted, when any of the standard integration 
subroutines are used . 

There is no doubt that the Cowell method 
requires much greater care to ensure that 
roundoff errors do not become a serious factor 
in the accuracy. However, effect ive methods 
are available to curb roundoff error growth. 
When these are used, the Cowell method is still 
a very useful tool for many space computations . 

None of the orbits considered in the reports 
by Aeronutronic and Republic Aviation appear 
to be applicable to the earth satellite problem in 
which a small but significant force , such as that 
of oblateness, is continuously applied. 

To obtain information about the comparative 
performance of these special perturbation meth­
ods on earth satellite orbits, a numerical study 
was recently completed at STL. An idealized 
orbit was selected for the study with initial ele­
ments: 

a = 1. 5 earth radii 
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rl 

period of the un­
perturbed orbit 

perigee distance 

apogee distance 

0.2 

45° 

w = MO = 0 

155 min 

800 mi 

3200 mi 

The only perturbation force considered was that 
d~e t.o the second harmonic in the earth's gra­
VltatlOnal potential (J 2)' An accurate standard 

against which to check the programs was pro­
vided by a double precision Cowell program. 
The double precision program yielded results 
on the unperturbed orbit (J 2 = 0) which agreed 

~ith the. known. an.a~ytic solution to a few digits 
10 the e 19hth s 19nif1cant figure. For the per­
turbed orbit, the results provided by the standard 
are correct to at least seven significant figures. 

Single precision floating point programs for 
the Cowell, Encke and Herrick methods were run 
on an IBM 7090 and compared with the doubl e 
precision standard. Great care was used to en­
sure that all physical constants and initial con­
ditions were identical in all programs . The in­
tegration was performed over 64 revolutions 
with output at 20 -min intervals . Table 2 gives 
the method of integration used, the local trunca­
tion error .criterion, the number of integration 
steps reqUlred, the computing time for 64 revo­
lutions, and the maximum error in the distance 
6r over the 64 revolutions. For each method 
s.everal runs were made with successively 
tighter error criter ia, and the most accurate of 
these was selected for the comparison. While 
the Cowell method required almost twice as 
many integrating steps, overall computing time 
was only slightly greater than the Encke method 
and, moreover, the accuracy was somewhat bet­
ter. The Herrick method gave the best accuracy. 
The relatively large computing time required 
by the Herrick method is partially accounted for 
by the fact that the Adams -Moulton formulas 
(fourth order) are of lower order than the Gauss­
Jackson formulas (sixth order). Since the latter 
will allow integrating steps perhaps twice as 
large for the same accuracy, the adjusted com­
puted time would be comparable to that for the 
Cowell method. 

A more detailed comparison of achievable 
accuracy is contained in Table 3 where the maxi­
mum errors in the distance r, the mean anomaly 
M, the semimajor axis a , and energy integral E 
ar~ given on the 20th, 40th and 64th revolutions. 
It is clear that the Herrick method consistently 
y ields the most accurate results and the Encke 
method yields the worst results. For all meth­
ods, there is a strong correlation between mean 
anomaly errors and position errors , indicating 
that the error is largely along the path of the 
motion. This conclusion also follows from the 
energy integral errors which are seen to be rela­
tively constant and much smaller than the position 
errors. It may also be concluded that the con­
stancy of the energy integral is a poor positive 
test of accuracy in the position coordinates. The 

_I 



TABLE 2 

Numerical Results - -Spec ia l P erturbation Methods 

Computing 
Method of Error Number of Time Maximum 6r 

Formulation Integr atio n Criterion Steps (m in) (ft ) 

Cowell Gauss - Jackson 1 x 10-10 10, 200 5. 75 800 

Encke Gauss-J ackson 7 x 10-10 6395 5. 31 17 00 

Herrick Adams -Moulton 5 x 10-10 7000 11. 45 400 

TABL E 3 

Maximum Error - -Special Perturbation Methods 

Method Cowell 

Revolution 20 40 64 

6r x 106 1. 2 2. 2 4.0 
(er) 

6M x 103 0. 3 0 . 6 1 
(deg) 

6a x 107 1. 6 1. 4 1 
(er ) 

6E x 109 1 1 1 

(~fn) 2 

error in the semimajor axis i s also seen to be 
smaller tha n the position errors, ind icating that 
the geometry of the orbit i s much more accurately 
determined than position in the orbit. 

Although these results show that the Herrick 
method yiel ds the most accurate results a nd the 
Encke method takes the least computing time, the 
order of magnitude of the difference is not suffi­
cient to lead to a clear preference for anyone 
method . Some impr ovement in the Encke and 
Herrick results could probably be obtained by 
even more careful analysis of the two-body 
formula computations. The Encke method, for 
example , is quite sens itive to the frequency of 
rectification and some improvement might be 
obtained by experimenting with rectification. 
There appears to be little reason to prefer 
either the Encke or the Herrick methods on 
earth satellite orbits of moderate eccentricity 
particularly, since they are considerably more 
complicated an d require much more careful 
numerical analysis . In addition, special difficul­
ties will arise in limiting type orbits (low eccen­
tricity, high eccentricity, critical inclination) 
which do not arise when the Cowell method is 
used . 

20 

2. 2 

1 

3 

4 
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E n cke Herrick 

40 64 20 40 64 

6 8. 4 0 . 2 0. 8 2 

2 2.7 0.1 0 . 2 0 . 6 

3. 5 3 2. 2 2. 2 2. 2 

6 9 2 2 2 

D. GENERAL PERTURBA TIONS 

Chapter III presented the discus sion of motion 
about point mass (or a spherically symmetric 
mass ). Although that discussion is revealing, it 
does not in ge neral constitute a solution to the 
probl em because the assumptions utilized prevent 
the solution from behaving as it should for the 
true gravitational field . In the preceding sections 
of this chapter, discussions have been prese nted 
which circumve nt these limitations; however, 
in the p r ocess much generality has been lost since 
nothing can be said for trajectories beyond the 
neighborhood of the numerically obtained trajec­
tory a nd nothing can be said about the long - term 
behavior of the orbit. (Before pro ceed ing, it 
must be added in defense of numerical integra-
tion that the solutions thus obtained are valid to a 
very high order of approximation. ) For these 
reasons it is desired that analyti c express ions be 
presented which can be utilized to describe the 
motio n of a satellite to varying orders of approxi­
mation. The approach taken here will be first to 
discuss the variation of the orbital elements and 
secondly, the first order secular or cumulative 
perturbations which can be added as linear fu nc­
tions of time or as di screte corrections to the two­
body solution to improve the fit of the resulting 
motion. Then as a third step, the various general 
perturbation theories (1. e . , approximate analytic 
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solutions for the perturbed motion obtained by 
series expansion) which present second order 
secular and periodic effects will be discussed. 
The advantages and disadvantages of this ap­
proach are summarized at this point. 

Advantages of general perturbation methods 
are: 

(1) They are very fast both because no 
step-by-step integration is necessary 
to obtain the elements at a given time 
and because the computing time per 
pOint is very small (on the order of 
1 sec per point on an IBM 704). 

(2) The accuracy of the computation is 
lim ited only by the order to which the 
expansion is carried out, and not by 
the accumulation of roundoff and trun­
cation errors . 

( 3 ) They can maintain reasonable accuracy 
over many hundreds of revolutions . 

(4) They allow for a clearer interpreta­
tion of the sources of the perturba­
tion forces and the qualitative nature 
of an orbit. 

Disadvantages of general perturbation meth­
ods are: 

(1) Nonconservative forces, such as drag, 
are not easily included in the theory . 
No simple and adequate theory has yet 
been prepared which includes such 
forces in a form suitable for numerical 
computation . 

(2) The effect of other forces, such as 
luni-solar perturbations and radiation 
pressure, are difficult to incorporate 
since they involve substantial amounts 
of new analysis and checkout. 

(3) The series expansions are very com­
plicated' and programs based upon 
them are complicated to write and 
difficult to check out even for a first 
order theory . 

(4) There is a serious degradation in ac­
curacy for special types of orbits in­
cluding the important case of nearly 
circular orbits (e - 0), highly ellipti­
cal orbits (e - 1) and orbi ts near the 
critical inclination (i - 63 . 4°) . 

(5 ) Although agreement with observations 
does confirm practical convergence, 
no mathematical proof of convergence 
has yet been given for any of the 
general perturbation methods, nor are 
any estimates of the error in the trun­
cated series available . 

Finally, these discussions will be fo llowed by 
those of atmospheric effects and extra-ter­
restrial effects. 
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1. Rates of Chan e of Satellite Orbital Elements 
Caused by a Perturbing Force Re . 15 

The instantaneous rates of change of satellite 
orbital elements caused by a perturbing force, 
as given, for example, by Moulton (Ref. 1, pp 
404 and 405 ) are derived from astronomical 
perturbation theory involving tedious mathemati­
cal transformations . The purpose of this de­
velopment is to give a simplified derivation of 
the same equations by using only elementary 
principles of mechanics . It is hoped that this 
approach will make the equations more meaning­
ful and the discussions which follow later in the 
chapter more readily appreciated. 

Consider a satellite of mass m moving in the 
inverse square force field of the earth. Its or­
bit is a Kepler ellipse (Ref. 1, Chapter V) 
specified by the following orbital elements a, e, 
h, w, i and MO (see following sketch) . The 

location of the satellite in its orbit is given by 
the angular position <j> which is measured in the 
orbital plane from the node. The angular dis ­
tance of the satellite from perigee is called the 
true anomaly, S . Therefore, 

<j> = w + e (30) 

The radial distance, r, from the center of the 
earth to the satellite is given by 

r = p 
1 + e cos e (31 ) 

The satellite's energy per unit mass, E, and its 
angular momentum per unit mass, h, are related 
to the orbital elements by the equations 

(32) 

and 

2 · _ r::-;: 2 -r--z 
h = r S = "J.I P = na " 1 - e ~ (33) 

where: /.l = GM (the product of the gravitational 
constant and the earth's mass) and a dot over a 
quantity indicates a time rate and 

n = -Cf. 
" a

3 
(34) 

Now suppose that a perturbing force F acts on 
the satellite . The orbit will no longer be a Kepler 
ellipse, but at every instant we can associate an 
"instantaneous osculating ellipse" with the new 
orbit by choosing the Kepler orbit corresponding 
to the instantaneous radius and velocity vectors 

of the satellite and to the potential energy, -?-' 
of the satellite in the gravitational field of the 
spherical earth. This is the orbit the satellite 
would follow if the perturbing force were re­
moved at that instant . The true orbit can thus 
be specified completely by a series of elements 
of the instantaneous osculating ellipse. There­
fore, the set of differential equations which shows 
how these elements change with time is equivalent 



Z - axis 

h 

equinox 

to the Newton or LaGrange set involving the co­
ordinates and their rate of change with time . 
With this discussion as background, the rates of 
change of the orbital elements a, e, n, wand i 
will now be derived . 

Following Moulton (Ref. 1, p 402), the per­
turbing acceleration, F / m, may be resolved into 
a component R along the radius vector (meas­
ured positive away from the center of the earth), 
a transverse component S in the instantaneous 
plane of the orbit (measured positive when 
making ~n angle less than 90 deg with the velocity 
vector V), and a component W normal to the in­
stantaneous plane (measured positive when 
making an angle less than 90 deg with the north 
pole or z-axis ). 

Let the unit vectors along the three direc­
tions be denoted by n , n' and n' . That is, r s w 

4 ~ -...!) -...!) 

F = m (Rn
r 

+ Sn + Wn ). s w 
(35) 

To find the rate of change of the semimajor 
axis, a, refer to Eq (32 ) for the relationship to 
the energy 

da 
at (36 ) 

The energy change (per unit mass) may be found 
from the definition of the work done on the satel­
lite by the perturbing force. 
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Y-axis 

-) 

V (37 ) 

-) 

where V is the ins tantaneous ve loc ity vector, 

V = rn + ran = a :>7'C n + rn . -) -) . -) . ( dr -) -) ) 
r v uo r s (38) 

Now from the definition of the instantaneous os­
culating ellipse , it is clear that its velocity 
veclor is the same as the instantaneous velocity 

. dr 
vector of the actual orbit. Therefore a and de 
in Eq ( 38) may be evalualed from Eqs (31) and 
(33 ) to obtain 

V = na
2 ~ ( re sin a ; + r~ ). (39) 

2 TTe cos e r s 
r 

-) 

Forming the dot product with F / m and substi-

tuting the resulting expression for iii- in Eq ( 36 ) 
yields 

cia 
CiT 

2e sin a 

n~ 
R+2a ~ 1-e2 

nr S (40) 

which is the expression given for g.r by Moulton 
(Ref. 16) . 



To derive the changes in the other orbital 
elements. it is necessary to know the .... rate at 
which the angular momentum vector h (per unit 
mass ) changes. This rate of change of h'is then 
known to be equal to the summation of the ex­
ternal moments acting on the satellite. 

-> 
dh 1 -> -> 
df = m (r x F ) 

--) --) .,. --) 

rn x (Rn + Sn + Wn ) r r s w 

-> -> 
rSn - rWn w s 

-> 

(41 ) 

The rate of change of h can also be written as 

(42) 

where da is the angle through which the angular 
momentum vector is rotated i n time dt. There­
fore. 

dh _ 
rS dt -

and 

da rW 
df h ' 

/' 
/ 

-./ -
I I 

(43 ) 

(44) 

Z- axis 

Now. the eccentricity of the orbit may be ex­
pressed in terms of a and h through Eqs (33 ) and 
(34) which y ield 

e = (1 _ ~~ ) 1/2 = (1 _ p/a )1/2 

By differentiating. the following is obtained 

h (2 dh _ h da ) 
2/-1ae crt a crt 

{;7 
2 

2na e 
(2 ~~ -na ~ ~~ ) . 

(45) 

Upon substituting Eqs (40 ) and (43) for ~ and 

~~. Eq (45) takes the final form , 

The motion of the node is the same as the 
motion of the projection of Fi' on the equatorial 
plane (see the following sketch), Let the sub­
script p denote the projection of any vector on 
the equatorial plane . Then it can be seen that 

---
I 1--------~~--------------------7_-
~ I '£ _~;: Y-axi, 

:?-;&dQ / 
______ err /'--- Q---~ 

(~) x (~) ---!----~ 
p p 

X- axis 
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(~ ) 
p 

But 

dQ 
at 

--> 
h 

P 

~ 

projection of h on the equatorial 
plane. 

~ 

projection of iW- on the equatorial 
plane . 

~ 

(iW-) 
p 

the component of QL (£th) 
--> p 

which is normal to h • p 

(47) 

h sin i (i sin 12 - T cos 12) 

where 'i and j are unit vectors along the X - and 
Y-axes, respectively, and 

Z-axis 
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(h ~~;;'J = -rW [ i(-cos <I> cos i sin 12 
p 

- sin <I> cos 0 ) +j(-sin <I> sin 12 

+ cos <I> Clli:) i cos Q)} 

Thus, upon performing the cross product, Eq 
(47) becomes 

rW sin <I> 
(48) 

The change in the orbital inclination is re­
lated to the change in the node . This can be 
seen by referring to the following sketch in which 
two positions of the node, 120 and "\ ' are shown 
with 

and 

6i 

By spherical trigonometry, it can be shown that 

sin 6i = sin i1 cos iO - sin iO cos i l 

_ sin iO 
- --- rcos iO sin <1>0 (1 - cos 612) 

sin <1> 1 ~ 

+ cos <1>0 sin 612]. 

Y -axis 

---' 



Differentiating a nd taking the limit as 6n 
.... 0, the follow i ng i s obtained 

di sin i dn 
Of = sin <I> cos <I> dt . (49) 

Therefore, 

di _ rW cos <I> 

Of - 2 ~ I 2 
na '1 - e 

(50) 

The change in the argument of perigee, w, 
arises from two sources . One i s the motion of 
perigee caused by the forces in the orbital plane 
tending to rotate the e llipse i n its p l a ne . The 
other change occurs because w is measured 
from the moving n ode (see preceding sketch). 
To evaluate the latter changes , assume t hat the 
i n -plane perturbing forces are zero . The n the 
change in w equals the change i n <1> . According 
to the relations in a spher ical tr i a ngle , 

cos "' 1 = cos 611 cos "'0 + sin 611 sin "'0 co s iO' 

Differentiating and taking the limit as 6n .... 0 , 
yields 

d<l> = ( dw ) 
Of CIt W 

_ cos . dn = -r sin <I> cot i 
1 CIt W, 

na2~ 
(51) 

where the subscript W means that this i s the 
change in w contributed by the n odal motio n 
which i s caused by the compon e nt of the per­
turbing acceleration, W, normal to the orbital 
plane. The change caused by the in -plane com-
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pone n ts , Rand S, is denoted by (~) . The 
R , S 

effect of the se in -plane forces is to change the 
instantaneous velocity vec tor which must, at 
every instant, remain tangent to the instantaneous 
osculating ellipse . This ellipse will therefore 
have a changing perigee position. The resulting 
rate of change of the argument of perigee wi ll 
clearly be 

(~) R , S 
dS 
CIt • (52) 

dS Here CIt' the rate of change of the true a nomaly 

caused by the perturbing force , must not be con­
fused with e whi ch is the rate of change of S in 

dS 
an unperturbed Kepler orbit. To evaluate dt ' 

refer to the followin g sketch. 
-J .... 

After the force m (R nr + Sns ) has been ap-

p lied for the time dt, the ve locity vector is 
changed from V to V + dV. the true anom~ 
from S to S + dS and the angl e y , between n 

-J s 
and V, is changed from y to y + dy . The ex ­
pression for y is obtained from the angular 
mome ntum, 

h = rV cos 't . 

Since h = r 
2 

S and V 
that 

1/2 
(r 2 + r2 82) ,it follows 

cos y = [1 + ~ (~) 2J -1/2 

Computi ng ~ from Eq (31 ) yields 

s7 , s 
"-

\ I 
\ / R7 
/. r 

/ \ 
/ \ 

/ \ 
....,> 



cos 'I = 
1 + e cos 8 (53 ) 

~ 1 + e
2 

+ 2e cos 8 

and 

sin 'I = e sin e (54) 

~ 1 + e 
2 

+ 2e cos 8 

Differentiating Eq (54) with respect to time and 
using Eq (52), it is found that 

(
dW ) _[1+ e

2 
+ 2e cos 8 

iff R, S - e (e + cos 8) 

(
sin 8 . ---'-----

1+e2 +2ecos8 

-> 
If N is the component of the force normal to V, 

But 

and 

d-y 
Ndt 
-y-. 

N = R cos -y - S sin y, 

V = !: ~ 1 + e
2 

+ 2e cos 8 
r 1 + e cos 8 

Therefore, 

~ { r(1 + e cos 8) 
dt = h(l + e 2 + 2e cos 8) 

(56) [R(l + e cos e ) - (e sin 8)SJ} 

Equation (56), along with Eq (46 ) for ~~ , yields 

[- (cos 8) R 

(57) 

+ sin 8 (1 + 1 + /cos 8 ) SJ 

The total rate of change of the argument of 
perigee is 

The final element, mean anomaly at epoch, 
which provides the position of the satellite at 
any time also has a time rate . This relation­
ship is obtained directly from Kepler's equation 

a = MO = E - e sin E - nt 
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and can be found by using the equations already 

obtained for ~~ and ~: ' with the relationship 

between E and e g iven by 

cos E - e 
cos 8 = ~ e cos E 

sin 8 ~ 1 - e 2 sin E 
1 e cos E 

The result is 

da 
at 

1 ( 2r 1 - e
2 

) na a - --e- cos 8 R 

- (1 - e
2
) ~ + _r ] (sin 8) S 

nae [ a (l~ 

_ t dn 
iff (59) 

Note is made at this point that the last term has 
been omitted in Moulton, Ref. 1, p 405 . 

This completes the set of equations for the 
orbital elements . The remaining 5 are sum­
marized below for reference: 

da 
at 

de = ~ 1 - e
2 

sin 8 R 
at na 

dn r sin <I> 
Of 

2{;7 .. na - e Sin 1 

di r cos <I> w at 
2{;7 na 1 - e 

dw r sin <I> cot i 
W CIT 

na2 ~ 1 2 - e 

w 

~ 1 2 cos 8 - e 
R nae 

~ 1 - e 2 
+ ---nae (1 + 1 + e ~os 8) sin 8 S 

(60 ) 

If at this point we introduce a disturbing 
function rather than the four components, we can 
put these equations in the Lagrangian form 

R -= a::;: 
Br 

(61 ) S 
1 a=: 

- r d~ 

w= 1 d:::: 
r sm <I> B1 



da 2 a:=: 
at na du-

de ~ [~ a:=: ~: ] at 2 au 
-

na e 

dw ~ 1 2 
d:=: cot i a:=: - e 

at ~ de 
n a 2 ~ 1 2 al na e - e 

dM 2 Ci-:o: 1 
2 

a:=: 
(62 ) - e 

dt da ~ ~ + n n a 
na e 

di cos a:=: 
at 

na
2 ~1 2 Ow 

- e sin i 

dO 1 a-:o: 
or 

na 2 ~1 2 ar 
- e sin i 

2 . First Order Secular Perturbations 

For an oblate body having ax ial symmetry, 
the gravitational potential at any extension point 
may be represented by Vinti's potential 
(Chapter II). If for the present analysis we 
neglect ter ms with coefficients the order of 

J 2 
2 

(i . e . , J 3' J 4' .. ) we can write the work 

function (minus the potential) as : 

u ¥ [l + J; (~ ) 2 (3sin
2

L 

(63 ) 

~ [1 + J; (~ ) 2 (3 sin
2

i sin
2

<j> -l)J 

but since <j> = 8 + w is a periodic quanhty, 

= ~ - ~ cos 2<j> has a nonperiodic part i­
sin2 <j> 

Thus, the potential J will produce secul ar changes 
in the orbital elements as well as periodic 
changes . Before the magnitude of this change 
can be evaluated, however, the constant part of 

the function (a/r )3 must be evaluated . Following 
the method of Dr. Krause (Ref. 16) we have: 

where 

1 
rr 

+ C cos n M 
n 

S
21f n 
o (~ ) cos n M d M 

The Cn are simple functions of the eccentricity 

as may be seen in the expansions of Chapter III . 
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Thus, 

and 

u 

1 
h 

1:: + r .::. secular 

(
.27T 

(1 + e cos 8) d8 
.lo 

(64) 

::::secu1ar = fJ. [J2 ~ (1 - e
2
)-3 / 2 

(1 - 3 / 2 sin
2 

i) ] 
(65) 

At this point we refer to the Lagrangian 
equations of Section D-1 of this chapter and con­
clude that the secular variations in the elements 
are expressible to the first order in J 2 as: 

6a 0 (66 ) 

6e 0 (67 ) 

6w 3rr J 2 (~) 2( 2 5/2 sin2 i) (rad/rev) 

(68 ) 

6M_ 3 J (~) 2 {;"7 (1 - 3/2 ' 2 ') nr- 2" 2 P 
sln 1 

(rad/ rev) (69) 

6i o (70 ) 

60 = - 311' J2 (~) 2 cos i (rad/rev) (71) 

The phys i cal significance for the fact that the 
secular variations in a, e and i are zero may be 
seen by looking at the potential function itself. 
The fact that J 2' J 3 and J 4 are small implies that 

to a first approximation the orbit will be nearly 
e lliptical. Although one cannot assign an un­
ambiguous major axis or eccentrici ty to the per­
turbed satellite orbit, the experience of astrono­
mers has shown that it is convenient to refer the 
motion to an osculating ellipse . This is the 
orbit in which the satellite would move if at some 
instant the perturbing terms were to vanish (J 2 

J 3 = J 4 = 0) leaving the satellite under the at ­

traction of the" spherical " earth. Hence the 



actual pos ition and velocity ve ctor at each point 
define the osculating ellipse in terms of a set 
of elements a, e, and i, where a and e are the 
semimajor axis and eccentricity and i is the 
inclination of the plane of the ellipse to the 
equator. 

The major axis a may be specified in terms 
of the energy E, associated with the osculating 
ellipse . When J 2' J 3 and J 4 are set equal to 

zero to calculate E, only the potential energy is 
altered, and it can be seen that unless r exhibits 
a secular (nonperiodic) variation, which is not 
possible here since we are dealing with bound 
orbits, only periodic variations in E can occur . 
Hence there can be only periodic variations in a . 

Although p, i. e., a (1 - c 2), is a constant of 
the motion, the total angular momentum 11' is not 
constant, because the equatorial bulge produces 
a nonradial component of force . But by the ~,ame 
arguments as above, the torque, and hence h, 
can exhibit only periodic variations. Further, 
since at each equatorial crossing the momenta 
are related by 

p (h cos ilN = constant . 

where N means node, it follows that the orbit 
inclination i behaves Similarly. The same may 
be said for the orbit eccentricity, since the 
equa!i0n for eccentricity depends explicitly only 
on / h/ and a. 

It is noted at this point that since 3 of the 6 
elements vary, the satellite periods will vary. 
The plural of period was intentionally utilized 
at this point because of the manner in which three 
distinct periods are defined (Ref. 17) . 

Anomalistic period is defined as the time 
from one pengee totne next . In that time the 
elliptic angles (true, mean, and eccentric 
anomaly) increase by 360°, while the central 
angle j3 increases by more or less than 360° , 
depending on whether the apsidal notation is 
against or in the direction of satellite motion. 

Nodal period, also called synodic or draconic 
penod, 1S defllled as the time from one ascending 
node to the next . In that time the central angle {3 
increases by 360°, s i nce {3 is measured from the 
instantaneous position of the ascending node . 
The satellite does not, except at an orbit in­
clination of 90°, return to the same relative 
pos ition in inertial space after one nodal period 
due to the regression of the nodes . 

Sidereal period is defined as the time for the 
satellite to return to the same relative position 
in inertial space . In that time the satellite 
central angle as measured from a fixed reference, 
which is not to be confused with the central angle 
as measured from the ascending node, increases 
by 360°. In artificial satellite theory, the sidereal 
period is l ess important than the other two periods, 
it is rarely used, and it will not be discussed any 
further . 
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The perturbed anomalistic period can be 
evaluated from the average angular rate using 
the method of Kozai (Ref. 18) and a relation 

2 3 
analogous to n a = J.,l . 

-2-3 n a 

where 

n 

a 

J.,l = I.! {1 
3 ( R ) 2 - !r J 2 P (1 

3 . 2 i) ~1 -
2 } 2" S1n e 

perturbed mean angular rate 

mean value of the semimajor axis 

ao 11 - 3/2 J2 (~) 
2 

( 1 - 3/2 sin 2 
i) 

·~f 
= effective gravitational constant as 

sensed by the satellite in its orbit . 

This process yields 

Ta 
27T 
n 

r 

3J2Re2 ( 3cos
2

io-l)} 
+ - 2 2 3(r 8 (72) 

a (1 - e ) 

For a near -polar orbit the anomalistic period 
is longer than the unperturbed period, while for 
a near-equatorial orbit the anomalistic period 
is shorter . At inclination angles of iO ~ 54. 7° 

and io ~ 125 . 3°, 3 cos2io = 1, and hence the 

anomalistic period equals the unperturbed period . 
Physically this is due to a combination of the 
mass distribution of the earth and the apsidal 
rotation at these inclination angles . 

The pertur bed nodal period, however, has 
been subject to much more confusion since the 
results of many of the authors are in conflict. 
Upon revi ew of this work, however , it is fe lt 
that to the order J 2 the results of King Hele 

(Ref. 19) and Struble (Ref. 20) are the most pre­
ferable for small eccentricities. (Additional 
discussions and proofs appear in Ref. ] 7 . ) This 
result is: 

Tn 2.r:3 {l _ 3J2 (~ ) 2 
. (7 '0,2, i - , ) } 

(73 ) 

These two period expressions (Eqs 72 and 73 ) may 
be seen to differ in both magnitude and in the 
algebraic sign of the corrective term . This 



apparent discrepancy is due to th e fact that the 
perigee is moving. Thus at the time the per igee 
has rotated through 360 0 the number of nodal and 
anomalistic periods should differ by 1. 

Equations (68). (69 ), (71). (72) and (7 3) are 
presented in graphi cal form as Figs . 2. 3. 4. 
5 and 6, respectively. 

3 . Higher Order Oblateness Perturbation 

The errors inherent in numer i cal integration 
are not conducive to accurate computation of 
orbits over long time intervals . For this rea­
son. general perturbations (analyti c approxi­
mate solutions for the perturbed motion obtained 
by series expans ions) are more useful in mis­
sions of long duration. 

a . Oblateness of the earth 

The potential function of the earth can be 
accurately expressed as an infinite series of 
zonal harmonics. 

u =£. 
r 

~ (R) k ] L J k r P k (sin L~ 
k=2 

where P k (sin L) is the Legendre polynomia l 

of order k. given by 

This is the form of the potential function given 
by Vinti. The recommended values of the co ­
efficients J k and several expansions are giyen 

in Chapter II. The potential function determines 
the motio n of a small body in the earth's field by 

.. 
x au 

=li x --> y. z . 

The classic approach of the general pe r tur bations 
method is the analyti c integration of on e of the 
sets of equations for variation of parameters, 
1. e ., a set similar to that of Section C -l (thi s 
chapter ) with the perturbing function::;: defined by 

= U-l:!. 
r 

. This approach has been taken by several 
authors LBrouwer (Ref. 21), Kozai (Ref. 18), 
Garfinkel (Ref. 22), Izsak (Ref. 23) a nd Krause 
(Ref. 16) to name a few ]. The m ethod results 
in easily visualized perturbations since the 
variabl es are geometric quantities . However , 
because of a failing peculiar to the method of 
analysis , the equations exhibit s ingularities in 
certain elements in the vicinity of the "critica l 
inclination, " 1. e ., i = 63 . 4 0 and for i = 0 or 
e = O. In the first case a phyS i cal explanation 
exists in that since the momenta of the canonica l 
equations are bounded, the system is conditiona lly 
periodic . This situat ion admits 2 possibilities: 
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(1) L ibration, min. q . < q. < max q . 
1 - 1 - 1 

( i = 1, 2, 3). 

(2) Circulation, -00 < qi < 00 • 

These two possible regions are shown in the 
follow ing sketch. 

region 

~ § 
Q)~ 

I 
Cir~ulation 
reglon 

- ,. 
" ", ,," --' 

S'~ I-____ ~ ____ ~~ ______ ~ ______ _ 
QJ H 

.-< cd 
r.LI :> Element 

value 

In the neighborhood of the so -called critical in ­
clination. the e l ements which become in­
determinant merely leave the circulation region 
and enter the libration region. Since the theory 
isn't prepared to handle poi nts of this type a long 
with the more regular points. it ceases to apply 
in this region. This behavior is no reflection 
on the theory in general. since other approaches 
can be utilized in these neighborhoods. 

In the latter cases (i. e ., e = 0 or i = 0 ) the 
problem is one of indeterminacy in one or more 
of the elemeats being utilized to describe the 
motion. More specifically, the angle w cannot 
be utilized for e = 0 because of the fact that the 
line of aps ides cannot be located. Similarly. the 
nodal angle rl becomes meaningl ess if the plane 
of motion is the primary plane of reference . 
Special sets of e l ements have been developed 
however, whi ch may be utilized effectively for 
very low eccentr icity orbit. These sets will not 
be discussed . 

One set of solutions obtained using this 
method including J 2 and J 4 terms in secular 

perturbations . J 2 to J 5 terms in l ong period 

perturbations and J 2 terms in short period 

perturbations, i s presented below. This form 
is exactly analogous to those referenced pre ­
viously; however, there a r e differences in the 
notation and in the coefficients 

a. Secular terms 

232 
• (-1 + 3 cos iO) + 128 J 2 (R)4 _'-2 

PO ,,1 -eO 

.[ 10 + 16 ~ - e~ - 25 e~ + (-60 - 96 ~1 - e~ 

+ 90 e~) c os 2 LO + (130 + 144 fr- -e~ + 

continued 



(74) 

2 22 . ~
-

+ (- 36 - 192 1 - eO + 126 eO) cos 10 

+ (4 30 + 360 VI - e~ - 45 e~) cos 
4 

iO ] 

_ ~ J (~)4 [12 + 9 e
0
2 + (-144 

128 4 Po 

2 2 . 2 4 . JI 
- 126 eO) cos 10 + (196 + 189 eO) cos 10 \ 

(75) 

+ 3 J2 (R)4 ~4 + 12 ~e02 
32 2 P o ~ 

- 9 e~) cos iO + (- 40 - 36 R 
2 3 . J 15 (R)4 2 + 5 eO) cos 10 - 32 J 4 Po (2 + 3 eO) (3 

- 7 cos 2 iO) cos iO ~ + riO 

b. Long period terms 

(76) 

e = 
1 

\ 1 (R)2 (1 2) [1 - 11 cos 2 iO {f6 J 2 Po eO - eO 

40 cos
4 

iO ] 5 J 4 ~R~2 - +- - - eO (1 
1 5 

2 . 16 J 2 
- [cos 10 8 4 . J~ 

2 2 cos 10 
- eO) 1 - 3 cos iO - 2 . cos 2ws 

1 - 5 cos 10 

1 J 3 R 2 
- (1 - eO) sin iO sin ws "2 J 2 Po 

(77) 

(78) 
(1 2) . - eO tan 10 
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-- -_ .. _---- --------

40 cos
4 

iO f 5 J 4 (R)2 
- -- - (1 

1 - 5 cos 2 iO 16 J 2 Po 

~ 4 . )] 2 8 cos 10 
1 - 3 cos iO - 2 

1 - 5 cos iO 
sin 2 w s 

sin iO cos w 

4. 
cos 10 

40 (2 + 5 e~) ---.....::..",--
1 - 5 cos

2 
iO 

s (79) 

5 J 4 (_R)2 [2 2 2 - -32 2 + eO - 3 (2 + 3 eO ) cos i O 
J 2 Po 

4. 
2 cos 10 

8 (2 + 5 eO) ---......::..,,2,--. 
- 5 cos 10 

eO cos 10 2 . ) (80) 
- .. cos w 

sm 10 s 

200 cos 
4 

iO j 5 J 4 (R)2 2 . [ + - - - - e cos 1 3 
f.. 2 . \2 16 J 2 Po 0 0 ,I -5 cos 10) 

+ 

b . Short period terms 

a = 1 J R 2 f (~ _ sin 2 i) rt(aro)3 _ 
P 2 2 a O l 3 0 ~ 

(81) 

-3 / 2J 
(1 - e~) 

(82) 



- (1 - e~)-2} cos 2 (9 + Ws + W£ ~ 

-i J 2 (p~)2 sin
2 

iO [3 eO cos (9 + 2ws + 2w£) 

+ '0 eo, (39 + 2w, + 2w,8} (831 

ip =i J 2 (~f cos iO sin iO [3 cos 2 (9 + Ws +w£) 

M 
P 

W 
P 

(84) 

+ eO sin 9) - 3 sin 2 (9 + Ws + w£) 

- 3 eO sin (9 + 2ws + 2 w£) 

- eO sin (39 + 2ws + 2w£)J (85) 

2 3/2 J 
(1 - eO) J (li)2 2 (-1 

8 eO 2 Po ( 

+ 3 cos
2 

iO) [(:0)2(1 - e~) +(:0)+ 1J sin 9 

+ 3 sin
2 

iO [sin (9 + 2ws + 2 W£) 

{ _( :0)2 (1 _ e~) _ :0 + I} + sin (39 + 2ws 

+ 2w,1 {CO) (! - '~I + :0 +i)] } (861 

(1 - e~) (R)2 { J - 2 ( - 1 
8 eO 2 Po 

+ 3 cos
2 

iO) [(:0) (1 

+ 3 sin
2 

iO [Sin (9 + 2 ws + 2 w£) {_ (:0) 

(1 - e~ ) - aru + 1 } + sin (39 + 2<.vs + 2w£) 

{("~) ' II - ';1+ a~ +in} 

t-i J 2 ( ~y { 6 (-1 + 5 cos
2 

iO) (9 - Ms - Ml 

+ eO sin 9) + (3 - 5 cos 2 
iO) [3 sin 2 (9 + Ws + wi) 

+ 3 eO sin (9 + 2ws + 2wt ) + eO sin (39 

+ 2ws + 2w
1 )J} (87) 

where 

E - eO sin E = Ms + Ml ' 

tan ~ = ~ ft + e.5! tan ~ 
z l'l - eO 2 

The so lut ions for the perturbed elements are then 

where 

x = a , e, i, w , rl, M. 

These expressions provide all of the in­
formation necessary to describe the motion of a 

satellite to the order J 22. However, there exist 

requirements in many studies for the perturbed 
expressionsforrand<f> , (<f> =9+ w ). Thisin­
formation can be obtained from the e quations 
presented above; however, the procedure is 
lengthy and unnecessary in v iew of some of the 
work quoted in (Ref. 18) by Kozai. This ref­
erence gives rand <f> to the order J 2. 

.r-2. r 1 ] - .,,1 - e -) cos 9 + - ---
a .r:--2 .,,1 - e 

+1. J R Z 1.sin2 i cos 2 (9 +w) (88) 
4 2 P 

<f> = <f>0+~J2 (~)2 {(2-%sin
2

i )(9 - M+esin9) 

+ ~ - ~ sin
2 i) t3! (1 -~2 - ~1 -e

2
)sin 9 

+ i (1 - P) sin 29] - (i 
-i sin

2 
i) e sin (9 + 2w) - (i 

- 1 ~ sin 2 i) sin 2 (9 + w) - % cos 
2 

i sin (39 

+ 2W )} (89) 

where r O and <f>0 are values computed from mean 

orbital elements. 
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Oblateness of the central body tends to make 
a twisted space curve out of the satellite orbit . 
It is customary to map this orbit as a plane curve 
on the orbital plane which contains at any instant 
the satellite radius and velocity vectors . In this 
plane one may either approximate the trajectory 
by an osculating ellipse (the astronomical ap­
proach) or try to assume the actual equation of 
the plane curve to the desired accuracy. This 
latter approach is the one taken by R . Struble 
(Refs. 20 and 24). Another significant difference 
is that in this work some of the conventional 
orbital elements become variables to the order 
J 2' Struble in this reference derives per-

turbations based on the following model 

[ro' e, w, c, d variable] (90 ) 

In the sol ution obtained , the short period pertur­
bations are isolated in the c and d variables , while 
r 0 ' e and w have only long period oscillations 

(wlth a secular variation in w). The independent 
variable ip is related to the central angle from the 
node, <1>, but provides simpler solutions than <1>. 
In particular, ip = <p when J 2 = O. The solutions 

for some of the elements , accurate to the second 
order, are included below . Note is made of a 
shorthand notation employing a set of inter­
mediate variables '12 • .. '16 and vI and v 2• 

These terms are presented following the 
equations for the terms c and d defined in 
Eq (90). 

1 u =-

(91) 

p 

where A is the right ascension and 8 * = 90 - L . 

+.1 '1 sin 4w) 4 4 
( 92) 
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- .1 '1 sin 4w) 
2 4 

_ . 3 (H)2. . [ 
- 10 + if J 2 \"r 0 sm 2 10 e cos (ip + w) 

- e l + cos 2<1> + '3 cos (3q> - w)J 

(93) 

(94) 

r . 2 . J4 2 l L- 14 + 15 sm 10 - 5 J2 (6 7 sin iO)J cos 2w 

2 

+ 2e (1 - 2 cos 2 iO) sin (q> + w) 

+ (1 - 3 cos
2 

iO) sin 2ip +~ e (1 

- 4 cos 2 io) sin (3q> - W)] +i J~ v 2 

Now adopting the shorthand notation 

35 J 4 
D 1 =- -m=-:r­

J 2 
The short period terms c, d can be written 

c = i (r~/ sin 2iO [(2 + ~) cos 2ip 

2 
+ e cos (3 ip - w ) + TCos (4ip - 2w ) 

3 2 1 
+ TCos 2 wJ 

(95) 

(96) 

1 [2 - '3' e ~(1 9 D \ (45 D + 17) . 2. )\'2' + '7' V - -V- 1 T sm 10 

continued 
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(
45 281). 4 1 4 ~ 3 1 

+ "8 Dl + -mr sm i Of + e 1(rDI -4') 

(
3 + 15 D) . 2 . 

- 4' IT 1 sm 10 

+ (N + ii D1) sin 4iO n cos (2'1> - 2w ) 

-} [(~Dl -~)sin2io+(H-~D1)sin\0 

+ e4 ~(,; D 1) . 2 . I 1."% 1 - '24 sm 10 

( 13 11) 4. IJ - !ti Dl + II sin 10 f cos 2iP 

112 ~3 . 2. +(23 D 41\ 41 
- '3' Le 14' sm 10 4ir 1 -N;Sin iof 

+ e
4 

lD1 ~ Sin\ofJ cos (2'1> + 2w) 

-} [e 3 ~(~D1-i)-(i+!i-D1)sin2io 

+ (~ +~ D
1

)Sin
4

i of] cos (3'1>-3 w) 

-} [e 1(3D1 -~) Sin
2

iO 

23 7 . 4 1 3 ~ 123 1. 2 
- ('31) +]' D 1) sm i

of
+ e (-56 D1 - rr) sm iO 

33 41 4 IJ - (37'+ n D 1) sin iof cos (3 cf - w) 

1 [ j 29 1 4 1 311 2. - 'B' e (24 D1 - n) sin iof + e ]' sin 10 

9 15 4 IJ -+ ('[+'lr{Dl) sin iof cos (4<1> - 4 w) 

1 [2 1(69 D 1) ' 2. - T5' e ]'B' 1 - s m 10 

(25 + 23 D ) . 4. l 
- '7"2' II 1 sm 10 \ 
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1 r 3 . 2 . 3 3 4 
- IT [ '2' Sm 10 + ('[ D1 +]') sin iO 

+ 1 
IT ~~ sin

2
i o COS

2
iof] cos (4 cp + 2w) 

j 243 31 2 (2'mr D1 - I'44) sin iO 

1 
'24 

~- (Jo. D1 +~) sin 4iof] cos (5'1> - w) 

[.,i-e3 
Sin

2
io COS

2
ioJ cos (5cp+ w) 

[e3 l~ Sin
4

i o fJ cos (5 iP + 3w) 

[e4 

+ e 
4 

lD1 
123 4 IJ 1T2'U' sin iof cos (6iP - 2w) 

+ io [e2 

1 [e3 ~ 287 i 2i 
-'4!r 1I'44 sn 0 

+ (iiD1 +~) sin4ioD cos (7cp - 3w ) 

~-d:r sin 4iOD cos (7'1> - w) _ ~ [e 3 

-ri [e4 ~D1 ~ S1n
4

io}J cos (8'1> - 4w) 

+ [e2 

79 3 4. t) - ('3]'+4'D1)sin l Of cos 2w 

(98) 



Finally the pseudo variables 112 • • • 116 

and v 1 and v 2 can be defin ed in terms of the 

true variables . 

11 :: 
2 

114 t: ~e2 [4 Sin
2

i O - ~ sln4ioJ f 

115" {(~ D1 - 4) + (.!#--¥ D 1) Sin
2

i O 

+(¥D1 -¥i-)Sin
4

i o +e
2 [(#-h D 1) 

(99) 

(101) 

9 23 2 45 77. 4 JI - (]' D1 +n)sin i o +(-g-D1 -n) Sln iO \ 

j 7 24 2 17 9 4 (102) 
116 .. ~ ('3'+T D 1) sin iO - (4" +]' D 1) sin iO 

+ e
2 

[(14 -~ D 1) + (W-D1 -~) Sin
2

i o 

+ (~-¥ D 1) sin4iO Jf (103) 

)l1" < ~-kD1 (6-7sin
2

i o )cos0li- 3w) 

+ is- (36 - 89 Sin
2

i O) cos (<\> - w) 

+ ~ [3D1 (4 + e
2

) - 28 (6 - 7 Sin
2

i o) 

- 7e2 (2 - 3 Sin2i o)] c os (<\> + w) 

3 
+ ;'Sin

2
i o D1 cos (<\> + 3w) 

2 2 
+ rr(9 - 25 sin iO) cos (2<\> ·- 2w) 

+ h [2D1 (6 - 7Sin
2

i o) - 7 (4 - 5 Sin
2

i O) 

+ e
2 

{3D1 (6 - 7 Sin
2

i o)-;(2 - 3 Sin
2

i o)f] cos 2 <r 

+-h- [6D1 Sin
2

i O-(2-Sin
2

i o)] cos(2<\> +2w) 
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and 

+ ID [28 (2 - Sin2i o) + 9D
1 

(4 + e
2

) (6 - 7 Sin2i o) 

- 21e
2 

(2 - 3 Sin
2

i o)} c os (3<\> - w) 

+-ir [D1 (4 +e
2

) Sin
2

i o 

- 2 (3 - 2 Sin2
i
o

)] cos (3<\> + w) 

+k [7( 1 0 - 9Sin
2

i o) 

+ 18D
1 

(6 - 7 Sin2i
o

)] cos (4 <\> - 2w) 

1 [ 2 . 2 2 + 144 18D1 (2 +3e ) Sln i o -6(3+sin iO) 

- e 2 (12 - 7Sin2i o)J c o s 4 <\> 

3 
+ ill D1 (6 - 7 Sin

2
i o) cos (5 ijl- 3w) 

+ m [27D1 (4 + e
2

) Sin
2

i O 

- 20 (3+Sin2i o)] cos (5<\> - w) 

+ ~ [18D1 Sin2i o - (2 + Sin2i o)] cos (6ijl- 2w) 

+ k D1 Sin
2

i O c o s (7ijl- 3w)]~ (10 4) 

"2:: {[- D1 e
3 io (6 - 14 Sin

2
i o 

+ 7Sin
4

i o)] sin(<\> - 3w) + [; k~· D1 -i) 
403 99 2 29 . 4 . I 

+ (~ - ""{Dl) s in iO + (9D l -'"'3") Sln 10) 

+ (~D1 - ¥) Sin
2

i O + (11 - 3D l ) sin \of 

3 I 1 9 9 7 2. 
+ e 1 (4' - '21r D1 ) + ('[D1 -'[) s in 10 

+ (i-i D 1)Sin\0 D s in(<\>+ w) 

- [e3 
{D1.Jr sin

2
i o (1 - 2 Sin

2
i o)O sin 0li + 3w) 

+.; [e 2 1(9 D 1) (91 99 ) . 2 . 
4 I '7 1 - tr + 'I44' - '21rD1 S1n 10 

+ (i D 1 -ij) Sin
4

i o D s in(2<\>-2 w) 

----' 



+ 1 
7 

f( 3_6D)+(23D _ 61) L' 71 --rIo 

+ (89 5 D) . 4. + 2 12-7 1 sm 10 e 

(
69 91. 2. 

+ rr D I -36 sm 10 

. 2 . 
sm 10 

+ (155 _ 15 D ) . 4. tJ . 2":1:" + 1 [ 2! 1 
"""'72"" ""4 1 s m 10 ~ S m 't' 7 e r 12 

+ (163 3 D ) . 2. 
144-tr 1 sm 10 

+ (is- Dl - ~) sin4iO ~J sin (2;P + 2w) 

+ 7sin
4

i o) fJ sin(3;P - 3w) 

+} [e {(is- -~D1) + (-rirr+2F- D 1) s in
2

i o 

+ (33 D 17). 2 . 
7tr 1 - N sm 10 

+(} -; D1)Sin
4

i o\] sin(3;P - w)+} [e li 
- (1 + i D 1) sin

2
i O + (~D1 +#) sin \0 ~ 

2 h (65 3 D ) . 2 . 
+ e 1'J - 144 +4 1 sm 10 

(15 D 4 1) . 4. IJ 
+ TIl 1 + ~ sm 10\ sin 4;P 

1 
3 53 2. 

D 1 (-21) + no s in 10 

(3 D + 7) . 2. + (9 D 1). 4. t 
- 4 1 TIl sm 10 TlJ 1 -TIl s m 10\ 

+ 1 o r 2 11 (1 + 3 D ) . 2. Le 1"2" - TO tr 1 sm 10 

jDl Sin
2

i o-rh(7-a Sin
2

i o)\J Sin(7CP -3w)\ 

(10 5) 

In these equations w 0' iOO and eO are inte­

gration constants and as before the singularity 
at i = 63 . 4° occurs . However, Struble notes 
that for this inclination the motion is given by 
the simple pendulum equation and concludes , as 
was done earlier, that an oscillation occurs in 
the element w . 

Still a third approach, though somewhat more 
similar to the second than the first, to predi ctin g 
the motions of a satellite has been developed by 
Anthony and Fosdick (Ref. 25). This work, 
based upon the method of Lindstedt, is the re­
sult of series expansions for all variables in 
power series of the small parameter J 2. S ince 

the higher order coefficients (J 3' etc .) are 

neglected, these series are truncated following 
terms of the order J 2 . This being the case, 

each of the vari ables may be represented as 

u 

P 
2 · 

r ¢ = Po (S) + 3 / 2 J 2 Pi ( s ) (10 6) 

8 ' (90 - L) = 71/2 + 3/2 J 2 8 1 '( s) 

where the new var iable S is defined by 
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constant to eliminate secular 
variations in u 

l / r (for Keplerian orbit) 



Now starting the solution .for the motion at an 
apse (i. e ., at a point where r = 0), the equations 
of motion were found to be as follows : 

General First -Order Results (Arbitrary so ) 

[ 
3J 2 (R) 2 2 ] 

<I> = S 1 + 4c 4 rO (2 - 3 sin i ) (given 

<1>0 ' use this equation to find So (1 07 ) 

6' = ~ + - 3" sin S 
J 2 sin 2i (R) 2 1 

2 4c 4 rO 0 

+ (3 + 2,,) cos So sin (S - SO ) 

- " sin So cos 2(s - SO ) 

- " cos So sin 2(S - SO ) 

- 3(S - SO ) [cos So (S - SO) 

- sin So sin (S - So)] ~ (108) 

p = r2~ = rO V 0 { 1 - ~ (~) 2 sin
2 

i [( 3 

+ 4,, ) cos 2S0 - 3" cos 2S0 cos (I; - SO ) 

+ 3" sin 2S0 sin (I; - 1;0) 

- 3 cos 21;0 cos 2(1; - SO ) 

+ 3 sin 21;0 sin 2(s - 1;0) 

- " cos 21;0 cos 3(1; - SO) 

+ " sin 21;0 sin 3(1; - 1;0)J} (109) 

(110) 

r-r { 1+" 
- 0 1 + " cos (s - sO) 

J 2 (R)2 Ll } 
- 16 rO (1 +,, ) [1 + " cos (I; - So )J 2 

2 
2 Vo { 2 

V = -;;-r 1 +" + 2" cos (I; 

J 2 ( R ) 2 Ml } 
+ IT rO ~4 

(111) 

(112) 
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where 

Vo ~ 1 +,,2 + 2" cos (I; - 1;0) 
V = -------,-1-+;----,,,---- --

M 1 { (1 + 1'])2 [1 + 1']2 

+ 21'] cos (I; -'o)Jrl (11 3) 

Ll = {24 + 12'12 + (sin
2 

i) [-36 - 18,, 2 

+ (2 4 + 32" + 3,, 2) cos 2 SaJ} 

+ {- 24 - 8,,2 + (sin
2 

i) [(- 20 - 27" 

+ 4,,2) cos 2S0 + 36 + 12,,2J} cos (I; - SO ) 

+ {- [8 + 15" 
+ 16,,2J (sin

2 
i) sin 2s0} sin (S - SO ) 

+ {_ 4,,2+ [6,,2+(_4 

- 6" 2) cos 21;0J sin 
2 

i} cos 2( I; - 1;0) 

+ {(4 + 6,,2) (sin
2 

i) sin 21;0} sin 2 (I; 

- 1;0 ) - {5" (sin
2 

i) cos 21; 01 cos 3(1; 

- So ) + {5" (sin
2 

i) sin 21;0 sin 3( S - 1;0) 

{,,2 (sin
2 

i) cos 21;0} cos 4 (s - 1;0 ) 

+ {,,2 (sin
2 

i) sin 21;0} sin 4 (1; - SO ) 

(114) 

Ml = {16(3 - 3'1 - ,,3) + (sin
2 

i) [24(- 3 

+ 3'1 + ,,3) + 8(3 - " - 6,,2 - 3,,3) cos 2 SaJ} 

+ {4( -1 2 + 12" - 4,,2 + 3'1 3) 

+ (sin
2 

i) [ 6 (1 2 - 12" + 4,,2 _ 3,,3 ) 

+ (-40 - 18" + 8,,2 

+ 12,,3) cos 2SaJ} cos (I; -I; 0) 

+ {- (1 6 + 66" + 32,,2 

+ 6,,3) (sin
2 

i ) sin 21;0} sin (I; - 1;0) 

+ {16'12 + (sin 2 i) [- 24,,2 + (16 

+ 24,,2) cos 21;0J} cos 2(1; - sO ) 

- {(16 + 24,,2) (sin
2 

i) sin 2S0} sin 2( 1; 

- sO) + {4,,3 + (sin2 
i) [- 6'1 3 

+ (2 6" + 9,,3 ) cos 2SoJ} cos 3(1; - SO) 

- {(26,,+ 9'1
3

) (sin
2 

i) s in 2S0} sin 3( s 

- sO ) + {16,,2 (sin
2 

i) cos 2S0} cos 4(~ - 1;0) 

continued 

- - - -- ------



I 

i 

I 
I 
I 

1-

sin 4 (S - SO) 

cos 5(S - SO) 

sin 5(; - SO}. 

(11 5) 

(11 6) 

- 1 (117) 

Under the assumption that the trajectory is 

nearly circular these equations can be simplified 

to yield 

Nearly Circular Orbits (Arbitrary SO ) 

<P = [1 + 3:
2 (~/ (2 -3 sin

2 il} (given 

<PO' use this equation to find So) (11 8) 

8'= ; + 3~2 (~)2 sin
2 

i 1cos So sin (S - ;0 ) 

- (; - SO) [cos So cos (S - SO) 

- sin ;0 sin (S - ~oB~ (11 9) 

j 3J2 ( R)2 020 
P = rOYO )1 - --:r- rO sm 1 [cos 2S0 

- cos 2;0 cos 2(; - ;0) 

+ sin 2S0 sin 2(S - soBf (1 20) 

u = r~ [1 - Tl 11 - cos (s - So )f 

+ ~ (r~) 2 ~ 6 [1 - cos (S - So )J 

+ (sin
2 

i) [- (9 - 6 cos 2s 0) 

+ (9 - 5 cos 2s 0
) cos (S - SO ) 

- 2 (sin 2S 0) sin (S - SO) 

- (cos 2S 0) cos 2(S - ;0) 

+ (sin 2;0) sin 2(; - So )J~J (1 21) 

r = r 0 [1 + Tl {I - cos ( S - SO )} 

-~ (r~f {6 [1 - cos (; - SO )J 

+ (sin
2 

i) [- ( 9 - 6 cos 2S 0) 

+ (9 - 5 cos 2S0) cos (; - sO) 

- 2{sin 2;0) sin (s - sO) + 
continued 
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- (cos 2s 0) cos 2(S - SO) 

+ (sin 2S 0) sin 2{; - So)J}] 

y2 = YO 
2 ~ - 2Tl {I - cos (; - SO)} 

+ J (~\ 
2 

{3 [1 - cos {S - ; )J 
2 rOJ 0 

+ (sin2 i) 

+ (~- ~ cos 2S0) cos (S - SO) 

- (sin 2S 0) sin (s - SO) 

+ (cos 2;0) cos 2{S - SO) 

- (sin 2S 0) sin 2{; - SO)]}] 

V = V 0 [1 - Tl {I - cos (S - SO )} 

+ ~ (r~) 2 ~3 [1 - cos (; - ;O)J 

( 0 2 0) + sln 1 

+ (cos 2S 0) cos 2{S - SO) 

(122) 

(123) 

- (sin 2;0) sin 2(S - ;O)].~ (124) 

The solution obtained using these equations 

exhibits no singularity at the "critical inclination" 

and indeed is well behaved at every point. For 

this reason this set of equations, though not pre­

cise' seems well suited to analytic studies involv­

ing computer programs. 

4. Analytic Comparison of General Perturba­
hons Formulahons 

Recently several analytical methods of deter­

mining the oblateness perturbations have been 

published (Refs. 18 and 23 to 28 ) in which basically 

different m:ithematical approaches are employed. 

These approaches include: 

(I) The classical approach of general 
perturbation theory in celestial me­
chanics' using the concept of an oscu­
lating ellipse and solving for the varia­
tions in orbital elements. 

(2) Integrating the equations of satellite 
motion by seeking a solution in the 

form 

I 

I 
I 

J 



where c and d are unknown functions 
in terms of short-period perturba­
tions (to be determined by the integra­
tion process), while r O' e and w ex-

hibit only long -period perturbations. 

(3) Direct approximate integration of the 
equations of motion with oblateness 
perturbations, solving directly for the 
instantaneous coordinates of the body 
in orbital motion. 

Depending on the variables and mathematical 
tools used, the final solutions of various authors 
are seemingly different and physical interpreta­
tions of certain important variables are some­
times hard to visualize . The transformations 
between the different sets of variables employed 
in the literature have not been obtained previ-
0usly. 

Due to these facts a somewhat bitter contro­
versy has arisen about the merits of classical 
celestial mechanics (Refs . 20, 23 and 29) for the 
solutions of near-circular orbits. The present 
analysis, which was made by J. Kork (Ref. 30) 
compares the solutions obtained by all the above 
mentioned authors for nearly circular orbits 
within the first order accuracy in the oblateness 

parameter J 2 (i. e ., neglecting J 3' J 4' J~ terms ). 

a. Kozai's formulation (Refs . 18 and 26) 

Upon a change in the notation utilized by Kozai 
to that utilized by Vinti and upon changing the 
symbols to be consistent with those presented in 
Chapter III, the first order perturbation in posi­
tion may be written 

(
1 5 0 2 \ 

- ~ - ~ Sln y e sin(9+ 2w) 

- (} -fz. sin
2 

i) sin 2(9 + w) 

- ~ cos
2 

i sin (39 + 2w )! (1 25b) 

and the secular perturbations in the orbital ele­
ments are 

W = w 0 + ~ J 2 (~) 2 n (2 5 0 2 oJ - 2" sm 1 t 

(1 26a) 
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ri = nO - ~ J 2 (~) 2 nt cos i (1 26b) 

M = MO + iit (1 26c) 

- 3 (Rp_)2 no n = nO + 2" J 2 (1 - i Sin2 0 ~ 
(1 26d) 

where w 0' nO and MO are the mean values at the 

epoch, i. e . , the initial values of the osculating 
elements from which the periodic perturbations 
have been subtracted . 

There are no first order secular perturba ­
tions of the semimajor axis, a, of the eccentricity, 
e, and of the inclination, i. 

The mean value of a (i. e ., a) is given by Kozai 
in terms of the unperturbed semimajor axis aO' 
as 

a = a o 11 - ~J2 (~)2 (1 _ ~sin2 i) i17f 
(127) 

Notice that the classical rel?ltionship nO 2 a O 
3 = 11. 

becomes in these variables 

-2-3 n a =11 11 - i J 2 (~) 2 (1 

3 0 2 0) - ~ sm 1 p~ (12 8) 

The value of the mean semimajor axis, a , has 
been already used in the derivations of Eq (5 ). 

If the eccentricity, e, of the orbit is a small 
quantity of the first order or less , Eqs (125) can 
be reduced to the simple form given below (Ref. 
26). 

1 -
or = 4" a J 2 

(~) 2 sin2 i cos 2>-. 

1 - 0 2 0 2 = ~ a E sm 1 cos >-. 

3 (R)2 (1 7 0 2 \ oej> = - ~ J 2 a ~ - 12 sm y 

(
1 7 0 2 0) 0 2 = - E ~ - IT Sin 1 sm >-. 

where (within a first order accuracy) 

>-. = M + w 

E = i J 2 (~r ~ } J 2 (~r 

(12 9a) 

sin 2>-. 

(129b) 

Since E is a small quantity, and since the relation­
ship between M and 9 is (Ref. 31) 

M = 9 - 2e sin 9 + 0 0 0 

it can be shown that for small eccentricities, 
Le o,e=O(d 

I 

I 

I 
I 

I 

I 

I 
I 



1 + E cos 2~ "" 1 + E cos 2 (9 + w) 

and similarily 

+ 4E sin 9 s in 2(9 + w ) 
"" 1 + E cos 2<j> 

(130a) 

1 + E sin 2~ "" 1 + E sin 2<j> (130b) 

Thus Eqs 129a and b can be written also as 

1 - . 2 . 2 
or '" 6" a E Sln 1 cos <j> 

(
17.2 \ 
2" - IT sm 1) sin 2<j> (131 ) 

Finally, the expression for the instantaneous ra­
dius vector in near-circular orbits can be written 
as 

r = a [1 - eO cos (<I> - w) 

+~J2 (~)2sin2icos2<j>J (132) 

From Eqs (126) and (130a) it can be seen that 
for small eccentricities the average angle from 
node to perigee w can be approxim ated for one 
revolution by its initial value, w O. 

Kozai's solution for near-circular orbits con­
sists basically of two independent components 
varying about a mean radius, a. These com­
ponents are: 

(1) An oblateness term, i E sin
2 

i cos 2<1> 

which has a period of 11 (double periodic 
within one full revolution) and depends 
mainly on the shape of earth seen by 
the satellite vehicle (i . e . oblateness 
parameter J 2 and inclinati on of the or-

bit, i) but is independent of the orbital 
eccentricity, e, and nodal angle to 
perigee, w . The oblateness term de­
pends also on the semimajor axis 

through the term e = ~ J 2 (~) 2. 

(2) An e lliptical term, eO cos ( <I> - w 0) de­

pending only on the geometrical prop­
erties of the orbit, eO and w 0 but being 

completely independent of the oblateness 
of the p lanet or the orbital inclination. 

It is obvious from the mathematical form of 
Eq (1 32) that depending on the relative size of the 
oblateness and ellipticity terms, in connection 
with proper phase shifts between the two, two, 
three or four "apses" can be obtained during a 
single revolution (i. e . points where r = 0). 

This fact will be graphically illustrated in the 
discussion of Izsak's work. 

b. Struble's formulation 

If only terms to the first order in J are re­
tained' Struble's main results, periodic in ra-
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dius, can be presented in the following form (Ref. 
24, p 93). 

+ 2e (1 - 2 cos
2 

iO) sin (¢+ w ) 

+ (1 - 3 cos
2 

iO) sin 2~ 

(1 33a) 

(133b) 

+ % e (1 - 4 cos 2 
io) sin (3f - w)] 

(133c) 

where 

1 (R) 2 . 2 . 
c = 8 \ro sm 1 

2 
+ e cos (3;j;" - w)+ ;- cos (4f - 2w) 

3e
2 l 1 (R)2 2 

+ ~ cos 2wJ + 8 \Z.O e (2 

- 3 sin2 iO) cos (2;j;" - 2w) (133d) 

2 dA 
Pm = r sin 9' dt s = angular momentum 

about the polar axis 

9' = 90° - L (133e) 

In Ref. 32 it is shown that the angular mo­
mentum orbital plane is given by 

2· · ·.C 
h = r (9 + w + cos i >1) = lJ.lP (134) 

From Eqs (133) and (134 ) it can be shown that 

1 
2 . 

P = -fj;p cos i or _ = J.I cos 1 m l~~ p 2 
Pm 

(135) 

For small eccentricities of the order J 2 

1 + e cos (;j;" - w ) ;::: 1 + e cos (<j> - w) (136) 

a t least for one revolution. Similarly all terms 

containing e
2

, J
2

e, etc .. can be neglected. Using 

Eqs (135) and (136) the results given in Eqs. (133) 
can be simplified to read 

r = r 0 [1 - e cos (<I> - w ) 

+ ~ J 2 (r~r sin
2 

i cos 24>] (137a) 



rO = p f1 -i J/ -:\(rR \ 2 (2 - 3 sin
2 

i )] 
L \: 0)\: 0 / (137b) 

Furthermore it should be noted that for small 
eccentricities 

J 2 (~) ~ J 2 

2 
P = a (1 - e ) z a (138) 

Remembering this approximation and comparing 
Eq (137b) with Eq (127) similarily Eq (137a) with 
Eq (132) it becomes obvious that for e = 0 (J 2) 

the first order results of Struble are identical with 
Kozai's formulation and the constant rO is given 

simply by the mean semimajor axis: 

(139) 

c . Izsak's formulation (Ref. 23) 

The instantaneous radius is given by Izsak as 
follows 

where 

[ 
1 2 r=a* 1-ecos (cp-w ) +2"e cos2(cp-w ) 

2 
+ iJ2 (~) sin

2 
i cos 2w + ..• J 

a* = a 
r, 1 2 1 
L1 - 2" e + 2" J 2 

w = (1 + E ,) 8 + w 

2 

(~) (1 
1 . 2 J) 

- 2" sm I j 

(140) 

E' = a constant for the motion of the perigee 
of the order J 2 

For e =0 (J 2) the sol ution for one revolution is 
simply 

r = a* [1 -e cos (cp - w) 

1 ( R) 2. 2 . 1 
+4 J 2 a sm lcos2CPJ (141 ) 

Comparing Eq (141) with Eq (132) it is seen that 
Izsak's solution can be also reduced to the form 
given by Kozai and the parameter a* is simply 
a* = a. 

An interesting feature of Ref. 23 is a set 
which represents parametric families of curves 
obtained by solving Eq (141) of this study nu­
merically for various values of eO (0 . 0, 0.00012, 

0 . 00030, 0.00049) and for three particular cases 
of w 0 (0°, 45°, 90° ). The curves show clearly the 

possibilities of 2, 3 and 4 "apses" (i. e. points 
where r = 0) during one revolution, depending on 
the relative sizes of ellipticity terms with respect 
to the oblateness terms and also on certain phase 
shifts between them. These figures have been 
reproduced and are presented for convenience 
as Fig. 7. 
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d . Equations derived by Anthony and Fosdick 

The form of the resulting equations in Ref. 25 
is completely different from the results obtained 
by the authors considered previously. In Ref. 28 
the equations of motion in spherical coordinates 
are integrated directly and certain new variables 
are introduced, which do not have a simple phys­
ically intuitive connection with the variables used 
previously . There may exist some doubt, how 
the initial value, SO' of the "independent variable 

for which the first-order analytical results for r 
and V are periodic" compares with the classical 

V 2 

w 0' and how the analog of eccentricity" = ~ - 1 
V c 

may depend on the classical eccentricity, e . 
These transformations are far from obvious, 
thus, they are derived in this section by reducing 
Anthony's solution to an analytical form similar 
to Kozai's results and then comparing the coef­
ficients term -by-term. 

The equations for arbitrary near -circular or­
bits are given as Eqs (118) through (124) assuming 
" = 8(J 2). Certain terms in these equations can 

be simplified by using the equality 

cos 2S0 cos 2(; - SO ) - sin 2S0 sin 2(S - SO) 

= cos 2S (143) 

Next, using the previous notation. = J (r~) 2 = 

~ J 2 (r~) 2 the expressions for r and V can be 

written as follows 

where 

r = rO {1 +" [1 - cos (s - So )J 

- • +. cos (s - SO) 

- ~. sin
2 i [( -9 + 6 cos 2s 0) 

+ (9 - 5 cos 2s 0) cos (s - sO) 

- 2 sin 2S0 sin (S - SO) - cos 2sJ} 

(144a) 

V = Vo {1 -" +" cos (S - SO) 

+. -. cos (S - SO ) + i. sin 
2 

i 

[ (- ~ + ~ cos 2S0) 

+ (~- ~ cos 2S0) cos (S - sO) 

- sin 2S0 sin (S - SO) + cos 2S]} (144b) 

[1 - }. (2 - 3 sin 
2 i~ cP (144c) 

Notice, that in Eqs (144a) and (144b) the sine and 
cosine terms appear combined with a small con-



stant of the form 0'1 cos S, where S = (1 - .:l'2 ) <1> . 

Since for the nearly circular orbit considered here 
both 0'1 and 0'2 are of the order E , it follows by a 

reasoning similar to Eqs (130a) and (1 30b) that 

1 + a 1 cos S '" 1 + a 1 cos <1>, etc . (145) 

Equation (145) indicates that for the purposes 
of this analysis it does not make a noticeable dif­
ference, if during any single revolution S is simply 
visualized as the central angle from the ascending 
node, <1>. 

Next, collecting the cosine and sine terms in 
Eq (144a) 

r = rO (1 + AO) ~ - Al cos (S - sO) 

. 2 . 
Sin 1 cos 

where 

AO 
3 sin 2 . sin 

2 
i cos 2s0 =" - E + 2" E 1 - E 

Al 
3 sin 

2 
i 

5 sin 2 i cos 2s0 
= " 

- E + 2" E - 6" E 

A2 
1 

sin 2. . 2S = 3 E 1 sm 0 

By trigonometry 

- Al cos x t A2 sin x 

J. 2 2 
= "AI + A2 cos ( 

1 A2) 
x + tan Al 

Thus Eq (146) becomes 

r=rO (l+AO) ~ - ~A12+ A 2
2

cos(S -sO 

+ aO) + } E sin
2 

i cos 2SJ (147) 

where 

-1 (A2) 
a O = tan Al 

Kozai's form of radius , given by Eq (1 32) 
be written as follows 

r = a [1 - e cos ( <I> - W 0) 

can 

1 . 2 . 2 l 
+ 6" E sm 1 cos <l>J (148) 

By comparing Eq (147) with Eq (148), while re­
membering that within the first order accuracy 
S '" <1>, the following important transformation 
equations can be derived by equating the corre­
spondlng coefficients of two Fourier series ex­
pans ions of the same function <1>. Thus , Anthony's 
variables are related to Kozai's formulation by 
the following equations: 

r 3. 2 . 
a = rOLl + " - E + 2" E sm 1 + 

continued 

(149a) 

e fr. + 3 . 2 . L\." - E 2" E sm 1 

5 . 2 . 2e ) 2 
- bE Sin 1 COS "0 

1 2 2] 1/2 
+ (3" E sin i sin 2s 0) (149b) 

(149c) 

The inverse transformation equations for" and 
rO can also be obtained from Eqs (149a) and 

(149b) to be: 

[
21 2 2J1 / 2 

" e - (3 E sin i sin 2s0) 

3 . 2. 5 . 2 . 2e + E - 2" E Sin 1 + 6" E Sin 1 cos "0 

+ E 

= a 

[1 
3. 2 . 

- " + E - 2" E Sin 1 

(150a) 

sin
2 

i COS 2SoJ (150b) 

r ( 2 1 2 )2) 1/2 
L1 ,e - (3 E sin i sin 2S0 

1 . 2 . 2 e ] + 6" E Sin 1 COS "0 

(150c) 

Unfortunately, Eq (149c) is transcendental and 
the third transformation must be found by nu ­
merical successive approximations. Character­
istic solution curves for Eq (150c) can be obtained 
by the following procedure: 

(1) For a given e, i, E solve for various 
values of w 0 by assum ing values for 

So in steps of 10°, for example. 

(2) Plot the data and obtain a value of So 

corresponding to the given w o . 

For step (1) it is advantageous to write Eq 
(149c) in the following form 

Note: 

-1 
Wo = So - tan t 

1 . 2. . 2 e ] 3 E sm 1 Sin "0 

~2 _ (}E sin
2 

i sin 2~ 
(151) 

If in Eq (1 51) the eccentricity become s smaller 

than a critical value e* = ; sin
2 

i, the values of ~O 
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can no longer be picked arbitrarily. This fact 
is illustrated by assuming e = 0 in Eq (149b) and 
observing that the required value of £;0 = 0°, 90°, 

180°, 270°. Physically this means that for e = 0 
the "apoapsis" always occurs at the equatorial 
crossings ( ~ = 0°, 180°) and "periapsis" always 

occurs at the maximum latitude (£;0 = 90°, 270° ), 

there being four "apsidal" points during one 
revolution. 

It is noted once again that Wo gives the loca­

tion of the minimum point of the eccentrical com­
ponents of orbital radius, while £;0' gives the ex-

treme of the radius. 

Finally, it should be remarked that the state­
ment made in Ref. 28 

"e = \11 \ for an elliptical orbit" 

is misleading since it is true only for the non­
oblate case, while in general e = e (11, E, i, £;0) 

and must be computed by Eq (1 49b). Only for 
large eccentricities is the approximation e :::; \11\ 
valid for rough engineering estimates . 

e . General comparisons 

It was shown above that to the order J 2 in 

oblateness all the methods considered are identi­
cal at least in the case of nearly circular orbits . 
Mathematically, Kozai I s formulations for the 
instantaneous radius, Eq (132), and secular per­
turbations, Eqs (126 ) are generally the simplest 
to use . However, if for any fixed orbit the or ­
bital injection conditions are desired, the results 
of Anthony and Fosdick merit investigation. It 
was thus shown that the classical method of oscula­
ting ellipses is still valid for nearly circular or ­
bits and that it provides a somewhat clearer ge -
0metrical interpretation of end results . 

5 . Solar and Lunar Perturbations 

The problems of defining the changes in the 
motion of an earth satellite due to the presence 
of distant gravitating masses and the discussion 
of the stability of an orbit are of necessity closely 
related. This relationship exists because the two 
analyses differ only in the time intervals consid­
ered and the fact that forces other than those pro­
duced by external masses (for example atmospheric 
drag) must be included in the discussion of sta­
bility. For this reason much of the material 
presented in the following paragraphs is applicable 
to subsequent discussions . 

Analytic expressions for the perturbations due 
to the j!ravitational attraction of a third body may 
be der ived by techniques similar to those used in 
the oblateness derivations . This approach has 
been taken by Penzo (Ref. 33 ) with the result that 
one set of equations for the variations in the or­
bital elements may be obtained . This solution is 
outlined below: 

Choose geocentric coordinates with the X - Y 
plane being the orbit plane of the disturbing body. 
Let r be the central angle between the ascending 
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node and the disturbing body, and r be the 
p 

central angle between perigee and the disturbing 
body. Also, let i be the angle between the ve­p 
hicle orbit plane and the plane containing the 
origin, perigee and the disturbing body . 

z 

x 

17'"---..... - y 

Disturbing 
body 

The deviations in the elements are derived in a 
system based on this latter plane . In this system, 
np = 0, w p = 0 and ip is the inclination . The 

solutions obtained for the perigee system are then 
transformed into the solutions in the original X, 
y , Z system . The solutions are: 

Lli 
P 

Lln 
P 

r 3 sin r cos r sin i sin e ~ 
p p p P (1 3 

3 3 
r d (I -e) (1+ e cos e) 

/-I d 

2 2 4 + 2e ) e - 3 (1 -ge - 2e ) cos e 

- e (1- 6e4 ) cos 2 eJ 
r 3 (1 + e)3 sin2 r sin i cos i 

P 2 l P P (1 
r d e (1 + e cos e) 

+ 3e cos e) 

/-I d 
3r 3 (1 + 4e2) sin r cos r sin i 

P P P P 
/-I 3 ~1 _ e 2 r d (l- e) 

+ C i 
(152) 

J..ld r 3(I+e) sin2 r cos i sin e 
[3e 

P P P 
/-I 2 rd (1 - e) (l +e cos e) 

E 

r 3 (l+e)3 s in r cos 
P P 

r (1 + 3e c os e) 
P 

2 3 
rde (1 + e cos e) 

3r 3 (1 + e) sin2 r cos i 
p P P 

2 .[-2 
r d (1 - e) ,,1 -e 

E+C 
n 

(153) 

, 
I 

-.J 



Dw = ~ cos i DO 
P P P 

6 a= 

6.e= 

3 3 
f..Id r (1+e) sin2rcosi [ 

+ __ P P P 4-5e2 

f..I 4 3 
rd2e (1+ecos8) 

+ 3e (4 - e 2) cos 8 + 12e
2 

c os 2 8J 

r 3 (1+e) sin 8 If. 
P 3 2 8 )3 )L{6 

rd e (I-e) (1+ecos 

2 4 6 2 
-44 e +13e -2e)+3e {4-25e 

+ 3e4
) cos 8 + e 2 (8 - 37e2 

4 2 ] 2 . 2 + 2 e ) cos 8 {cos rp - sm 
2 r cos i ) 

P P 

+e2 [(2+e2) +3e{l+e
2

) cos 8 

2 2 2J .2 2 f + e (I + 2 e ) cos 8 (I - 3 sm r cos i) 
P P 

3r 3 (l+e) {4cos 2 r - s in2 r cos 2 i -1\ 
--~P~--------~=P==~--~P----~P----E 

rd {1_e)2 p 

2 2 
2a p 
2 2 

rde (1+ ecos 8) 

(154) 

[3 e2 s in 2 r cos i sin 8 cos 8 
P P 

-6e (cos 2 r - sin
2 r cos

2 
i) cos 8 

P P P 

_ 3 cos 2 r + 3(I+e2) sin2 r cos 2 i -e
2
J+ C p p p a 

(15 5) 
p 6.a 
~ 

1 Jp {f..Id {iii> r 3 sin 2 r c os L sin 8 [ 4 --yf- -- p P fJ 3 e (2e 
ea f..I f..I 2rd{l-e)3 {I +ecOs8) 

- ge2 - 8) 

2 4 2 4 2 J + 3(2 - ge -3e )cos8 +e {2 -ge -B e ) cos 8 

J;;;' 3 3 
f..Id If..lP rp (l+e) 2 

+ -- 2 3(c OS 
f..I rd e (1+ecos8 ) 

2 2 r - sin r cos i ) (I 
p p P 

+ 3 e cos S) 

f..Id 15 ~r 3 e 2 sin 2 r cos i 
+ -- ----..... p-.",,.---==~p--....!...p-

f..I 2r
d 

{I _ e)3p 
E+C e 

(156 ) 

where f..Id a nd r d are the gravitational constant and 

orbital r adius (assumed c onstant) of the disturbing 
body, res pectively, and the Ci, Cn , etc ., are con­
stants of integration, i. e., they are functions of 
the initial conditions . 

The transformations to the elements in the X , y, Z 
system are 

--l-.. r{ cos a sin i- sin a cos i cos r ) 6. ip 
sm 1 L p p p 

- sin a sin i sin r 6. n ] p p p 

1 
3 

cos v sin i 

(157) 

':sina c osi cos r.)-sin
2

icosi sinr.] 6.i 
p P P P P 

+ (sin2 isin ipcos r _sin2 i sin2 r c osi sinal 6.n l 
p p p p~ 

where 

(158) 

sin a 
[ {sin a sin2 r cos i sin i 

P P 3 cos w sin i 

+ sin r cos i {cos a sini p p 

sina = s inw sin i 
sm rp 

The a ssumptions in the derivation of these solu­
tions are that r d > > r and t hat the disturbing 

body does not move during the interval of varia­
tion. 

Thus, in order to solve for the perturbed mo­
tion of a satellite it would be necessary to comput e 
the perturbations (for some small time, say 1 
period) due to each body being considered, resolve 
these perturbations into a common coordinate sys­
tem, add the resultant motions, adjust the orbital 
e le m ents and then continue the computation. This 
i s obvious ly a l engthy procedure and is not intended 
to be performed by hand. 

Another approach to perturbations has been 
reported by Geyling (Ref . 34), who presents the 
effects of these remote bodies in terms of varia ­
tions in the position of the satellite in cartesian 
coordinates . Only circular satellite orbits, how­
ever, are considered. 
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Choose X , Y , Z axes s u c h that the orbit 
plane of the disturbing body is the X - Y plane, 
the X axis being in the direction of the satellite's 
ascending node . The deviations fro m the nominal 
trajectory will be given in the f" 'l' ~ system, 
which moves with the position in the nominal or­
bit . S is radial, and,., is in the direction of mo-
tion. 

Z 

X 

The position of the disturbing body in the X - Y 
plane is given by the c E'ntral angle <P = <PO + }., f 

where <PO is an ini'tial value at t = f = 0 and}., is 

the ratio of the angular velocity of the disturbing 
body to that of the vehicle. Geyling' s solutions 
are 

s = - ~ 

4: 
+ '3 

+ 

r 2 (2 2 . . 2.) _- 3" cos 1 - sin 1 

.2. 2 2 .2 -s mlCOS ej>+ 2 smicos.2ej> 
4}., - I 

(X+ 2) {I-cos i)2 cos2 (q;+ ej» 
{}., + 1)(2}., + 1) (2)" +3 ) 

(}.,- 2) (1 + cos 1)2 
+ (>I: - 1) (2)1: - 1) (2)1: - 3) 

(160) 

3 ,., = - '8' (2 2 . . 2·)f cos 1 - sln 1 

sin 2;P 

2 2 {4}., + 12 )., + 11) (1 - cos i) 

4 (}.,+1 )2 (2A+l) (2 }.,-I-3) 

+ (4)-.2 - In + 11) (1 + cos i )2 sin 2 (';j) - ej»] 
4(}., - 1)2 (n - 1) {n - 3 \ 

+ k4 + k5 '" + k6 sin", + k7 cos ej> 
(161) 
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J.l d 

J.l [} s in 2 i sin <j> - f s in 2 i cos cj> 

(I - cosi )sini _ 
2>\:(X+1) sin (2ej> + ej» 

- (I + cos i) sin i J 
heX-I) sin{2;j;'-<j» 

+ k8 cos '" + kg sin cp (162) 

where r = radius of the circular nominal orbit, 
c 

and the k I S are constants to be evaluated fr om 
initial conditions . These solut ion s are indetermi­
nate for }., = 0, ±l/2, ±3/2, ±l . However, for 
>.. = 0, i. e. , for a stationary disturbing body, the 
particular solutions are 

4 .2 . 2 ' 2i 2 -+ '3 sm 1 cos <I> - 2 s in cos <j> C 

+ ~ (I i )2 2( -) oJ - cos c os ej> + ej>0 

+ i (1 + cos i)2 cos 2(ej> - 'lio)] 

3 
B [ # (2 cos

2 
i - sin

2 
i 

2 - 11 2 
+ 3 sin i cos 2 ej>O).f - "6 sin i sin 2ej> 

11 2 -- 12 (1 - cos 1) sin 2(ej> + ej>O) 

11 2 - ] - IT (1 + cos i) sin 2{ej> - ej>0) 

(163) 

(164) 

4 

I-Id r c 3 { [(1 + cos i) sin i cos (ej> - 2 ';j)0) 
1-1 r 

d 

- (1 - cos i) sin i cos (ej> + 2';j)0) - sin 2 i cos ej> ] f 

+ '2 sin 2 i sin ej> + ~ (1 - cos i) sin i sin (ej> 

+ 2 CPO) - ~ (1 + cos i) sin i sin (ej> - 2<iiO)} (165) 
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Again, if more than one disturbing body is 
considered, it is necessary to consider them in­
dependently, compute the resultant displacements 
Tj , S, t; in the respective coordinate systems, re­
solve the displacement vectors and add. Despite 
the limitation imposed by the assumption of cir ­
cular orbits, this approach affords a simple means 
of computing realistic coordinate variations for 
many satellite orbits . 

The magnitude of these radial perturbations 
for near earth circular orbits can be seen in 
Fig. 8. This data is based on the work of Blitzer 
(Ref. 35 ). 

Another approximate method for computing 
the effects of external masses on the orbit of an 
earth satellite has been reported by M. Moe (Ref. 
36). This work is outlined below: 

First consider the perturbations of a satellite 
orbit due to a disturbing body assumed to be in 
the X - Y plane. The geometry is shown in Fig. 9 . 
The orbit will be described in terms of the oscu­
lating ellipse whose elements are a, e, MO' n, 
w, and i, and expressions will be derived to com­
pute the approximate changes in the elements 
during one revolution of the satellite . The param­
eters i, w, n, and r are taken relative to the dis­
turbing body plane. For an earth satellite, this 
is either the ecliptic or the earth-moon plane. 

Now, if the equations for the variation of ele­
ments of Section C -1 of this chapter are utilized 
together with the components of R, Sand W, the 
approximate changes in the elements can be evalu­
ated. Moulton (Ref. 1, p 340 ) gives the for m of 
these forces. Under the assumption that the ratio 
of orbital radius to the distance to the disturbing 
body is small these components may be expanded 
in powers of r lad and all but first order terms 

can be neglected. This procedure yields: 

where 

R Kdr (1 + 3 cos 2 r p) 

S 6 Kdr [cos r sin (w + e) - sin r cos (w 

+ e) cos iJ cos r p 

W = -6Kdr cos r p sin i sin r 

ad = assumed constant . 

Letting e stand for any orbital e lement and De 
for the change in that element after one revolution 
of the satellite (from perigee to perigee), we have 

t = 2rr/n 2rr 

6e =s de dt err =s de dt de 
err as (166) 

t = 0 e = 0 

where t is time measured from perigee passage 
of the satellite. Since 6 e is supposed to be 
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small compared to e, it is permissible to approxi­
mate all variables in the equations for element 
variations for de Idt by the values they would have 
in the unperturbed orbit, and to approximate dtl 
de by its relationship to the conservation of angu­
lar momentum, h 

dt 
as 

2 
r 
n 

where h = na 2 ~ is assumed constant. 
Since the angular velocity of the satellite is usu­
ally large compared to the angular velocity of the 
disturbing body, we may further assume that r 
is constant during the time the satellite takes to 
compl ete one revolution. Then integrals of the 
type in Eq. (166) can be evaluated easily. The 
results are 

6a = 0 (167 ) 

.6q 15Hrra
4 e ~ {Sin2r COS2WCOSi 

. 2 ( 2 r . 2 r 2 l')} - Sln w cos - sm cos 

(168 ) 

where q = r p = a (1 - e ) 

where 

De 
1 a Dq (169) 

6i - 3 Hrra
3 

{2 sin 2 r sin i 

2~ 

- 5 cos
2 w») +5 e

2 
sin

2 r Sin2u.sin2i} 

3 (170) 

60 3 Hrra {5 e 2 sin 2 r sin 2 W 

2~ 

+ 4 (1 + 4 e 2 ) sin2 w]} 
6w - cos i 60 + 6 Hrra 2 ~e2 

H 

{ 5 sin 2 r sin w cos W cos i 

- 1 +3 sin
2 r cos 2 i - (5 sin

2 
W 

4) (cos 2 r - sin2 r cos 2 i)} 

(171) 

(172) 

Here, ME and MD are the masses of the earth and 

the disturbing body, aD is the average distance to 

the disturbing body. 

J 



G is the universal gravitational constant and n 
is the satellite's mean angular motion. 

For the moon as the disturbing body 

-18 -3 
H = Hm = 0.68736 x 10 (naut mil 

10.8207 x 10- 20 km- 3 

-8 -3 
2.80763 x 10 (earth radii) 

If the disturbing body is the sun, then 

-18 -3 
0.31584 x 10 (naut mil 

4.97207 x 10- 20 km- 3 

= l. 29010 x 10- 8 (earth radii)-3 

Note that Hm = 2. 17631 Hs ' but remember that 

the fundamental planes are different for the two 
perturbations. Assuming that the other variables 
(a, e, i, and w) remain constant during one period, 
;::,. q can be integrated from 0 to 11' (the period of r ) 
to give the approximate total change . Dividing by 
11' gives the average change in q for one revolution 
of the satellite. Similarly, formulas for the 
average change in the other parameters can be 
determined to be : 

;::"q = - 7. 5 H11'a 4 e ~sin 2 W sin2 i sec 

;::"e 
sec 

6w 
sec 

6i 
sec 

6fl 
sec 

(173 ) 

(174 ) 

6 H11'a3 r;x 1 + Sln w ~ 5 
. 2 

20-e2) 

. 2 . )] - sm 1 (175 ) 

- 3.75 H11'a3 
(e 2 sin 2 w sin 2 i ) 

~1 - e
2 

(176 ) 

-3 H11'a3 cos [0 2 2 
e ) cos w 

(1 77 ) 

where the subscript sec means secular. To com­
pute the changes per unit time, divide by the 
period of the satellite in the specified time units . 
Note also that H and a must be in units consistent 
with those used for q. 

The above expressions indicate the secular 
trend in the various parameters due to a disturb­
ing body. for example. the moon. To illustrate 
the meaning and importance of these formulas, it 
is helpful to return to the complete formula for 
the perturbation of perigee distance q. 
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Recall from Eq . (157 ) that 

6q = A {Sin 2 r cos 2 w cos i 

- sin 2 w ~os2 r - sin
2 r cos

2 9~ 
where 

A = 15 H11'a 
4 

e ~ 

Using trigonometric identities, the expression 
for 6q can be written in the following form: 

6q = 6q + 6q . per sec 

where subscript per means periodic 

A [Sin 2 r cos 2 w cos 

-i cos 2 r sin 2 w (1 + cos 2 i)J 
and 

6q = -;A sin 2 wsin2 i. 
sec ,:, 

Thus 6 q can be expressed as the sum of two 
terms; the first of which is a periodic function 
of r, and the second is independent of r. This 
nonperiodic or secular term is precisely fl qsec 

which was previously derived. 

The effect indicated by the periodic term 
(6 q ) can be better understood if its form is per 
changed as follows 

AB (sin 2 r cos a - cos 2 r sin a) 

AB sin (2 r - a) 

where 

B 
./ 2. 1 . 2 2 . 4 . = l cos 1 + 4' sm w sm 1 

d ± -1 cos 2 '" cos i an a = cos B with the minus sign 

holding if sin 2 w is negative. 

The formulas for 6 w, ;::,. i, and 6 Q can eac h be 
expressed in a similar form . and in each case the 
secular terms have already been derived. Since 
the forms of the periodic terms are Rot important 
for most purposes, they will not be given. 

From this point the method of computation 
parallels Penzo's. 

6. Drag Perturbation of a Satellite Orbit 

The effect of air drag on the osculating orbital 
elements of a satellite can be determined using 
the approach outlined by Moe and discussed under 
solar lunar perturbation. The effect on each e le­
ment is expressed as the change in that element in 
one orbital revolution. That is, if the e lements 
at a certain perigee are a, e, i, w, and fl, then 



the e lements at the following perigee will be 
changed by the amounts 6 a, 6 e, 6 i , 6 w, a nd 
6>2 (Refs . 37 and 38 ) . 

a. Perturbation equations and the drag force 

To obtain expressions for th ese changes, 
start with Eqs. (1 78 ) through (1 8 1), relating the 
time derivatives of the orbital e lements to the 
components of a general perturbing force. A 
particular form of these equations , given by 
Moulton (Ref. 1, pp. 404 to 405 ) and Moe (Ref. 
39 ), is 

da 2 e sin 6 R + 2a ~ S at nr 
n~ (17 8a ) 

de i.7" sin 6 ~ ~ 2 2 R+ a ( ~-e ) 
af na 2 na e 

r ] S (1 78b) 

d>2 r sin (6+w) W (1 78c) at 2 ~ . . na 1 - e SIn 1 

di r cos ( 6 + w) W (1 78d ) at 2 /17 na 

dw 
at 

r sin (6 + w) cot i W _ ~ cos 6 R 

2 -~ na ll -e-

~ + ...:..::- -=--
nae 

nae 

(1 + 1 \ sin 6 S V 1 + e cos e) 

(l 78e ) 

R is the component a l ong the radius vector 
(measured positive away from the center of the 
earth), S is the transverse component in the in­
stantaneous plane of the orbit (measured positive 
when making an angle less than 90 0 with the 
satellite I s ve l ocity vector), and W is the com­
ponent normal to the instantaneous plane (meas­
ured positive when making an angle less than 
90 0 with the north pol e ) . 

When the disturbing force is caused by a i r 
drag, the perturbing acce leration is 

which has the components , 

R = - B P (r ) V V e sin 6 
- 0 _I 2 

II + e + 2e cos 6 

[

V 0 (1 + e cos 6) 
( 179a ) 

S -B P (r ) V 

- J ~1 + e
2 

+ 2e cos 6 

-Va cos i3J (17 9b ) 
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and 

W 

where 

B 

m 

CD 

A 

r 

- B P (r ) V V sin i3 
- a 

CDA 

2m 
mass of the satellite 

drag coefficient 

effective area of the satellite 

(179c) 

radius vector from the center of the 
earth to the satellite 

p (.::. ) = density of the atmosphere at .::. 

V 

V a 

i3 

ve l ocity of satellite relative to the 
atmosphere 

ve l ocity of satellite relative to inertial 
space 

ve locity of the atmosphere relative 
to inertial space 

the angle between V and the plane of 
the orbit a 

b. Assumptions and approximations 

Equations (168a ), (168b) and (168c) can also 
be expressed in terms of the eccentric anomaly 
E , instead of the true anomaly 6. This step is 
desirable since the integration of Eqs. (167a) 
through (16 7e ) over an orbital revolution can be 
most easily carried out by using E as the variable 
of integration (limits 0 to 2rr) . To facilitate the 
integration, the following assumptions and ap­
proximations are made : 

(1) The density , p (r ), is spherically sym­
metric . It is assumed to change ex­
ponentially above perigee height, i. e. , 

- (h - h ) /H 
p (r ) = peP (180) 

- p 

where p is the dens ity at perigee. It 
p 

is a function of the height, h , of peri-p 
gee above the surface of the earth. H 
is th e scal e height at perigee altitude 
and h is t he height of the satellite above 
the s u rface of the earth. 

(2 ) In integrating the effect of the perturbing 
force over one revolution, the satellite 
is assumed to move a l ong the unperturbec 
Kepler orbit. This is a good approxima­
tion because the perturbation has little 
effect on the orbit over one revolution. 
This is not tru e du ring the l ast few 
revolutions of the lifetime. Other 
methods must be used to determine the 
effect of air drag during that short 
time. 

(3 ) The integrand is expanded in the quanti­
ty e (1 - cos E ) (which is a lways small 



(4 ) 

wherever the perturbing force is im­
portant) . Only the most important 
terms of the series are integrated. 

T he e ntire atmosphere rotates at a 
uniform angular rate equa l to the rate 
of rotation of the earth about its axis . 

Several investigators (Refs. 40 and 41 ) have 
carried out integrations using variants of the 
above approximations . Sterne (Ref. 41 ), for . 
example , in addition to treating the problem with 
a spherically symmetric atmosphere, also made 
a more refined analysis taking account of the 
atmosphere I s flattening. However, for altitudes 
above 200 naut mi or 370 km, the neglect of the 
diurnal bulge causes errors, which overshadow 
the improvement obtained by considering atmos ­
pheric flattening. T his was shown by Wyatt (Ref. 
42 ) . Moreover, fluctuation in the density of the 
atmosphere causes uncertainti.es large enough . 
that highly refined expressions for the changes m 
orbital elements are not warranted for most pur­
poses . 

c. Approximate changes in osculating orbital 
elements 

Given bel ow are methods useful in simplified 
programs, based on approximations (1), (2), (3 ) 
and (4 ). Most of the results were obtained in 
series form , but o~ly the dominant terms are I 

given here . For higher order terms see Sterne s 
paper (Ref. 41 ). 

The case of ae IH > 2 . When the parameter 
ae/H > 2, the cha nges in the orbital e leme nts per 
revolution are 

[ 
1 - 8e + 3e

2 J -Q 1 + 2 
8c ( 1 - e ) 

(181a) 6.a 

6.e _Q ( 1 ~ e) [ 1 _ (3 + 4e - ~e2 )J 
8c ( 1 - e ) 

(1 8 1b ) 

2 { 2 1 [8 ( 11 +_ ee ) = - D ( l - e ) cos w + 8c \-

+ ~f* + ge
2 

+ Be:2 15\ cos 2 J} sin i 
\~ (l - e ) / J 

(181c ) 

2 
{ 1 + 1 [4f* 6.0 -D (1 - e ) 8c 

ge 2 + Be -
15J } sin w cos w + 2 

(l - e ) 

(l81d) 

6.w -6.0 cos i (I81e) 

where 

(~TT) 1/2 Q 2B Pp a 2 f 
(l + e )2 

2 1/2 
(1 - e ) 
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c ae/H 

f 

f* 

D 

o 
e 

1 -
n 

e 
--2 
1 - e 

o 
2TTB ~ 

n 

(
1_e ) 1/ 2 

(1 - e ) T+e"" 

~ +~l-li ) 
a p f1l2 (2TTc )-1I2 

P 

cos i 

angular rate of rotation of the earth I s 
atmosphere in inertial space (2TT in 
approximately 24 hr) 

It might a l so be useful to know how the radius of 
perigee, q , changes in a revolution; q is simply 
related to a and e t hrough the equation 

q = a (1 - e) 

Thus, the change in q, when ae IH > 2, is 

(
1 - e) 1 

6. q = -Q 1 + e 2c (18H) 

and the change in the period can be found from the 
change in a through the relation 

The case of ae IH < 2 . When the parameter 
ae/H < 2, the appropriate changes are 

and 

where 

6.a 

6.i 

G ( 1+e )3/2 ~ 
(1 - 2e ) 10 (c ) 

- ( 1 _ e )1!2 

+ 2e II (c )] 

- ~ ~ 1 +e \( 1 - e )I
1

(c ) 
a 1 - e I 

(1 82a) 

+ Z [10 (c ) + 12 (c )] f (1 82b) 

-K 1 ~ [10 (c ) - 12 (C)] + (cos
2

w) [12 (c ) 

- 2e I I (c)]f sin i (1 82c ) 

- K [12 (c ) - 2e I I (c)] sin u. cos w 

(182d) 

- 6.Qcos i (1 82e ) 

6.q - G ~ i ~: [(1 - ~ e) 10 (c ) - (1 

- 3e ) I I (c) - ~ 12 (c )] ( 182f) 

G 
CDA 2 -c 

2TT -- a p f e m p 

~-- .. - ----



K = 
CDA 

TT -­
m 

rl 
e 

n 
a P Yf e-c 

p 

and In is the Bessel func tion of imaginary argu­

ment and nth order. The secular time rate of 
change of the ele ments may be obtained by 
dividing Eqs. (l8la) through (l8lf) and Eqs. (l82a) 
through (182f) by the Kepler period, 

7' =2TTa3(2( ~ 

From Eqs. (l8!) and (1 82 ) it can be seen that 
the rotation of the earth's atmosphere relative to 
the satellite affe cts the inclination, node, and 
argument of perigee of the orbit. If there were 
no atmospheric rotation we =0), only the semi-

major axis and eccentricity (hence the height of 
perigee) would be affected . 

The orbital parameters most sensitive to 
drag are the heights of apogee and perigee, the 
period, and the eccentricity . The refuSon for this 
sensitivity is primarily the fact that V relative to 
the atmosphere is not vastly different than V rela­
tive to space. Thus, the perturbing force is 
nearly planar and therefore affects semimajor 
axes and eccentricity. 

The procedure for evaluating the effects due 
to drag is now clear: First the element variations 
are computed, then the elements are adjusted and 
the process continued. If a sufficiently small in­
terval of time is utilized for the stepping proce­
dure' say! revolution for satellites above ap­
proximately 180 km, then the element changes 
will be sufficiently small so that they may be 
added to those produced by the sun, moon, ablate­
ness, etc., to produce a first order approximation 
to the total solution. Numerical data and discus­
sions of the planar effects are presented in Chap­
ter V (Satellite Lifetime) . Thus, graphical data 
will not be included at this point. Data for the non­
planar parameters will not be prepared because 
of the fact that too many parameters are involved 
to make such a presentation meaningful. Rather 
it is suggested that these effects be evaluated for 
each orbit. 

d. Contribution of random drag fluctuations 
to error in predicted time of nodal cross­
ing of a satellite, assuming perfect initial 
e lements * 

If the period is known to be exactly P(O) during 
the zeroth revolution, then the period will be pre­
dicted to be P' (n) during the nth revolution. This 
prediction will be based on the average rate of 
change of period during the preceding revolutions . 
But suppose there are random fluctuations about 
the average change in period. Let these random 
fluctuations be PI' P2' • •• , Pj' • . . , Pw 

Then after N revolutions the period will actually 
be 

N 

P(N) = P'(N) + I Pj 
j=l 

*This subsection was included as "Appendix E, 
Special Derivations" in Flight Performance 
Handbook for Orbital Operation, STL report 
prepared under Contract NAS 8-863 . 
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The time of nodal crossing will be predicted 
to be 

N 

t'(N) = t (O) + I P' (n) 

n=l 

while the actual time of nodal crossing will be 

where 

N 

t(N) = t (O) + L 
n=l 

n 

r(n)"" L Pr 
j=l 

N 

P ' (n) + L r(n) 

n=l 

The error, E(N), in the prediction is 

N N n 

E(N) -I r(n) = -2: L Pj' 
n=l n=l j=l 

This double sum can be written out explicitly as 

E(N) = - [(PI) + (PI + P2) + .•• 

+ (PI + P2 + •.• + PN)]' 

Rearranging terms, we obtain 

E(N) = - [NP 1 + (N - 1) P2 + 

Case a: Fluctuations Independent from Revo-
1ution to RevolutlOn. If each p. is mdependent 

J 
and has the standard deviation F, then the 
standard deviation of E(N) is 1/2 

Grms(N) "" E(N)rms =, i n~ 
\ n=l ) 

= F [N(N + 1) (2N + 1) /6J 1/2. 

(184) 

Case b: Fluctuations Correlated over 25 
Revolutions . On the other hand, suppose that 
the random drag fluctuations are perfectly cor­
related over intervals of 25 revolutions, but in­
dependent from one interval to the next. A 25-
revolution interval is chosen because it is the 
usual smoothing interval in published orbits. 
We begin with Eq (183). 

Since the accelerations are assumed to be 
correlated over intervals of 25 revolutions, 

P q+ 1 = P q+ 2 = • • 



The fluctuations in acceleration about the 
smoothed value are illustrated in the following 
sketch. 

The possibl e values of q range from 1 to 25 . 
In the absence of particular information, all 
values of q will be ass ig ned e qual weights . When 
n = 1, P = PA ' When n = 2, P will equal PA if 

2 ~ q ~ 25, and P = P
B 

if q = 1. When n = 3, 

P = P A if 3 ~ q ~ 25, and P = PB if q = 1 or 2, etc . 

The equal weighting of the 25 values of q can be 
expressed by averaging over the e ns emble of 
possible values, that is 

PI = PA 

P2 = (1/25 ) (24 PA + PB ) 

P3 = (1/25) (23 P A + 2 PB ) 

P25 = (1/25) (PA+ 24P B ) 

P26 = PB 

P27 = (1 / 25 ) (24 PB + PC) 

P50 = (1 / 25 ) (PB + 24 PC), etc. 

The timing error , averaged over the ensemble 
of possible values of q , is fo und by s ubstituting 
these p. 's into Eq (1 84). 

J 

E (N} = - [NPA + (N - 1) (24 PA + PB )/25 

+ (N - 2) (23 P
A 

+ 2 P
B

) / 25 

+ • .. + (N - 24) (p A + 24 P
B

) / 25 

+ (N - 25 ) PB + (N - 26) (24 P
B 

+ PC ) /25 + ... + (N - 49 ) (PB 

+ 24 PC ) / 25 + (N - 50) Pc 

+ (N - 51) (24 Pc + PD ) / 25 + • .. J ' 
for all ( - kJ> 0 . . . (185) 

Collecting coefficients of P A ' PB ' and Pc 
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Let 

E\NT = - (p A / 25) [ 25 N + 24 (N - 1) + ... 

+ ( - 24)J - (P
B

/25) [(N - 1) 

+ 2(N - 2) + ..• + 24( - 24 ) 

+ 25 (N - 25) + 24 (N - 26) + ... 

+ ( T - 49)J - (PC /25 ) [( - 26) 

+ 2 (N - 27 ) + ... + 24 (N - 49) 

+ .. . J -... , 
for a ll (N - k) > 0 . .. 

a (N) :; [ 25 N + 24(N - 1) + ... + (N - 24~ • 

b (N) :; [ (N - 1) + 2(N - 2) + ... + 24 (N - 24) 

+ 25 (N - 25) + 24 (N - 26) + .. . 

+ (N - 49)J 

c (N):; [(N - 26) + 2(N - 27 ) + ... 24(N - 49) 

+ 25 (N - 50) + 24(N - 51) + . . . 

+ (N - 74 )J 

d (N) :; [(N - 51) + 2(N - 52) + .• . 

+ 25 (N - 75) + . . . J 

e (N ) :; etc . , 

for all (N - k ) > O. 

If the standa rd deviation of p . is u, and each p. 
J J 

is indepe ndent , then the standard deviation of 
E(N} is 

K (N ) :; [ElNTJ = (u /2 5 ) [a2
(N) rms rms 

2 2 J 1 / 2 + b (N) + c (N) + • • • . 
(186 ) 

In case N < 25, a (n), b (n ), and c (N) are calcu­
lated as -

b (N) = (N - 1) + 2(N - 2) + . . • + 24(N - 24 ), 

N-1 

= L q (N 

q =l 

for all (N - k) > 0 
a nd for N:s 25 

N - 1 N - 1 

- q) = N L q - L q 
2 

1 1 

= N 2(N - 1) / 2 - N (N - 1 ) (2N - 1) /6 

b(N) = [ N(N - 1) / 2J [ N - (2N - 1) /3J 

for ~ 25 

a (N) = 25(N + N - 1 + ... + 1 ) - b(N) 



I 
( 

I 
I 

I 
! 

a (N) 25 N (N + 1)/2 - b(N). 

for N:5 25 

c(N) = O. for N s: 25. 

In case N is greater than 25, the contribution 

of the first 25 terms in Eq (1 85 ) to b(N) i s 

24 

b1 (N) = I 
q=l 

24 

q(N - q) = N I q 

1 

b 1 (N
) = 100 (3 N - 49). 

for N > 25. 

a (N) is then given by 

a (N) = 25 (N + N - 1 + ... + N - 24 ) - b
1 

(N) 

a (N) = 625 (N - 12 ) - b
i 

(N), 

for N ~ 25. 

We define b 2(N) to be the contr i bution to b (N) 

of all those terms of the second 25 terms in Eq 

(185) for which the quantity N - k is positive . 

F.or N s: 25, b2(N) = 0, and for N ~ 26, b
2

(N) i s 

glven by 

b2(N) = a (N - 25 ), 

for N226 . 

b(N) is given by 

b(N) = b1 
(N) + b

2 
(N). 

The quantities c (N), d (N), etc., are given by 

c(N) = 0, for N s: 26 

c (N) = b(N - 25), 

for N ~ 27 

d (N) = 0, for N ~ 51 

d (N) = b(N - 50 ), 

for N 2 52 

etc. 

Comparison of Case a and Case b. The limits 

of the equations for correlated and uncorrelated 

errors will now be calculated, to show how the 

two cases are related. For uncorrelated errors 

(Case a), take the limit of Eq (1 84). 

lim F 
N --> 00 

(1 87 ) 

For correlated errors (Case b), take the limit of 

Eq (1 86) 

lim (a/25) { [ 625 ( -12) -100(3N-49)J
2 

N _00 

+ [100 (3 N - 49) + 625 (N - 37 ) 

-100 (3 N - 124)J2 + 
continued 
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+ [100 (3 N - 124) + 625 (N - 62 ) 

-lOO(3N -199)J
2 + ..• }1/2 

= lim a {[ 13 (N - 8)J 2 + [ 25 (N - 25 )J 2 

N -->00 

+ [25 (N - 50) J 2 + •.• } 1 12 . 

Let N = 25 M, where M is an integer. Then the 

above limit becomes 

lim (25 )2 a { M2 + (M - 1)2 + (M _ 2)2 . " 

M --> 00 

} 
1/2 

+ 12 _ M2 + [(1 3/25 ) (M - 8/ 25 )J 2 

= lim (25 )2 a {M (M + 1) (2 M + 1)/6 

M-> oo 
1/2 

- M2 + [( 13 / 25 ) (M - 8/ 25 )J 2} 

= lim (2 5)2 a ~ M (M + 1) (2 M + 1)/6} 112 

M -> ", ' l 

1/2 1/2 
(2 5 )2 a (M 3 /3 ) =5a (N 3 /3 ) (188) 

Thus, the limits (5) and (6) for correlated and 

uncorrelated errors approach the same asymp­

totic form for large N. This makes it possible 

to evaluate the constant F, which must equal 5a. 

The relationship F = 5a corresponds exactly to 

the situation in the theory of errors, in which 

the standard deviation of the mean of k indepen­

dent observations equals the standard deviation 

of one observation divided by the square root of k . 

The asymptotic form Eq (188) is a convenient 

approximation to represent the error contributed 

by random fluctuations, when the initial elements 

are perfect. The satellite accelerations, i . e . , 

the rate of change of the period published to 

July 1 961. furnish no evidence for choosing be­

tween Case a and Case b, because they are 

smoothed over intervals of 25 revolutions. 

7. Radiation Pressure 

Above a height of 500 naut m i or 926 km, 

radiation pressure usually has a greater effect 

on the orbit of an artificial satellite than air drag 

(though for ordinary satellites, the effects of 

radiation and drag both are very small). How ­

ever, both effects are significant for balloon 

satellites since the area-to-mass ratio is large. 

(The area-to-mass ratio of the Echo I balloon 

satellite was 600 times that of Vanguard 1. ) At 

first glance it may appear that it is possible to 

handle this force as was done in the previous 

s ecti.ons. However. thi.s is not the case because 

of the fact that the earth affords a shield from 

the sun' s rays during a portion of the orbit . This 

shadow effect is investigated in detail in Chapter 

XIII. 

Kozai (Ref. 43 ) has integrated the pertur ­

bations of first order over one revolution. in 

terms of the eccentric anomaly, E . The satellite 

leaves the shadow when E equals E l' and enters 

the shadow when E equals E 2. (Reradiation 

from the earth is ignored.) 



The perturbations over one revolution are 
give n by 

6 a " 2a 3F (8 cos E + T 

El 
2 {;7 [ 1 .~ o e " a F 1 - e 4 8 "1 - e ~ cos 2E 

ow 

oM 

I
E (189 ) 

+ T ( -2e sin E + ~ sin 2E) 2 

El 

+ ~ .) TdEJ (190 ) 

~ sin 2E } cos w + ~ (cos E 

~ e.) W cos w (1 91) 

~ sin 2E } sin w -~(COSE 
E2 

~ cos 2E) cos w 

El 

- ~ e S W sin w dE ] (192 ) 

- cos i on + a 2F 9 [ S(e sin E 

+ .!. sin 2E) +T~(ecosE 
4 

[E2 1 
- ~ .) SdE J - 4 cos 2E. (193 ) 

E1 
20 

3 S oa dM -~ow 2 a 
0 

- {17cos i on 

where the limits of integration are E1 and E2 
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unless other values are written; Sand T are the 
expressions of S (8) and T (8 ), in which q, is re ­
placed by w; that is, 

8 = 8 (0), 

T = T (O). 
} (195 ) 

If the satellite does not enter the shadow dur ­
ing one revolution, the terms depending explicitly 
on E vanish, a nd , in particula r , oa vanishes . 

In the expressions of ow and on, indirect 
effects. of the solar radiation pressure through 
OJ and n must be considered as 

are 

dow dw d~ oi + dw oa, 

} dt de oe + di da 

< 

oi + ds? 
(196 ) 

don dn dn 
oa . dt de oe + di da 

The disturbing functions S(8 ), T (8}, and W 

S(8) 

W 

2 i 2 E 
- cos "2 cos "2 cos ~O - q, - n) 

. 2 i . 2 E ( n ) 
- sm "2 sm "2 cos "-n + "' - <\> 

- } sin i sin E lcos ( "-0 - <\> ) 

- cos (-"-0 - <\> )\ 

. 2 i 2 E 
- sm 2 cos 2 cos ( n - "-0 - <1» 

2i .2E ( ) - cos "2 sm 2 cos -"-0 - <\> - n , 

. . 2 E • ( n ) = SIn I cos 2 SIn lI.o - " 
(197 ) 

- sin i sin
2 ~ sin ("-0 + n ) 

- cos i sin E sin 11.0 (198) 

where 11. 0 is the longitude of the sun, and E is the 

obliquity. The expression of T (8) is obtained if 
cos in S(8) is replaced by sin except for the trig­
onometrical terms with an argument i, E , i /2, 
or E /2 . 

The conventional symbols are used for the 
orbital elements: a is the major axis, e the ec­
centricity, i the inclination, n the node, w the 
argument of perigee, M the mean anomaly, and 
e the true anomaly. In addition, 

<\> = 8 + w 

and 

p = a (1 - e 2
) ; 

2 3 2 3 2 3 n a F S(8), n a F T (8 ), and n a F Ware three 
components of the disturbing force due to the 
solar radiation pressure in the direction of the 

--1 



I 

I 

I 
I 

[ 
, 

I 

I 

radius vector of the satellite, in the direction 
perpendicular to it in the orbital plane, and in the 
normal to the orbital plane ; and F is a product of 
the mass area ratio, solar radiation pressure, 
and a reciprocal of GM . 

The smallness of the effect of radiation pres­
sure on an ordinary satellite is illustrated by the 
orbit of Vanguard I (Refs. 44, 45 and 46). 
Radiation pressure periodically changes its height 
of perigee by about one mile . The effect of rad­
iation pressure on the period is obscured by the 
fluctuations in air drag . Both radiation pressure 
and air drag would have had very small effects on 
a conventional satellite at the original perigee 
height of Echo I. but both effects were magnified 
by the area-to-mass ratio, which was. 600 times 
that of Vanguard I . The consequent large effects 
on the rate of change of period are shown in 
Fig. 10, which originally appeared in Ref. 45 . 
The correlation of air drag with the decimeter 
solar flux is also shown to persist to this great 
height (see Chapter II) . Note also in Fig. 10 that 
radiation pressure sometimes has no effect on 
the period . This occurs when the whole orbit is 
in sunlight. [ E 2 = E1 + 2 n in the expression for 

6a of Eq (194) .J 

The radiation pressure sometimes acts to in­
crease the period . Echo I was the first satellite 
for which this was observed (Ref. 45 ). It was 
also the first satellite for which the eccentricity 
was observed to increase . This can be clearly 
seen from the increas ing distance between peri­
gee and apogee in Fig . 11, which is modified 
from the NASA Satellite Situation Report of 
July 18, 1961, though [or most satellites the 
eccentricity has decreased during the lifetime . 
Detailed behavior of a satellite due to this per­
turbation cannot be tabulated in a parametric 
form due to the large number of factors affecting 
the solution. These factors include longitude of 
the nodes, orbital inclination, position of the 
earth in its orbit and sem imajor axis and eccen­
tricity of the orbit . Thus, it is necessary to ob­
tain a particular solution for the perturbed rates 
of the elements given a set of desired elements, 
then incorporate them in a numerical manner with 
the rates produced by other forces . 

The analyst is urged to consult a growing body 
of literature for this perturbative influence. 
Some of these references have been collected and 
presented as Refs . I, 34, and 43 through 57 . 

8. Satellite Stability 

The study of satellite stability concerns the 
long term orbital be havior of artificial satellites . 
It attempts to provide the mission analyst with 
answers to such questions as: How will the various 
orbital elements change? What will be the magni­
tude of these changes? Will their pattern be highly 
erratic or regular? Will there be a change in the 
pattern from erratic to regular or vice versa? 
In order to answer these and other questions it is 
necessary to combine the perturbing forces acting 
upon the satellite orbit and their effect upon the 
various orbital elements of interest for a particu­
lar mission. 
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This section discusses some approximate 
methods for dealing with satellite stability 
problems. The formulas and methods given 
here can be used to: (1) construct approximate 
computer programs, which are much faster and 
cheaper than "exact" programs; (2) solve some 
satellite stability problems without the need for 
a high speed computer; (3) help in gaining more 
insight into the behavior of satellites. 

Section C2 of this chapter discussed the ap­
proximate method of M . Moe and presented most 
of the formulas which will be used in this sec­
tion . The following discussions present some of 
the results obtained using this method. Although 
only earth satellite results are given here, these 
methods have also been used extensively for 
lunar satellites and can be applied to orbits 
about other planets . Part 2 illustrates a method 
for computing satellite trajectories by hand . 

Care must be taken not to use the methods of 
this section on orbits which are physically too 
large, in which case the approximations for 
luni -solar perturbations break down. While 
definite rules cannot be laid down, Table 4 
should prove helpful. The table lists the various 
bodies and the approximate upper lim its where 
"very gOOd, " "good, " and "fair" results can be 
obtained. The parameter used is the period of 
the satellite in days. 

TABLE 4 

Validity of the "Approximate" Method as 
a Function of Orbital Period (days) 

Very 
Good Good Fair 

Earth 2. 4. ? 

Moon 0.5 1. 1.5 

Mars 45 . 60. 90 . 

Venus 15. 25 . 35. 

Mercury 5. 8. 10. 

A special case arises for very remote earth 
satellites which do not pass near the moon. 
These may also be treated by approximate meth­
ods and in these cases some orbits with periods 
as long as 45 days can be studied. For this class 
of orbits the effects of the moon are ignored and 
the sun is treated as the only disturbing body. 
Another class of orbits for which the methods of 
this section are not very helpful is the very 
near earth orbit where drag and oblateness 
perturbations are predominant. 

Accurately predicting the future history of an 
artificial satellite is difficult and expensive. 
Fortunately approximate methods often give good 
results . This section discusses approximate 
methods which have been extensively used for 
terrestrial and lunar satellite orbits . 

It is convenient to consider the stability of the 
orbit of an earth satellite as a two -body problem 
with perturbations introduced by the sun, moon, 



earth shape, drag and radiation pressure . These 
effects must be analyzed separately and then 
combined . This procedure is accomplished only 
after allowing for the fact that the various equa­
tions refer to different planes; the results can 
then be summed to yield the new orbit . The 
process can then be repeated . 

Performing this operation by slide rule or 
desk calculator is very slow and requires about 
8 hr to compute the change for one revolution, or 
1 man -year for 1 month of the satellite's orbit. 
However, the combined equations can be eval­
uated on a high speed computer such as the IBM 
7090 at the rate of about 5 rev I sec . Subsequent 
paragraphs of this section discuss results ob-
ta ined in the latter manner . 

When high speed computers are not available, 
good results can be obtained by using the secular 
terms to estimate the results over many revolu­
tions. This method is illustrated in Part 2 . 

Part 1: Sample Results by "Approximate" 
Method . Early in 19~study (Ref. 58) was 
made at STL to determine the lifetimes of earth 
satellites in highly eccentric orbits . The project 
was the Eccentric Geophysical Observatory 
(EGO). Some of the results of this study will be 
used to illustrate the approximate method and 
the general problem of orbital stability. 

The experimental objectives of Project EGO 
made it desirable to keep perigee height as low 
as possible consistent with lifetime require­
ments. A graph of the suggested nom inal an­
swering these requirements is shown in Fig . 12 . 
This graph will be discussed in detail since it 
illustrates most of the important features of this 
type of orbit. The initial conditions in terms of 
equatorial spherical coordinates are given in the 
figure. These were the suggested burnout con­
ditions of the missile which were to inject the 
satellite into orbit . The resulting orbital param­
eters in terms of equatorial coordinates are as 
follows: 

a = 32,879 naut mi 
=60 , 892km 

e = 0 . 891057 

ia = 31. 289° 

0a= 41. 796° 

wa =135.6l7 

Launch time = 
3 hr 30 min GMT 

Launch date = 
1 April 1963 

The mos t important parameter in the EGO 
study is perigee height or equivalently perigee 
distance q and to the first order, the only per­
turbations affecting q are caused by the sun and 
the moon. The periodic term for the lunar per­
turbations of q may be written as 

6. q = A B sin (2r + a ) per m m m m 

where Am' B m , and am are as given in Section 

C5 of this chapter. Therefore the moon causes 
the satellite I s perigee to alternately rise and 
fall. The period is one-half the moon's sidereal 
period or a little less than fourteen days. The 
amplitude for EGO-type satellites is about 40 
naut mi or 74 km . The sun has a similar effect 
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but the period is one -half year and the amplitude 
is about 200 naut m i or 370 km. Figure 12 is a 
graph of perigee height versus time . ote that 
the moon waves are shown only for the first 100 
days . The rest of the curve shows the envelope 
of minimum perigee height. This simplification 
is adopted for all similar graphs in this section. 
Note also that the moon waves should be just a 
sequence of separate points plotted at 1. 73-day 
intervals since perigee is reached only once 
each revolution of the satellite whose period was 
1.73 days . 

Now consider the combined secular effect 
caused by the sun and moon. This is given by 
the following formula which is derived in Section 
C5 of this chapter. 

6. q - - 1 (A sin 2w sin2 i sec - "2 m m m 

+A sin 2w sin 
2 

i. ) (199 ) 
• • 

where 

A 15 H 
4 ~1 2 

IT a e - e 
m m 

and 

A = 15 H 4 ~ 1 2 lTa e - e 
• s 

Recall that Hm anj Hs are positive constants . 

Note that the subscripts m and. indicate moon 
plane and ecliptic plane parameters . Equatorial 
parameters will be indicated by the subscript a 
in the following discussions . 

Initially, the nominal orbit had equatorial 
parameters ia = 31. 29°, ria = 41. 80° and 

wa = 135 . 62°, and wm = 94.68° , \ = 20 . 30°, 

0. = 87 . 47°, and w. = 85 . 69°, respectively . At 

the end of 402 days, the orbit parameters take 
on the values: a = 32,793 naut mi or 60,733 km, 
e = 0 . 8893, ia = 37 . 58°, 110' = 8. 55°, wa = 181. 38°, 

i = 16. 11", u; = 187 . 07°, i = 14.75°, and 
m m • 

W = 167 . 96° . Note that the secular trend is now 
E 

nearly 0, which is again shown in Fig . 12 . At 
the end of 554 days, the orbit parameters are : 
a = 32,779 naut mi or 60,707 km, e = 0 . 8902, 
ia = 36.87°, Sl a = -1. 65°, wa = 195 . 61°, 

im = 16 . 77°, wm = 214 . 50°, i. = 13 . 45°, and 

W = 198.43°. The secular trend is now negative . 

ow a brief discussion will be given of the 
other figures in this section. In the initial EGO 
study (Ref. 58) , the burnout conditions of the 
missile were given . The only variation per­
mitted was in time of launch. A series of satel­
lite lifetime ,-uns (Ref. 59) were made on the 
IBM 7090 with 1 April 1963 as launch day. The 
first run was at 0 hr GMT , the next at 2 hr and 
so forth to 24 hr. The res ults are illus lrated in 
Fig. 13 . 

A t first glance, it is surprising that merely 
changing the launch time would have such a large 
effect on the satellite's future history. This 



behavior results s ince changing the launch t ime 
of day changes the satellite I s nodal longitude 
(no)' At 0 h, nO' = -10. 849 . From then on nO' 

increases by 30 .0 83° for each 2 hr added to the 
launch time. This, of course, is due to the 
earth rotating 360.996° in 24 mean sol ar hours. 

Changing nO' does two important things . First, 

it changes the phase of the sun an d moon desig­
nated by r m and r E' For EGO - type satellites, 

the moon's periodic effect is only about 40 naut 
mi or 74 km in amplitud e and hence is not too 
critical. The sun ' s periodic effect , however, is 
very important. Secondly, changing nO' changes 

the ecliptic and moon p lane parameters of the 
orbit a nd hence changes the secular trend of the 
satellite. The secular trend is l arge and posi ­
t ive for the 8-, 10-, 12-, and 14-hr orbits . 

In Fig. 14 compar ison is made between ap­
proximate results as obtained from the Satellite 
Lifetime Program (Ref. 59 ) and results obtained 
by integrating the e quations of motion in a way 
that is essentially exact . Note that the agree ­
ment is good . 

Figure 15 illustrates how oblateness indirectly 
affects perigee height even though its direct 
effect is zero to first order. It does this by 
chang ing the equator ia l inclination iO' and the nodal 

l ongitude nO' . This in turn changes the eclipti c 

a nd moon-plane parameters iE' WE' im , and wm ' 

This then changes the secular effect as is shown. 

In Fig. 16 the effect of leaving out the effects 
of sun or moon is demo nstrated . Here the nomi­
nal graph is shown in comparison with the same 
orbit computed with the sun only and with the 
moon only. Note especi ally the d ifference in 
secular trend . 

The effect of making various changes in the 
initial parameters of the nom ina l orbit is shown 
in Figs . 17, 18, 19 and 20. 

The graph of the 6 -hr orbit for a per iod of 
10 yr is shown in Fig . 21. This orbit illustrates 
an important phen omenon. From the secular 
trend in perigee distance given by Eq (185) it 
follows that ~ qsec depe nds mainly on the incli-

nation an d argument of per igee . The inclination 
does not change very rapidly; however , the argu­
ment of perigee is perturbed ve r y much by obl ate ­
ness and to a lesser extent by luni-solar effects . 
As iO' increases, oblateness perturbations get 

smaller (0 < i < 63 .7°) and as a result wand 
- - m 

wE change slowly. Thus the secular term can be 

nearly constant over a long period of time . If 
this happened when the secular trend was down, 
the satellite would probably expire . This effect 
also expl a ins the short life of most lunar satel­
lites (Ref. 58 ). 

Part 2: Hand Cal cul ati on of a n Earth Satellite 
Orbit. The detail ed revolution by revolution ap ­
proximate calculation of a satellite orbit is too 
slow and tedious to be practical by hand . However, 
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the process can be accelerated by treating the 
periodic and secular terms separately. 

To illustrate this method, part of the tra­
jectory of the EGO Nominal will be calculated 
(see Fig . l~). 

Cons ider first the periodic term for the 
lunar perturbations (given in Section C2 of this 
chapter ). 

where 

H = 0 . 68736 x 10 -18 (naut m il -3 was 
m evaluated in Part 2. 

A = 15. 3 naut m i = 28. 3 km 
m 

Bm = 0.961 

= -170 . 64° 

(Note that the minus s ign is taken when 
sin 2w m is negative.) 

The parameter r mt denotes the angular 

pos i ti on of the moon measured from the satel­
lite's ascending node at time t (see Fig. 9). 
Th is parameter is given by the following formula . 

where 

t 
m = time the moon was at its ascending 

equatorial node 

nm = moon's angular rate 
2 IT 

Tm 

nmt =, satellite's moon-plane ascending 
node measured from the moon's 
equatorial node 

= time . 

If time is measured in days, and angles in degrees 
and if the initial time to = 0 

then 

tm -6.9658 days (ephemeris) 

nm 13 . 17 6° /day 

>I = 67 . 58° m 

= 0 (initially) 

r = 24 .1 4° mo 

r mt = 24.14 + 13.176° 

where t is measured in days . 

Substituting the computed values of Am ' Bm , 
and am gives 

~qper (mt) = 14 . 7 sin (2 r mt + 170 . 60 ) 

= 14.7 sin (21 8. 92 + 26.352 t ). 



The period of the satellite once again is 1. 73 
days . Hence the periodic term alone indicates 
that the moon 's gravitational field will push the 
satellite dow n for four revoluti ons . The satellite 
will then be at a minimum height as far as the 
periodic effect of the moon i s concerned . From 
then on this periodic motion can be ignored (see 
Fig. 12). 

Evaluating.6q ( t ) for time t = 0, t = 1. 73, per m 
t = 3. 46, and t = 5 .1 9 days, and then summing 
gives the initial down ward push by the moon to 
be 36.2 naut mi or 67 .0 km. 

Consider now the period ic term of the sun's 
perturbation in perigee distance as measured 
from the center of the earth (q) 

where 

A = 7.03 naut mi '" 13 km 
E 

B =0. 961 
E 

The parameter re t is given by 

_ n 0 

et 

te 11. 4258 days 

n = 0.9856°/day 
E 

r'et = 87.470 when " 0 

Thus 

ret = - 76 . 21 + 0 . 9856 to 

where t is meas ured in days. 

Combining the above equations gives 

.6q
per (et) = 6 . 59 sin (2 ret - 171.38) 

= 6 . 59 sin (36.20 + 1 . 9712 t ). 

ote that the sun ' s periodic effect is initially 
upward . But after about 146 days , this upward 
move is cancelled. The satellite than has about 
18.4 days or eleven revolutions to reach a min-
imum. Evaluation.6q ( t ) at time t " 147 . 05 , per e 
t = 148.78 . t = 150.051,··· , t " 164.35- -that 
is , once each revolution from time t = 147.05 to 
t = 164. 35--and summing yields the net downward 
push of the sun as 21 naut mi or 39 km . The 
satellite will then be at a minimum he ight as far 
as the periodic effect of the sun is concerned. 
From then on this periodic motion can be ignored 
(see Fig . 12). 

ow consider the combined secular effects of 
the sun and moon on perigee distance q : 
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.6 = - -2
1 

(A sin:?w sin
2

i + qsec m m m 

A . 2 . 2 . ) + Sln w Sln 1 e e e 

.6qsec = +0 . 0319 naut mi./rev. = +0.0591 km/rev 

Assuming the various parameters are relatively 
invariant during the first 164.35 days, the secular 
rise in perigee height for this period can be com­
puted as 

I:.6qsec = 161~'7~5 (0.0319) = 3.0 naut mi or 

5.6 km. 

The combined periodic and secular results indi­
cate that perigee height should have decreased by 

36.2 + 21. 0 - 3.0 = 54.2 naut mi or 100.4 km . 

This checks reasonably well with the results 
show!-l in Fig. 12. 

Better results could be obtained by summing 
the secular perturbations over perhaps 20 - or 50 -
day intervals and taking into account changes in 
the parameters e, im ' wm ' ie and WE (in such com-

putations the periodic terms in these parameters 
are not important) . The main difficulty here 
would be in converting solar and lunar perturba­
tions into changes in the equatorial parameters . 

Using this method with, say, 50-day steps 
should yield results of fair accuracy for many 
satellite orbits . For example, the 0 hr, 2 hr, 
8 hr, 10 hr, 12 hr and 14 hI' would be quite easy 
to compute by hand (see Fig. 13) . Hand com ­
putation of the orbit of a lunar satellite is also 
easy because the moon ' s equator is very close 
to the ecliptic, and because the sun 's effect is 
very small compared with the effect of earth. 
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CHAPTER V. SATELLITE LIFETIMES 

SYMBOLS 

Area 

Semimajor axis 

Ballistic coefficient CDA I 2m 

Drag coefficient 

Lift coefficient 

Ratio of specific heats 

Drag force 

Eccentric anomaly 

Total energy 

Error function of argument x 

Nondimensional decay parameters 

Nondimensional decay parameters 

Angular momentum per unit mass 

Altitude 

Modified Bessel function of nth order 

Orbital inclination; smoothing interval 

Inverse of square of most probable 
velocity, negative log slope of atmos ­
pheric density 

Knudsen number 

Direction cosines 

Mach number 

Molecular speed ratio 

Mass 

Disturbing force normal to ve l ocity 
in the plane of motion; number of 
revolutions since epoch; number of 
molecules hitting satellite surface . 

Drag parameters for low eccentricity 

Semilatus rectum 

Universal gas constant; radius of the 
earth; radial component of disturbing 
force 

Reynolds number 

Radius 

Circumferential component of dis­
turbing force 

V-I 

T 

V 

W 

x, y, z 

z 

Ct 

[3 

Tangential component of disturbing 
force; temperature 

Lifetime 

Time 

Velocity 

Component of the disturbing force 
normal to plane of motion 

Position coordinates in Cartesian 
coordinates 

Lifetime parameter Kae 

Angle of attack 

Emissivity of surface 

r (n) Gamma function 

e 

P 

a 

T 

n e 

w 

Subscr ipts 

c 

i 

o 

p 

r 

w 

Flight path angle 

Eccentricity (to differentiate from 
base of natural logs) 

True anomaly; 1 I 2 angle of a cone 

Mean free path 

Gravitational constant for the earth = 
GM 

Yaw angle 

Atmospheric density 

Stefan - Boltzmann constant; statistical 
variance; ratio pI PO 

Orbital period 

Right ascens ion of the ascending node 

Rotational rate of the earth's atmos­
phere 

Argument of perigee 

Circular 

Initial incident 

Original 

Perigee 

Relative 

Wall; surface 



A. INTRODUCTION 

For most of the low altitude orbits for satel­
lite payloads it is either interesting or necessary 
to study the effects of the atmospheric perturba ­
tions on the orbital elements of the satellite and 
on the lifetime. (Some material of this sort is 
in Chapter IV; however. the scope of the previ­
ous discussion of this subject is not adequate for 
the present task.) Many analytic a pproxim a tions 
to these effects are presented in the literature; 
however, in obtaining these solutions approxima ­
tions have been made which at times drastically 
restrict the validity of the results . For this 
reason, it is the purpose of this chapter to present 
not only the information but a lso higher order 
solutions to the nonlinear equations of motion for 
the effects of atmospheric drag. The combina ­
tion of these effects with those due to gravitational 
accelerations, etc., will not be discussed beyond 
the statement that such a process requires the 
simultaneous utilization of special perturbations 
and general perturbation techniques as discussed 
in Chapter IV. (The present analysis, of course, 
falls into the latter category.) As a matter of 
fact, special perturbations will be utilized even 
in this study in the integration of the analytically 
determined decay rates . 

It is believed that this approach is inherently 
more accurate than those utilizing either general 
or special perturbation techniques alone . It 
should be noted in support of this statement, that 
even though numerical integration of the equations 
of motion has become increasingly popular with 
the advent of faster digital computers, special 
perturbations have three definite limitations: 

(I) Loss of numerical accuracy. if long 
integration times are involved (hun ­
dreds or thousands of revolutions ). 

(2) Long running times even with IBM 7090 . 
or 7094. 

(3) Lack of general trends, since only iso­
lated particular cases are solved. 

As an additional step to enhance the value of the 
results . the analysis will be conducted, where 
possible, carrying the density as a parameter. 
Thus, the final result of the study will be of value 
for all atmospheres . This advantage is quite 
significant due to the fact that the atmospheric 
models are constantly changing and the fact that 
there are seasonal and other variations (discussed 
in Chapter II) . 

In order to devel op an appreciation of the ma ­
terial and methods of analysis. this chapter will 
be presented in three basic parts : 

(I) The drag force . 

(2) Two - dimensional atmospheric perturba­
tions . 

(3) Three -dimensional atmospheric perturba­
tions . 
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B. THE DRAG FORCE 

As a preface to the discussion of atmospheric 
perturbations, certain phenomena and techniques 
must be pres ented. These discussions will be 
divided into three general areas: 

(I) Gaseous flOw regimes . 

(2) The force exerte d by the atmospher e 
on the vehicle . 

(3) Tumbling satellites . 

Each of these areas will be divided in turn into 
discussions of the factors necessary in subse ­
quent discussions . In particular they are slanted 

C A 
toward the evaluation of the quantity 2~ , which 

will be de signat e d the ba lli stic co efficient. 

1. Gaseous Flow Regimes 

The work in the field of aerodynamics has 
been divided into investigations in four general 
regions or flight regimes: 

(l) Continuum flow . 

(2) Slip flow. 

( 3) Transition flow . 

(4) Free mole cule flow . 

These regimes are defined in terms of the Knudsen 
number : 

mean free path 
characteristic length of body 

for small ~ (Ref. I) 

for large ~ 

where 

c / c = ratio of specific heats 
p v 

M = Mach number 

V 

RN = Reynolds number 

Though there is overlap of the regions, and though 
no truly definitive numerical values of KN for 

these regions exist, generally accepted value s 
for the four flight regimes are: 



Continuum flow--K
N 

< 0.01. 

Slip flow--O. 01 < KN < 0.1. 

Transition flow--0.1 < KN < 10. 

Free molecule flow--10 < K
N

• 

These flow regimes are illustrated in the fol­
lowing sketch (Ref. 1): 
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Reynold. Number 

It is noted that in addition to the defining lines men­
tioned above, a second s e t of lines denoting alti­
tude is also included on this figure . It is also 
noted that for any satellite above the altitude of 
100 stat mi (161 km), the flow is always free 
molecule and that free molecule flow could be 
considered to extend down to as low as 75 stat mi 
(121 km) without introducing significant errors 
in the analysis . Since this region (121 to 161 km) 
is the lowest possible altitude for even moderate 
durations in orbit, the entire lifetime analysis 
can be conducted, based on the assumption of 
free molecule flow. This assumption, however. 
makes it necessary in subsequent calculations to 
stop the decay analysis or integration at the afore ­
mentioned altitude of 120 km (;::;400,000 ft) . At 
this a ltitude the mea n fr ee pa th is 20.49 ft (6.25 
m e t ers); thus the Knuds en number for all but ex­
tr em ely large v ehicles is such tha t the a na lyses 
will be valid. 

2. The Force Exerted by the Atmospher e on 
the Vehicle 

In order to de termine the drag coefficients 
analytically it is necessary to study the mech ­
anism by which the force is exerted on the satel­
lite. This step will be a ccomplished in the fol­
lowing analyses utilizing the work reported in 
Ref. 2 as the basis for the discussions. 

Let x' , y' and i' be the velocity components 
of a molecule of ga s relative t o the m ean v el o city 
of the gas. In addition, assume that the distri ­
bution of these velocities is normal--i. e. , that 
the number of molecules with velocities in the 

region x to x + dx, etc., is 
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(K) 3/2 • 2 . 2 
dN = No 1T exp tK (x' + y' 

2 • • • 
+ i.' )J dx' dy' dz ' 

where 

the number of molecules per uni t 
volume 

K the re ciprocal of the squa r e of the 

most probable velocity 2 ~T 

R unive r s a l gas consta nt 

T absolute temperature 

These molecules impact on a surface whose 
ve loc ity components in the same coordinate sys­
tern are LV, mV , nV (£ , m and n being the direc­
tion cosines for V). Thus, the velocity relative 
to the surface is 

x = x' - £V 

y y' - mV 

z=z'-nV 

and the distribution of the impacting molecules 

with velocities x + 1 V to x + 1 V + dx, etc., is: 

(K) 3/2 r . 2 
dN NO 1T exp 'l-K Qx + LV) 

+ (~+ mV)2 + (~ + nv)2J) d~ d~ d~ 
It is noted at this point that while either positive 

or negative values of y and z are permissible , 

only negative values of x will yield impacts; thus 
the total number of particles of all veloc ities 
hitting the surface is 

3/2 0 

N = - NO ( ~) S 

where 

[ 
• 2' 2 

- K (x + LV) + (y + mY) 

• 2J) • + (z + nV) x d z 

NO 

2 {-rr K 

_1 2 V 2 K 
e 

No1!V[ ,r.;;] 
+ -2- 1+ erf (LV ,K) 

IV{K 
2 

erf (LV (K) 2 S e - s ds 
r;- o 

exp{ 

At this point it is possible to relate the number 
of particles hitting the plate to the mass and hence 
to the momentum transferred. The force acting 
on the surface is the integral of the momenta 



imparted by the molec ules for all poss ible veloc ­
ities . Assuming for the moment that c omplete 
energy transfer is made and that the direction 
cosines of the stream are l ' , m I and n I, this 
pressure on the surface is : 

p = - p (~) 3/ 2 S dx S dy 
00 

S X(.£ I X 
-00 

. 2 
+ m ' y + n ' z) exp { - K [(x + 1 V) 

. 2 · 2 . 
+ (y + mY) + (z + nV) l } d z 

~ 1 _12 V 2 K 
= - p 6 \.Vt 'ITK (.1.1 ' + mm ' +nn ' ) e 

[ 

l ' 

+ 2K V 2 
+1 (£1 ' +mm ' +nn ' )] 

-[ 1 + erf (1 V ;fR U} 

This estimate is not correct , however , because 
of the molecules impacting the surface. Some 
are reflected specularly (i. e . , according to 
Snell ' s law) , while the others are temporarily 
absorbed and reflected diffuse ly (i. e ., in random 
directions) at a later time . For specular reflec ­
tion , the effective pressure is thus, 

Peff = 2 P 

while for diffuse reflection , the equation remains 
unaltered . Thus , the two types of reflection 
bracket the actual process and the true force can 
be written 

p = (2 - f) Pincident + f Preflected 

where 

f is the fraction of the total molecules whic h 
is diffusely reflected . (Experiment indicates 
the value lies in the range O. 9 < f < 1. O. ) 

At this point attention is turned to the computation 
of the drag and lift coeffic ients , defined as follows: 

D 5 PD dA 

i p v2 i p v2 

L 5PL dA 
"1--v~2"- p v 2 
2"P "2 

Since dA is a function of geometry and orientation , 
these coeffic ients can be defined for various shapes. 
The succeeding paragraphs present data for CD 

both for specular and diffuse reflection (see Ref. 2). 
Note is made that the surface temperature , which 
is calculable as a function of the same set of 
variables, has been included in the diffuse re -
sults . The derivations are in themselves not 
unique or necessary for this discussion ; thus , 
only the final forms will be presented . Additional 
material may be found in the reference and in the 
literature. 
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Sphere (A = 'IT r2) 

Specular CD = erf(M) [ 2 +~ - 2 ~ 4J 
00 00 

- M 2 

+ ~ [M~3 + M200 J 
(la) 

Diffuse CD +62f:~ 1 T~w 
(lb ) 

where T w is the surface temperature obtained 

by iterating the following equation: 

M = speed ratio V 
00 

T i temperature of incident stream 

j3 surface emissivity 

a Stefan-Boltzmann constant 

~ pN 

surface 

_M 2 
00 

e 

for a monatomic a tmosphere of 
oxygen and nitrogen in the shado\\~ 

Since the properties of th.e atmosphere are 
integrally assoc iated with this evaluation of these 
coefficients only specific data can be generated 
for CD. An example of the application is pre-

sented in Fig . 1. This figure , obtained from 
Ref. 2 , presents CD as a function of Moo and for 

an altitude of 120 km . Though computations for 
this figure were made with atmospheric data 
available in 1949 , the variations which are shown 
are representative and the limiling values , which 
are rapidly approac hed , valid for this reference 
altitude. Data for other altitudes must be gen ­
erated as needed . 

Flat plate a t a ngle of a ttack Q to the flow (A = ab ) 

For this body configuration the drag coeffic ients 
vary according to the following equations: 



4 sin 2 -M 2 sin2 a 
Specular CD 

a e 
M r; 

00 

+(2Sina +4sin
3

a) erf (M sin a) 
~ 00 

(2a) 

Diffuse CD 
- M 2 sin 2 a 

00 2 
e 

Moor;;-

+ 2 sin a r+2~002) erf (M sin a) 

~.2 r+ + 11T sm a ~ 
M T. 

00 1 

where T is obtained from 
w 

"" 

Cone with axis parallel to flow (A = 1T r2) 

-M 2 sin 2 8 
2 sin 8 00 

Specular CD = In e 
M 1T 

"" 

(2b) 

+( M~ + 2 sin
2 

8) [1 + erf (Moo sin 8)] 

(3a) 

+ 1 
2 M 2 

+ 1 

~ 00 

+ sin 8 r; 
2M ~ ~: ] [ 1 + erf (Moo sin 8)] 

where T is obtained from 
w 

(3b) 

and where 8 is the half angle of the cone. These 
results can be extended to nonzero incidence angles 
by utilizing the flat - plate results mentioned earlier. 
Such calculations are presented graphically in 
Fig. 2 (Ref. 3). 

perpendicu -

2 ~ 
Specular CD = ~ L 

00 
M = 00 

+~ I (_I)n 

00 n = 0 

M",,2n 1'(~ 
n! 1'(n + 2) 

"" +I!f I ( _ I)n 

n =0 

Moo 2n {1'(~) 
n:- 1'(n + 3) 

+ 21'(~} 
l' (n + 2) 

(4a) 

00 

Diffuse CD = Ni-- I 
"" 

M:Rr ( 2n; 1) 
n ! r (n + 1) 

n=O 

3/2 IT:-
+ 41™ ~ ~ 

+ ~ ~ 
00 M 2n 

M + _1_ \' (_I)n 00 

.oM L n;-
00 n = 0 

r(~) 
r (n + 2) 

(4b) 

where T w is computed from 

T. [ 2 = 1 M 
"2 00 

( 
T )~{.!E.... M 2n 1'(2n+l\ + 3 5 _ w \ (_I)n 00 -z-) 

"2" "3" "'l'i L ~ 1'(n+l) 
n =0 

M 2n 1'(2n + I)} 
+ M 2 '\ (_I)n 00 -2-

00 L n: r (n + 2) 

Figure 3 presents data comparable to that 
discussed in conjunction with the sphere. Of 
particular interest is the fact that this coefficient 
approaches a limit which is not unlike that of the 
sphere. 

Circular - arc ogive (A = 1T r2) 

This figure is constructed by rotating an arc of 
a circle about its chord then cutting the body of 
revolution perpendicular to the axis at its mid­
point. The angle of the nose (28) analogous to the 
half angle of the cone is utilized to describe the 
shape . 
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Sp,eular CD • I _ ;o"{ [j + M~2J (I - cos 'J 

-M 28 2 

282 00 

8 + e [4~.' +2~.j 
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where T is obtained from w 

(5b) 

4 pN [1 2·5 
13aTw '" NO 2"V +"2RTi 
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To provide a fe e l for the validity of these re­
sults' tests have been performed (R efs . 3 and 4) 
and data prepared for the transverse right circular 
cylinder. The results of these tests are shown 
in Figs. 4 and 5. These figures depict the varia­
tion in the critical region for molecular speed 
ratios in the vic inity of O. 7 to 2 . 5 . The agree ­
ment between these data and the theoretical values 
is observed to be very good. Also noted is the 
tendency for the results to agree better at higher 
values of the speed ratio with the specular reflec­
tion theory than with the diffuse theory and vice ­
versa at the lower speeds. 

3. Tumbling Satellites 

The preceding discussions have presented 
data for bodies fixed relative to the flow field . 
However, in most satellite applications this is 
not the case. The first class of such exceptions 
consists of thos e satellites which by design orient 
themselves relative to the earth or space in order 
to perform some mission. The time history of 
attitude for this vehic le is thus known , and a time 
history of the drag coefficient can be constructed . 
The second class of vehicles consists of those 
which tumble in both time and space, thus com­
plicating their aerodynamic description. One 
path around this impasse is to describe the param ­
eters statistically and assume that they are inde­
pendently distributed. This approach, while not 
rigorous for either class of exception , provides 
a convenient means of computation for the latter 
case and an approximate method for long time 
intervals in the former case. Consider the fol­
lowing sketches. 

Top 
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Now approximating the effective drag coefficient 
based on one of the surfaces (say AI) 

* A2 
CD = CD 1 cos ct cos:::: + C

D2 
AI cos :::: sin ct 

A3 . A 4 .. + CD A-:- cos a sm :::: + CD A-:- sm ct sm :::: 
3 1 4 1 

where a and:::: are uniformly randomly selected 
variates always lying in the range 0 to TI/2 

A 
n 

is the affective drag coefficient for 
the body 

is the reference area for the nth geo­
metrical shape 

Since the distributions of a and:::: are known 
2 

(the joint density function is (~) L it is desire~ 
to determine the distribution of the function CD 

This is accomplished as follows: 

\ 
a :: \ 
~ 

;'< 
but:::: (CD ' a ) must be obtained from 

CD * a
1 

cos - + a 2 sin :::: 

a 3 cos ( :::: - w) 
where 

thus 

also 

CD cos 
A2 

sin a a 1 a+C D ~ 1 2 1 

CD 
A3 

a + CD 
A4 

sin a a 2 AI cos 
AI 3 4 

-1 
w = tan (a2/ a

1
) 

or 
a 3 = I a 1

2 
+ a 2

2 

-1 
:::: = cos (~~* ) + W 

= [ - a 1 sin :::: + a
2 

cos :::: ] -1 



or, 

{-a1 sin [ cos -
1 (~~* ) + w] 

+ wJ) - 1 

• [ _ a , {'in [ co, -1 ( C~: ) ] co, w 

+ ~~' ,in w} + af~: con 

- sin cos 
[ 

- 1 (C~*)J 'in w}r 

thus 

* g (CD' a ) 

J a 3
2 

- C
D

*2 (a 2
2 

- a 1
2
) 

The distribution of C * is obtained at this point 
D 
* by integrating g (CD ' a) with respect to a over 

the range 0 to rr/2. First , however , it is nec ­
essary to replace a in the joint density func tion . 

2 A2 . 2 
a 1 = (CD1 cos 0'+ CD2 lC"" s m a ) 

1 

= (C 1 cos 0'+ C 2 s in 0')2 

= C 1
2 

cos
2 

0'+2 C 1 C 2 cos a s in 0'+ C 2
2 s in2 a 

2 A3 A4 . 2 
a 2 = (CD3 P:::- cos 0'+ CD4 lC"" sm a) 

1 1 

= (C
3 

cos 0'+ C
4 

sin 0')2 

-C 2 2 +2CC . C 2 . 2 
- 3 cos a 3 4 cos a SIn a + 4 SIn a 

. 2 +C
7 

SIn a 

C 
. 2 

+ 10 sm a 

At this point it is noted that the area Al can be 

selected so that a 2
2 > a 1

2
; thus, since a a nd :::: 

are always between 0 and rr/2 the function defined 
is everywhere positive in every term. Thus, 
the absolute value signs can be dropped 

and 

2 

( ~) 2 

~2 L 2-i . i d. cos a SIn a 
1 

\' i=O 

'0 6 l Di cos
6 

-i a sin
i 

a 

dO' 

i =0 ( 6) 
This function may be approximated analytically 
upon studying the behavior or integrated numer­
ically . Analytic integration, however , does not 
appear attractive. It is noted that for the special 
case of 2 - D analysis this problem is circumvented, 
since integration is not required . For this case 
g (CD *) is obtained directly to be: 

where 

2 2 
a 1 C D1 

2 
2 2 (~) a 2 C D3 

A
2

, A
4

, C
D2 

and C D4 do not appear in this form 

fo r the reason that only a 2 - D analys is is made. 
Thus , if the vehic Ie is tumbling in a known plane 
this much simpler solution can be utilized . 

The density function is known or at least de­
fina ble for the 3 - D case and known analytically 
fo r the 2- D case , the problem turns to one of 
evaluating the m oments of the distribution. These 
moments may be obtained directly from the mo ­
ment generating functi on in the following manner : 

met ) 
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- S· ~. ~ tu (x 1 . - . •• e . 
. x ) 

n 



d

r 

J dtr met) t=O 

where 

11\ the mean 

11 ' r 

2 , , 2 
(J = 11 2 - 11 1 = the variance 

Substitution for this problem into the previous 
formula yields: 

7T 7T 

2 2 
2 C 

met) = (~) J ~. exp{ t [hI cos acos:::: 

o 

where 

o 

+ h2 cos a sin:::: + h3 sin a cos :::: 

+ h4 sin a sin ::::J) dad :::: 

A. 
h . = C l 

l Di AJ: I, 2, 3, 4 

But this problem, like the first, is not easily 
integrable. Thus, a numerical evaluation is sug­
gested for each case of interest. In fact, even 
for the 2-D case, in which 

met) 

where 

C *t 
e D 

2 2 (~1) C D1 - C D3 .tL 

2 

A 2 
+ C 2 ( 3\ 

D3 AJ.) 

dC " 
D 

an analytic form is not readily available. 

Since the mean is not available in analytic form, 
little can be said relative to the best value of CD * 
A 1 in the general problem . Many investigators 

avoid this problem by using the approximation 
derived from consideration of a spherical satel­
lite. 

surface of sphere 

[
A J- 1 

C (A surface) 
D 4 sphere 
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Though this may seem to be a crude approximation , 
there are many cases in which it is reasonable. 
In fact, Ref. 5 reports an investigation in which 
a body randomly tumbling (about three princ ipal 
axes) is analyzed and in which the author concludes 
that for convex surfaces the average drag on a 
surface element in random orientation is the same 
as that on a sphere of equal area. This work thus 
lends credibility to the previous assumption and 
provides a numerical value which can be utilized 
as an initial estimate in the numerical calculations 
outlined previously. 

C. TWO-DIME SIONAL ATMOSPHERIC 
PERTURBATIO S (REF. 6) 

The motion of a point mass in a nonrotating 
atmosphere surrounding a central force is given 
by the following set of simultaneous differential 
equations 

d 2' 
dt (r 8) 

-4- BPiV
} 

=~BPvr8 
where 

v 

8 

B 

I (ril)2 + r2 

earth ' s gravitational constant 

~~ = angular velocity (rad/ sec) 

ballistic coefficient 

(7) 

(8) 

It is noted that this set of equations is nonlinear 
and that a solution can be obtained only by nu­
merical integration. This fact is somewhat dis­
concerting, since these equations neglect atmos­
pheric rotation, which introduces considerations 
of a third dimension and complicates the analysis 
further by entering the equations explicitly in the 
drag term . This latter factor res ults in the re ­
placement of V as defined previously with 

V r velocity relative to the atmosphere 

I ~ + ;atml 

Thus, if analytic approximations are desired, it 
becomes necessary to divide the problem into two 
phases- - a perturbed orbit phase and an aerody­
namic entry phase. In the first phase , a region 
is considered where the orbit is determined by the 
inverse square gravity field and only small per­
turbations are caused by the relatively small drag 
forces . In the entry phase , the aerodynamic forces 
(lift, drag , etc.) become the important factors 
influenc ing the trajectory of the satellite and grav ­
ity forces become less important. This last phase 
is by far the more complicated , and fortunately 
for a lifetime study it can be neglected , since rel ­
atively short periods of time are spent at the alti ­
tudes where drag forces become dominant. Thus , 
the present problem is the analysis of only the 
first phase. References 7 through 20 present a 
portion of the pertinent literature and will be 
discussed as the presentation progresses . 

I 

~ 



1. Near-Circular Orbits (approximate solution) 

To initiate these discussions, consider the 
decay of a circular orbit. The energy loss due to 
drag during one revolution, ~ED ' is given by the 

loss in total energy 

(9) 

Using the equation for circular velocity and letting 

~r = r 2 - r 1 ' 

(10) 

The energy loss per unit mass due to drag is also 
equal to the drag force per unit mass integrated 
over a full revolution 

~ E =.c 12. ds (11) 
D ~ m 

Assuming small altitude losses during each single 
revolution 

(~ ) (12) 

r 1 + r 2 where 2 = an average radius for the 

revolution. 

Now using the approximation that the circular 
velocity is averaged approximately as 

2J..L (13) 

Eqs (12) and (13) and the relation D = /3pv 2 yield 
m 

(14) 

~r 2 
If r:-r « 1, then r 1 r 2 "" rav and Eq (10) with 

Eq (14) results in the decay rate of the orbital 
altitude per revolution 

(15 ) 

~r 
This decay rate can be converted to s ec by 

considering that the orbital period for this per ­
turbed circle is 

Thus 

- 2Bp .r;;­av ~ 1-'" av (16) 

Equation (16) shows that the decay rate for this 
special case is a linear function of the ballistic 
coefficient. This fact will be utilized in much of 
the future work in order to restrict the number of 
variables in the analysis. Equation (16) is not 
directly integrable because of the odd fashion in 
which the true density varies. However, if the 
density is assumed to vary exponentially with 
altitude, approximate lifetimes for circular orbits 
can be obtained: 

(17) 

where 

the final radius = R + 120 km 

r + r f the density at the ~ (see Figs. 6a 

and 6b) 

K the negative of the logarithmic density 
slope (see Figs . 7a and 7b) . 

(Note: This data is for the 1959 ARDC Atmos­
phere. Data for the U. S. Standard 1962 Atmos­
phere is presented in Chapter II. Either can 
be utllized if the lifetimes are adjusted, as will 
be discussed on p V-20.) 

Thus 

- 1 
r Sf e -K rdr 

rO Ir 
- mr 

2 (i7'B poe a 

let 

2x 
2 x dx = K dr or dr = K dx 1 2 Ir dx 

(K 
Thus 

and 

r f 

S -Kr e dr 

rO rr 

e 
-Kr 

a r;; [ erf(M) 

- erf (Ff)] 

2 

(18) 

The disadvantage of utilizing this form for the com ­
p lete lifetime is that the dens ity does not vary 
exponentially, and thus the approximation becomes 
poorer as the difference in rO and r f becomes large. 

This deficiency can be circumvented through the 
simple expedient of breaking the true radial incre ­
ment into several subdivisions and evaluating the 
times required to descend through each interval. 
These times can then be summed to yield the life­
time. Computations utiliz ing this philosophy will 
yie ld accurate estimates provided that the intervals 
are no larger than 50 stat mi or 80 km. 
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The case of even slightly elliptic orbits must 
be treated in a different fashion since the assump ­
tions made in generating circular orbit lifetimes 
are not valid for other orbits. Thus , it is neces ­
sary to consider the equations of variation of ele­
ments derived in Chapter IV or to approximate the 
motion in some other fashion . If the latter approach 
is taken, one possibl e avenue of investigation is to 
linearize the equations of motion by expanding the 
variables in Taylor series and retaining only first ­
order terms. This approach is valid only for 
small variations in the parameters. One such in ­
vestigation is reported in Ref. 12. The author 
utilizes a small parameter {3' defined as 

(19) 

All orbital parameters are expressed as power 
series of {3 , considering only the first order terms 

9 

(20) 
V V 0 + {3 ' VI 

H HO + {3 ' HI 

where 

2' . 
H = r 9 is the ang ular momentum per umt 

mass (to differentiate from h = altitude). 

Substituting Eq (20) into the differential equations , 
Eq (7) , the following relationships are obtained 

9 

r = 

V 

H 

where 

ro [1+2BPoro(Sin90 -90~ 
Vc [1 +BpOrO (-2 sin9 0 +9 0)J 
HO [1 -BPor09~ 

(21) 

Expressions for these quantities on a per revo ­
lution basis are next obtained from the differences 
in Eq (21) evaluated at the limits 90 = 0 and 2TT: 

L),r 
rev 

L),V 
rev 

dV 
B t for circular orbits V = ~ and c u, c ~r or 

- 21r (f, giving the following condition: 

(22) 

V-IO 

V c 
r 

L),r 
rev (23) 

Now , from the first two re lationships in Eq (22), 
exactly the same relationship follows: 

L),V Vc L),r 
rev = - 2r rev 

This implies that for a first order approximation 
in B Po r 0 the speed at any given altitude remains 

exactly equal to the circular speed during the drag 
decay of a circular orbit. 

And, from Eq (21) for 9
0 

= 2TT the corresponding 

angle 9 is obtained as 

2 
9 = 2TT + 6TT B Po r 0 (24) 

Equation (24) indicates that the line of apsides is 
advanc ing by the amount 

2 
L), w = 6TT B Po r 0 (rad) (25) 

Since the equation for the change in the radius per 
revolution is the same as that for the circular 
orbit . The lifetime of thi.s slightly elliptic orbit 
will be the same as that presented earlier. Ac ­
tually , as will be shown later , the lifetime is 
slightly longer, but a quantitative analysis is left 
until subsequent paragraphs . These subsequent 
discussions will concern the behavior of these and 
other more elliptic orbits. 

2. Elliptic Orbits (approximate solution) 

The type of expansion outlined for near - cir ­
cular orbits can also be utilized for elliptic orbits 
as was shown in Ref. 12. This reference pre­
sented power series expansions for decay rates in 
elliptic orbits utilizing the small parameter 

where 

p (hp ) : air density at perigee radius 

r pO .. initial perigee radius. 

Next, a density ratio is defined 

0'0" p /p (hpO )' 

For these orbits Eq ( 7) becomes 

•• • f.,l rV 
r - r9 '" --2- - {30'0 

r rpO 

-r1 .!-(r 2 S)-- {3 0' r9V 
UL 0 r pO 

Us ing a change of variables u = }, and 

neglecting higher order terms in {3 , the 
power ser i es expansions assume the fol-
lowing form: } 

u ,. u
o 

+ {3u
l 

V"VO +/3Vl 
H - HO + /3 H l 

(26) 

(27) 

( 28) 



Now the ratio of the initial speed at the perigee 
radius to the circular speed at r is defined as 

pO 

V 
c.1 (29) 

V 
c 

and the corresponding eccentricity is expressed as 
2 

E"C2_1"~:0) -1 (30) 
c 

An exponential atmosphere is assumed in the f orm 

-K(r-r) 
a .. p • e pO (31) 
o P\Ii¢T 

The differential equations given by Eq (27) are then 
solved for the two cases below: 

Case I: near-circular orbits 

Case II: eccentric orbits 

Case I -- near-circular orbits. The solutions 
derived by Ref. 12 are summarized below. First , 
the orbit parameters: 

H " r pO V pO {[I -B p(hp}r pO ~ 9 [1 - K r pO e 

3 2 5 3J + 4" (K rpO e) - 12 (Krpo E) 

+ sin 9 [K r pO E (1 - K r pO ' 2 

+ i(Kr
po

e}2) ] + sin 29[(Kr~0() (i 

- } Kr pO e)] + sin 38 (K\~ Eif]} 

3 2 125 31 
+ 4" (K r pO e ) + 1]"2" (K r pO E) J sin 9 

2 
(Kr 0 e) f4 (1 - K r pO E) sin 29 

(Kr OE}3 l} 
5~l6 sin 3 9 ~ (32b) 

Second, the decay rates obtained from the above 
equations ; 

D. H " _ 2TTBp(h O} V 0 r 0
2 

[1-Kr Oe rev p p p p 

3 2 5 3J + :{ (KrpO E) -n (KrpO <) (33p,) 

D.r 
a 

rev '" r(9 ,. 3TT) - rC9 • TT) 

= _ 4TTBP(hpo}r;0({ ~ :) 2 [1 -KrpOE 

3 2 55 31 
+ :{(KrpOe) - III (KrpOE) J 

( 33c) 

Note that for e '" 0 both Eqs (33b) and (33c) reduce 
to the circular decay rate given previously by 
Eq (22). 

The given series expansions are adequate only 
for smail values of K r pO E, the upper limit being 

suggested as Kr pO E < 0.5. Reference 12 gives the 

following table, indicating the upper limits of 
eccentricity for various altitudes from sea level 
satisfying this condition: 

hpO K 

(km) (stat mil (ft -I) (m- l ) E -
161 100 9.3 x 10 

-6 30.5x10 -6 
0.0025 

322 200 5.1 x 10 
-6 16.7 x 10-6 0.0045 

483 300 3.65 x 10 
-6 12.0 x 10- 6 0.0061 

(1 stat mi = 1. 609 km; 1 ft = 0.3048 meter) 

Case II-- e lliptic orbits. F or values of 
Kr pO e > 1, termsup to the seventh power were 

carried. The resulting series expansions are 
shown below. 

H '" r pO V pO f -e - Kr pO E (C
1 

9 

(034a) 

r 1 + < 
r pO .. 1 + E cos 8 

- Kr < 

{ 

B p(h O}r 0 e pO 
1 - P P 

1 + E cos. e 

• [2C1 9 - C 2 9 cos 9 + C* sin 9 

2 1 2 
- "3" C 3 sin 29 - :{ C4 sin 39 -TO C 5 sin49 

--b: C 6 sin 59 + is- C; sin 69 + J sin 7~} 
(34b) 
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where 

121 4 
C1 " 1 + 4(Krpo E) + tr4(K r po E) 

1 6 + 2304(Kr
pO 

E) + ••. 

1 3 1 5 
C 2 "' K rpOE + '!r(K rpOE) +mz(K rpOE) 

1 7 
+ 2632 (Kr p O e) + 

1 2 1 4 
C 3 "'a(KrpO E) +mr(K rpOE) 

1 6 
+ 3072" (K r pO E) + 

1 3 1 5 
C 4 '" TI" (K r pO E) + 1T02" (K r pO E) 

1 7 
+ 34T2 (Kr p O e ) + 

1 4 1 6 
C 5 -751!"(K r pO E) + TO!1l(K r pO E) + •.• 

1 5 1 ( )7 + 
C 6 "'TImm(KrpO E) + 230,400 K rpOE ... 

C7 '" 138:240 (Kr pO E)6 + ... 

Ca '" 2, 35i, 'l20(K r pO E)7 + •.. 

cy'c :z 4 3 8 
- 2 C 1 + C 2 + "3"C 3 + 4 C4 + B C 5 

T he acc uracy of the series solu tion is limited 
to a region near the perigee, due to expansion of 
0"0 aroun g the perigee point. Therefore a limiting 

central angle, 8
1im

, was d esignated, such that 

m ..:s. O. 01 for 8 ..:s. 81im• The limiting angle is 
p 

giv en a s 

(
1 + E) cos 81im OR - e-

1 1 
4. 605 + 1- E 
--xr p 

( 34c) 

For orICr < 0.1 the constant 4.60 is replaced by 
p p -

2 30 F igure 8 pres e nts 8. plotted ve r s us t he • . hm 
orbit al e c centricity f or two values of density 
r atios and t w o initial p eri gee a ltitudes . Since 
the a ir dens ity has decreas ed to 1% of the perigee 
v alue a t a central angle of 8

1im
, the following 

assum pt ions can be m ade: 

(1) The drag effects are negligible for the 
arc BCD. 

(2) All the drag takes place in the region 
DA B. 

(3) A symmetry exists about the line AOC 
(i. e. , DragDA - DragAB). 
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T her efor e, the change of orbital radius at a cen ­
tral angle 8

1im 
i s ex pr essed as 

6. r
:o r I - r "' r (8

11 
+2T1)-r( 8lim ) 

rev B B m 

:::: r ( 8
1im

) - r ( - 8
1im

). ( 35 a) 

From E q (34b) 

{-
2 - Kr pO E 

[2 C 1 8 
6. r B p(hpO ) r pO e 

r ev 1 + E cos e 
8
1im 

(35b ) -C, ' co, , + ••• ] l 
- 8

lim 

But 

6. E = (1 ; f) 6. a ( 36a ) 

F rom the chain rule 

6. r .. (~) 6. a + (*) 6. E ( 3 6b) 

and from Eqs ( 3 6a) and ( 36b) it can be shown that 
the following orbital parameters can be obtained 
from E q ( 35 b): 

6.a:::: (1 + E cos 8)2 6.r 

(1 - e) ~ (1 - cos e) 
( 3 7a) 

2 
A h _ 2 (1 + E c os 8) 6. r 
w. - 2 

a (1 _ E) (1 - cos 8 ) 
( 3 7b) 

Equations (37a ) and (37b) are based on the assumption 
that 6.h » 6.h . Thus the apogee decay rates can 

a p 
be obtained by the expans ion of a small parameter 
method by Eqs (35b ) and ( 37b ). FO.r perig~e decay 
rates no info r mation i s gi ven by thls solutlOn . 

3 . Variation o f E lements 

As was noted in the p revious paragrap hs. a 
s ec ond method o f s o lution fo r the effec t s o f drag 
is avail a ble in t he form o f the equations fo r varia ­
tion of e lements . These equations will be utilized 
in t h e investigations of e llipt ic orbit s which follow . 

J 



Since the interest in this discussion is in the 
solution for the lifetime of a satellite in a nonro­
tating atmosphere, the disturbing acceleration 
will be due to drag and will act along the ve locity 
vector that is tangent to the path. Thus , since 

S = 

R 

where 

S 

R 

T 

(1 + e cos 8) T 
+ (e sin 8 ) N 

~1 +e2+2e cos 8 1 

(e sin 8) T 
+ 

~ 1 + e 2 + 2e cos 8 J 1 

circumferential disturbance 

radial disturbances 

the tangential acceleration 

+ e 2 + 2e cos 8 

(1 + e cos 8) N 

+ e 2 + 2e cos 8 

N the normal acceleration ;: 0 

the eccentricity to differentiate from the 
base of natural logarithms 

The equations of variations of constants can be 
written as 

da 
at 

de 
at 

dw 
at 

der 
-at 

where 

n 

T 

2 ~1+e2+2e cos 8 
T 

n ~1 _ E 2 

2 ~1 - e
2 

(cos 8 + e) 
T 

na ~ 1 + e
2 

+ 2E cos 8 

2~ sin 8 
T nae 

~1+e2+2e cos 8 

- [ 2 (1 - e 2) (1 + e 2 

+ e 

+ e 

=: 0 , 

cos 8) sin 8J [na e 

cos 8) (1 +e 2 + 2e 

di = 0 
at 

(1 

cos 8)1/2J -1 

( 38) 

21T 
'"-

T 
r J.l. 3 mean angular velocity 

a 

'" - ~ drag deceleration. 
m 

T 

From Eq (38) it follows that for a nonrotating 
atmosphere, drag does not cause any variations 
in the inclination or the nodal position of the orbit. 
Aerodynamic drag will, however, cause a forward 
rotation of the perigee in the orbital plane, as was 
shown quantitatively in Eq (25 ). An appreciation 
of the reason for this advance can be obtained 
from the following qualitative analysis . 

Consider a slowly decaying elliptical orbit as 
shown on the sketch . Take points 1 and 2 as 
shown in the sketch in such a manner that the 
angle from perigee is constant. 

Then 8 1 = 82 , r 1 > r 2 and PI < P2' From the 

basic equations of elliptic orbits 

V2 = ~ [ 1 + 2e co~ 8 + e 2 ] 

1 - e 

From Eq (38) 

(39) 

W '" 2 B P sin 8 ~ ~ (1 + e 2 + 2; cos e ) 
1 - e 

(40) 
The ratio ~/ w

2 
bec{;)rne.s 

• (~)1/2 
1 - E 1 

Then for the first order of eccentricity 

But, 
I+EIcos8 1 
1+E

2
cos8

2 
"" 1 

WI 
Therefore .....- < 1 and the perigee advances 

w2 

(41) 

due to air drag as was stated . This advance does 
not affect the lifetime of the satellite to the order 
of approximation of this analysis; however, since 
the atmosphere is not considered to rotate, den­
sity need not be considered to vary with posi-
tion around the earth. Thus, the orientation of 
the orbit while it changes does not change the de­
cay history (again, to this order of approximation). 
For this reason, attention can be focused on the 
change of the three elements in the plane of the 

V-13 



orbit (a , E and a). Furt her, since a rel a t es posi ­
tion in the orbit as a f unction of time and not a 
change in the size or shape of the or bit, the ele­
ments of primary concern are a and E. Variations 
in both of these elements are discussed in the fol ­
lowing paragraphs . However, before these di s ­
cussions it is desirable to relate the change in 
altitude of apogee a nd perigee to the changes in 
the elements a a nd E. 

The alt itude variations during one r evolution 
are quite l arge for e llipt i c orbits w ith h igh eccen­
tr icity, a nd therefore it is neces s a r y t o pick cert ain 
reference point s during one revolution , for which 
the a ltitude, air density and decay rat e can be 
f ound m ore e a sily. Since this geometry of a two­
dimensional ellipse is complet ely determined by 
the per igee a nd apogee altitudes, and since air 
dr ag oc curs primarily in t h e vicinity of perigee, 
a pogee a nd perigee radii will be utiliz ed as t he 
ref er ence points. These radii are express ed in 
terms of t he s e m imajor axis and eccentr icity as 

r a '" a(1 + E) 

r '" a(1 - E) 
p 

} (4 2) 

Now, orbital altitude i s given by hi = r i - Re ' 

where Re is the radius of the equival ent spheri­

cal earth. Therefore the partial derivatives be -
ah . ar . 

. 1 1 
come, SInce ax = ax 

And fr om the chain rule for der ivatives 

dh Bh 
P z p 

at aa-

Substituting Eqs (43 ) into Eqs (4 4) y i elds 

dha da dE } at '" (1 + E) ar + a ar 

dh da dE aI- '" (1 - E) ar - a ar 

(4 3) 

(4 4) 

(45 ) 

Thus, after the time derivatives of semimajor 
axis and eccentricity are determined from the 
Lagrange planetary e q uations , the time rates 
of the perigee and apogee altitudes can be found 
by substitution. T he instantaneous orbital alti ­
tudes can be determined by int egrations of Eq 
(45 ) either by numer ical or analytical expres­
sions. 
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Assuming an orbit with a very high eccentricity, 
the s ignificant part of air drag takes place near 
the perigee and the maximum variations of orbital 
parameters can be found approximately by setting 
cos e ;::s 1.0. Equations (38 ) bec.om e 

da 2 (1 + f) T ] ar" 
n~ 1 

2 
- E (46 ) 

de 2~ T ar" n a 

and the ratio of a to € is found as 

a a da ( a ) dE 
(47) -:- .. ~ or ar'" ~ dt E 

Substituting E q (4 7) into E q (45 ) yield s 

( 47a ) 

E quations (47a ) indicate that orbit s with l arge ec ­
centricities te nd to become more circular during 
the drag decay process . For highly elliptic orbits 
the perigee decay rate is zero for a first approx­
imation and in all cases it is considerably smaller 
than the apogee decay rate , as proven by numeri ­
cal integrations (Ref. 10 ). 

Now continuing, using the expr ession for 
dr ag deceleration 

T =_R 
m 

Equations ( 38) become 

da 2 a 2 3 
Cit =- - /-L- BpV 

de Cit =- 2 p V (cos 8 + E ) 

Substituting for V and 8 from 

V 2 = t=. ( 1 + 2 E cos 8 + E 2\ 
a 1 _ E 2 -J 

dt 
ae 

2 
r 

na2 ~ I _ E2 

( 48) 

( 49 ) 

(50a) 

(50b) 

the equations for the variation of elements can be 
expressed as derivatives with respect to the cen ­
tral angle 8 . At this point it should be not ed that 
Eq (50b) applies rigorously only if angul ar mo-

. d ' 2 8' .~ 2 '----;1 2 mentum IS conserve , I .e .• r = I./-LP = n a 1 1 - E - . 
In Ref. 17 the correct expression is given in terms 
of the osculating elements as 

(51 ) 



However, as seen from Eq (25) 

~~ "" 37rBPO rO (rad/rad). 

But since 1» ~, Eq (50b) is justified for the 
9 

present analysis. Thus, Eqs (49) become 

da 2 
cnr:t-2a Bp 

2 3 /2 
(1 + 2 E COB 9 + E ) 

(1 + E cos 9) 
2 

(52a) 

[ 

2 1 /2 
de (2) (1 + 2 E cos 9 + E ) cnr,"-2aBp1-E 2 

(1 + E cos 9) 

• (cos 9 + E)] (52b) 

Next, the functions of the central angle are 
expressed as functions of the eccentric anomaly 
by the following relationships: 

r '" a(l _0 E cos E) 

r,2 sin E 
sin 9,. 1 _ E cos E 

(53) 

9 '" cos E - E 
cos 1 - " cos E 

d9 =0 1 - " cos E dE 

Substituting Eq (53) into Eq (52) and using the approx­
imate symmetry relationship of drag decay functions 

2 n: n: 

S f d9 = 2 S f d9 

o 0 
The decays per revolution are found by the follow­
ing integrals: 

n: 
~a 2 S P -- = -4a Bp -
rev 0 Po 

o 

3/2 
(1 + • cos E) dE 

1/2 (1-. cos E) 

(54a) 
n: 

~e =-4aBP o(1-.2)S P 
rev -

o Po 

1/2 
(1+. cos E) cos E dE 
(1-E cos E)1/2 

(54b) 
Note that Eqs (54) basically involve the application 
of the Krylov and Bogoliuboff averaging method (Refs. 
13 and 14), by which approximate differential equa­
tions are obtained for the variation of orbital 
elements by averaging the original equations over 
one full revolution (i. e., E = 0 to E " 2 n:). This 
removes all trigonometric terms from Eqs (54) 
and is actually equivalent to a conservation of 
energy approach (Ref. 14, p. 238). 

The fraction in Eqs (54) can be expressed in a 
simplified form by employing power series ex­
pansions as: 

n: 
~a % -4a2Bp S L 
rev 0 Po 

o 
[1 + 2. cos E 

+ (continued) 

32233744 + 2" E cos E + E cos E + if. cos E 

+ ... J dE (55a) 

~e 

rev 

n: 

-4aBp O (1-.2) S ~o [cos E + • cos
2 

E 

o 
123134345 + 2". cos E + 2". cos E + if E cos E 

+ .... J dE (55b) 

In general, the density function L is empiri-
Po 

cally found (see atmospheric models) and cannot be 
expressed in a simple exact analytical form. Thus, 
the analytic integration of Eqs (55) is not possi­
ble . Numerical integrations of Eqs (54) or (55) 
can be performed on a high speed digital com­
puter, however. If this step is to be taken, the 
density is related to eccentric anomaly in two 
steps: 

(1) Altitude: h = r - Re = a (1 -. cos E) 
-R e 

(2) Density: p(h) from atmospheric denSity 
tables. (56) 

3 2 2 Defining S = 1 + 2 E co s E + "2" E co s E + . . . , 

and dropping terms higher than the second power 
of eccentricity (Ref. 12) has numerically com­
puted the function of the integrand in Eq (55a) for 
Explorer IV, considering both Smithsonian 1957 - 2 
and ARDC 1959 model atmospheres. 

The most important conclusion from this study 
and related studies performed elsewhere is that 
even for orbits of relatively small eccentricities 
(Explorer IV had. = o. 14). The most significant 
portion of the drag perturbation takes place in the 
vicinity of perigee in a region where I E I < 40°. 
Utilizing this conclusion (not the limit on I E I) 
and approximating the density in this region by 
an exponential, Eqs (55) can be put in an integra­
ble form. Let 

..2.... -K(h-h) = e P 
Po 

(57a) 

where K is the negativ e logarithmic slope given 
in Figs. 7a and 7b. Equation (57a) implies a 
straight line variation of p versus h on a semilog 
paper, which does not exist for any altitude range. 
Nevertheless, for a relatively small region, say 
50,000 ft (15 km) around the perigee point, this 
approximation is valid to a v ery high order if an 
instantaneous value of K is selected. 

Using relationships r = a(l - E cos E) and 
r p a(l - E), Eq (57b) can be written as 

-KaE Ka. cos E 
e e 

Now substituting Eq (57b) into (55a, b) yields 

(57b) 
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n 

Ll.a 
rev 

4a2 BPO e -Kae S e Kae cos E (1 + 2 e cos E 

o 
+ ... ) dE ( 58a) . 

rc 
Ll.e 4 B (1 2) -Kae (' KaEcos iZ ( E rev '" - a Po - E e J e c os 

o 
2 + E cos E + ... ) dE (58b) 

The integrals above could be evaluated in the 
form of modified Bessel functions of imaginary 
argument, if the brackets contained a series of 
sine terms . Therefore, at this point a further 
crucial approximation is introduced. It is as­
sumed that significant drag exists only near the 

perigee. This assumption breaks down for very 
small eccentricities (i. e ., as e - 0 ), but the va ­
lidity of it i s good for moderately elliptic orbits . 

Assuming that sin
2 

E < < 1 then cos
n 

E can be 
written as an infinite series of sines for odd n or 
as a finit e polynomial in sines for n even. ThE! 
first five sine expansions are all follows: 

1 2 1 4 1 6 
cos E ,. 1 - '2" sin E - 'S' sin E -16 sin E 

5 . 8 E T21f sm -

cos
2

E = 1 - sin2E 

3 323416 
cos E = 1 - '2" sin E + 8' sin E +"16 sin E 

3 . 8 E + T21f sm + 

cos4E = 1 - 2 sin2E + sin4E 

cos
5

E = 1 - ~ sin
2

E + ~ sin4 E - -is sin
6

E 

5 . 8 E T21fsm + 

Substituting Eq (59 ) into Eqs (58a, b) the fol­
lowing expressions are obtained : 

rc 
Ll.a 4 2B -zS zcosE ( ~O sin2 E rev = - a POe e ~ - 0'1 

o 
4 6 8 

- 0'2 sin E - 0'3 sin E - 0'4 sin E- .. . )dE 

(60a) 
rc 

Ll.e -z r z cos E ({3 {3 sl'n2 E rev'" -4aBp Oe J e 0 - 1 

o 

468 
- {32 sin E - {33 sin E - {34 sin E - .. . )dE 

(60b) 

where 

z ;: Kae 

and the constants ai' {3 i are power series in terms 

4 
of eccentricity, up to e , a s follows: 

(59) 

V -1 6 

3 2 3 7 4 3 5 11 6 
0'0 = 1 + 2E + '2" E + E + '[ E + 4' E + 10 E + 

3 2 3 3 7 4 
0'1 "E + '2' E + '2' E + 4' E + 

1 3 3 7 4 
0'2 = 4' E - '[ E - '[ E 

1 1 3 
0'3 ="8' E - TO E 

_ 56 3 3 
0'4 - 64 e - 1"28 e 

(61a) 

{30 = 1 + E 

1 

_{e5
_ :foe 6 -··l 

{3 1 '" '2" + E 

1 5 2 1 3 33 4 
{32 = 8' - TI E - '2" E - 114 E 

1 3 2 19 4 
{33 '" TI> - "3"2 E + 'TI1l E + 

{3 - 5 13 2 + 27 4 
4 - "'f2] - 256 E T024 E + 

(61b) 

It is noted that E q s (60a, b ) confor m to the 
modified Bessel function s of imaginary argument, 
which can be written as 

(} z\ P 
I (z) =~~/------­
p 1 1 r (p + Z) r (Z) 

where : 

p = (1, 2, 3 ---) 

r (n + 1) = hr (n ) 

and 

rc S e Z cos Esin 2p EdE 

o 
(62 ) 

The integrals in Eqs (60a, b ) can now be expr e sse d 
in terms of Bessel functions as 

rc S ezcOSE dE = rc 10 (z) 

o 
rc S e Z cos E sin2 E dE 

o 
rc S ezcosEsin4E dE 

0 

rc S e Z cos E sin6 E dE 

0 

src e Z 
cos E sin 8E dE 

0 

rc 11 (z) 

Z 

3 rc I 2 (z) 

2 
Z 

3.5rcI
3

(z) 

3 
Z 

3'5'7rcI4 (z) 

4 
Z 

(63a) 

I 
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NOTE: For modified Bessel functions 10 (0) = 1 

a nd 12 (0) = 13 (0) = ... = Ip (0) = 0, so t hat for 

z = 0 , Eqs (63a) a r e seemingly indeterminate 
for p ~ 2. The limiting values, however , can 
actually be found to be finite : 

I (z ) 
-p-­

zP 

1 (63b) 

Now in terms of modified Bessel functions th e 
int egrals of the orbital decay rates can be ex ­
pressed as: 

(and a s imilar equation involving f3
i

). 

Thus , both.6a and .6E can be expressed as series 
of the same form but differing coeffi cients . How ­
ever , the computation of these changes is unnec­
essarily complex due to the fact that higher order 
modified Bessel f unctions can be reduced to a 
linear combination of orders zero and one (IO( z ) 

and I I (z » by the use of the reduction form ula 

I +l(z ) = I l(z ) -~ I (z ) (65 ) p p- z p 

The reduction formulas up to the orde r four 
are 

(66 ) 

N ow using E qs (66 ) t he decay rates of elements 
can b e written i n the final form for elliptic orbits 

.6a = 4 2 () r ev - rra BPO F 1 z, E (6 7a ) 

.6e (6 7b) 
r ev 

where the following nondimens i onal functions are 
u sed : 

- z{[ 30'2 600'3 
F 1(z,e) = e 0'0 -~ +~ 

Z Z 

2 
1050'4 (z + 24) ] 

- 6 + . .. IO(z) 
z 

2 
15 0'3(z + 8) 

4 z 

+ (c ontinued) 
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(68a ) 

(68b) 

- z 
Note is made that Ref. 16 tabulates e IO( z ), 

e - z 11 (z ), Note also that the followin g asym ptotic 

series are given in Ref. 16, p . 271 for large z: 

(69a) 

1 ' 3 12.3. 5 - z 1 { e I 1( z ) ~ --1 / 2 1 --- -
2! (8z)2 (2rrz) 

12 .3 2 . 5. 7 

3 ! (8 z )3 

1!8z 

2 2 2 } 1. 3 · 5 ·7·9_ 
4 ... 

4! (8z ) . 

(69b) 

Note is made at this point that decay rates as 
predicted by these formulas have been checked 
against the numer ically determined rates and' 
agreement shown to be good for the cases of mod­
erate eccentricity . I n no case, however, should 
the method be employed for eccentri cities less 
t han approximately 0 . 03 s ince the assumptions 
made previously restrict the range of applicabilit y 
of t he method. T he value 0.03 was determined 
numerically . 

r 
Now, notin g that a = 1 ~ e ' E qs (6 7a, b ) can be 

writte n i n the followin g form: 

~ = - 2B P J ~r p F u. 0 -E 1 

~ " - ~ (2BPoj~~; )F2 

(70 ) 

But, s ince (-2 Bp O~) is s imply the decay rate 

for a circular or bit at initial perigee a lt itude, 

(:: Pj E = 0' the equa tio ns can be r ewritten as 

da ,,(drp ) ( 1 _ )-1 / 2 F 
at at 0 E 1 

E '" 
(71a ) 



de 1 (dr p) ar " a: at 
e 

(1 - E)- l/ 2 F 
= 0 2 (7 1b ) 

F rom E qs (45 ) and (71) the final decay r ate s are 
obtaine d 

dha _ ( dr p) 
at - Of" e '" 0 (1 - e)-l/ 2 G l } (72 ) 

dh ( dr ) -1 / 2 0. 03<e<0 . 4 af-= at (1- E) G 2 
E = 0 

where 

E -2Bp r;;:-
" 0 0~f4 " P 

(nond imens ional) 

G2 = ( l - E) F 1 - F 2 (nondim ensional) 

At this point it should be noted that the function s 
G

1 
and G

2
, although they are relatively complicated, 

are nondimensional and need be computed only once. 
In the present study these nondimensional drag de ­
cay parameters for elliptic satellite orbits were 

hand computed, carrying terms up to E 4 . The re­
sulting parametric curves are presented in Fig. 9 . 
Thus, the upper limit on E, Emax < 0 . 4. 

This figure shows G 2, the perigee parameter, 

to be independent of E to a high order of approxi ­
mation though there is a variation of G 2 with the 

parameter Z . This behavior is not the case with 
G l , the apogee parameter, the reason for this 

behavior being that apogee decays much more ra­
pidly than perigee for an elliptic orbit . Special 
attention is also drawn to the curves denoting low 
eccentricities. These curves will be discussed in 
subsequent paragraphs . 

4. The Case of Small E ccentricities 

Since the Bessel fun ction expansions of the 
previous section are not valid for eccentricities 
below 0 . 03, an alternate approach will be applied 
in this region. This approach was developed by 
Perkins (Ref. 8) and again assumes an exponential 

h · d 1 - k6 r I h' al' atmosp enc mo e p = Po e . n t 1S an YS1S 

a nondimensional parameter C and a drag constant 
K are defined to be 

( 73 ) 

( 74) 

Usin g Laplac e t ran sformations , the decay r ate s 
a re fou nd as 

V -1 8 

dr 
a 

at 

dr 
p 

at 

(
V ) Po - C b = - K -r - e (a + "2") 

Po 
( 75 ) 

(VP O) -C 
= - K r- e (a 

Po 

But sinc e V r = '~ r (1 + E), Eq (92) c a n be 
p p " p 

w r itten as 

dr 
a 

at 

w here 

( ~ ) = -2B PoF. 
E =0 

and 

+ - C b 
P = e (a + "2") 

- - C b) 
P "e (a -"2 .. 
a = 2 

n-O 

.. n x b = C '\ o 2 n=O (n!) (n+ l) 

+ 3(2~~2 + ... J 

x (
k r E )2 

,,(C/ 2)2 = ~ 

+ . . 

=C[l + x 
2(1! )2 

(76a) 

( 76b) 

The nondime ns ional parameters p+ and P - of 
Eq (76 ) are plotted in F i g . 10. The trends of 
the curves are noted to be the same a s those ob ­
tained by numeri cal integrati ons. 

Figure 10 is , of course, limited to small eccen­
tr i c ities , as can be seen from the fo llowi ng ex­
ample: 

As sum e : 

(77 ) 

h . p l 85 stat mi = 448, 800 ft = 136, 794 meters 

2.1 35 ,1 70 x 107 ft = 6.5 07 998 x 1 06 

mete r s 

0. 0 2 

l 
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Solution 

From Fig . 7a: 

-5/ - 5 1. 98 x 10 ft = 6. 50 x 10 /meter 
-12 3 7.15 x 10 slug/ft 

3 . 684 x 10 - 9 kg/meter3 (from Chapter II) 

(d:f ) e=O -2BPo ~ f.J.rp =-7.84fPS=~~s39 
From Eq (73 ): 

kr E 

C = 1 !E 8. 24 

From Fig. 10 : 

p+ = 2. 73 , 

From Eq (76a): 

From Eq (76b): 

p 

r 
a 

r p 

= 0.0088 

:: 2. 16 fps = 0.658 mps 

= 0 . 070 fps = 0 . 021 mps 

Consider the same example for a slightly 
larger E . If E = 0 . 04, then C = 16 .1 and x = 64. 
Proper convergence of Eq (77 ) now requires an 
extremely large number of terms (at least 25 ) 
thus making the solution impractical. 

Thus, since Perkins' methods and the Bessel 
method are applicable in different regions an d 
since the solutions have the same form , i. e . , 

r - ( drp) .~ p+ E < 0 . 03 
a - CIt E =0 ' .... '" 

ra = (d;t) 0e G1 (z ) E > 0 . 03 
E =0 

and similarly for r . Perkins' parameters p+ and 
- p 

P , can thus be considered to be analytic extensions 
of the parameters G1 and G2 . This fact was noted 

to be responsible for the low eccentricity curves 
of Fig. 9 . 

5. Apogee and Perigee Decay Rates and Satellite 
Lifetimes 

The previous Subsections C-3 and -4 have pre­
sented in nondimensional form equations and graphi -

cal data for rand r . However , before determin-a p 
ing an estimate of the l ifetime of a satellite it is 
necessary to dimensionalize the variou s param­
eters. This has been done in Figs. 11 a , b, c 
and 12a, b, c, which present apogee and perigee 
decay rates both in English and metric units for 
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altitudes in the range 75 to 400 stat mi (120 to 
640 km) and eccentricities from 0 to 0 . 4. It is 
noted that there are bumps on these curves. 
These irregularities are the direct result of 
similar behavior for the density slope of the 
ARDC 1959 atmosphere. Correction of this data 
for atmospheric variation will be discussed in 
Subsection C-6. Changes resulting from changes 
in the model atmosphere (e. g., 59 ARDC to 62 
U. S. Standard ) require recomputation of Figs. 11, 
12, 13 and 14. 

These decay rates must be integrated to yield 
the lifetime . As was mentioned earlier, this 
portion of the analysis will be conducted numeri­
cally. The reason for this step is simple - -it is 
not desired to introduce further approximation, 
which could materially affect the accuracy of 
study. To be sure, approximations have been 
made to this point; however, the validity of each 
has been well founded . If a further assumption 
were made to obtain an integrable form, the 
accuracy would suffer materially and the attention 
to detail exhibited earlier would be for naught . 
Some have argued that since the atmosphere i s 
not known and since the other approximations have 
been made, such core is unnecessary. While this 
is true to a degree, a philosophy such as this will 
never yield good estimates even as the various 
denSity variability factors become known, while 
the philosophy of this section will reflect such 
improvements. 

The integration procedure for this computation 
is 

(~h ) 
a . 

~t. 
J .~ 

where 

thus 

(~h ) is the j-th apogee altitude increment a . 
J 

( dd:aj. is the apogee decay rate at this altitude 
J 

~t. 
J 

T his integration is very simple and can be rapidly 
performed even for small values of (~h ) . This 

a . 
J 

type of integration also admits several refinements 
involving the use of iteration and average decay 
rates rather than instantaneous rates . However, 
if the step size is sufficiently small this is not 
necessary. T he correct value of (~h ) is deter -a . 

J 
mined by the repetition of the same integration 
until the values of T L for successive values agree 

to within a prescribed error . This step size need 
not be the same for all orbits, but for orbits of 
similar a and e, the s tep sizes generally are the 
same (a value of 50 0 ft or 150 meters was utilized). 
T he results of this integration are presented in 
Figs. 13 and 14 in both English and metric units 
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ft2 2 
for a value of B = 1 or 0 . 636 5 x 10- 2 m e t e rs 

slug kg 
Decay histories for typical satellites were adde d 
in dotte d line s in order to indicate the changes in 
eccentricity and pe r igee altitude as functions of 
time . 

Lifetimes for all other values of B are obtained 
via the approximation 

or 

T he basis for this approximation is that the decay 
rates were all noted to be linear functions of B . 
T hus, since B i s a constant, it does not affect the 
int egration, and as a result lifetime is inversely 
proportional to B . This behavior is true in fr ee 
mole cular flow ; however, as B is made signifi ­
cantly larger or as the altitude is de creased, the 
vehicle l e ave s the free molecule region, and lhe 
assumptions of this chapter dete riorate. Thus, the 
simpler conversion must not be used indiscrim ­
inately. If there is a que stion as to the r e gime 
of flight , spe cific data should be prepared. Othe r ­
wise the conversion is justifiable . 

T hough much has been written on the variation 
of lifetime with eccentricity, it is noted that the se 
figures show the extreme sensitivity of this param ­
eter ev en fo r small eccentricities. This sensitiv ity 
explains why satellites with the same total energy 
per unit mass (i. e . , same a ) do not nece ssarily 
have the same lifetime . 

6 . Comparison with Satellite Data 

In the final analysis, the value of a computational 
technique such as this must be assessed in terms 
of its ability to predict phenomena correctly. T hus , 
the actual lifetimes of sev eral satellites will be 
checked in order to pr ovide this infor mation. 
First the value of B to be utilized must be com ­
p uted for initial det ermination s of lifetime or for 
preliminary estimates. The value of B must be 
computed based on estimates made earlie r in the 
discussion of free molecular flow . However, 
once the initial tracking data from the satellite is 
available , a more accurate method is available . 
T his method is based on the formulas developed 
for the change in the element a . 

ra + rp 
a = 2 

h + h a p 
2 

Thus, if a is known, an effective ballistic coeffi ­
;ient Beff ca n be found by utilizing the computed 

hand li for B = 1 (rather than the observed 
a p 

values) . Thus 

I 

L 

2 a 
B = observed 

eff (h + h ) 
a p t heoretical 
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aobserv ed 

2 Pp P (G1 + G2) 

T his appr oach compen sates fo r a varie ty of s ins 
since the nature of the body in question, the mass, 
the nature of the tumble, and even variations in 
the density of the atmosphere are factors included 
in the correction . 

T ABLE 1 

Comparison of Satellite Lifetime Estimates 

Actual 
Effective B* Estimated Lifetimes 

(ft
2

/s1ug) (m
2

' kg ) 
Lifetimes (Ref. 15) 

Name ( da),s) ~ 

Sputnik 1 0 . 69 0 . 44 x 10- 2 
145 92 

Sputnik 11 1. 00 0 . 64 155 162 

Sputnik ill 1. 13 0 . 72 22 1 202 

693 

Explorer ill 3. 69 2 . 35 84 93 

Explorer IV 1. 55 0 . 98 469 455 

Scor e 2. 98 1. 9 1 32 34 

Discoverer I ~1. 5 0.95 12. 6 

Discoverer n 1. 50 0.95 11. 0 13 

Discoverer V 1. 46 0.93 45 46 

Discoverer VI 1. 13 0 . 72 62 62 

Discoverer vn 1. 53 0 . 97 14 19 

Discoverer Vlll 1. 38 0.88 100 109 

Discoverer Xl 1. 65 1. 05 9 11 

Discoverer Xlll 1. 04 0 . 66 87 97 

Discoverer XlV 1. 30 0 . 83 24 29 

Discoverer XV 1. 50 0 . 95 30 35 

Discove rer XVll 0 . 95 0. 61 51 47 

*Computed from the satellite data of the initial decay rates of 
semimajor axis . 

(1 rt2 /s1ug = 0 . 6365 x 10- 2 m 2 /kg) 

Since effective ballistic coefficient is conside red 
the more accur ate, it was used in the construction 
of the following table . 

Two things in T able 1 are important and should 
be noted . First, the values of Beff as computed 

from the orbital decay during the first few orbita l 
revolutions are not in all cases in good agreement 
with the values predicted theoretically . Consider 
the following examples: 

B 
eff Bth 

Satellite 
2 eo 

(ft / slug) Agreement Remarks 

Sputnik I 0 . 69 0 . 603 

Explorer III 3 . 69 3 . 71 

Explor e r IV 1. 55 3 . 21 

Good 

Good 

Poor 

Neglecting 
antennas 

Random 
tumbling 

Random 
tumbling 

T his being the case, it is necessary to update 
the knowledge of B as data becomes available 
in order to obtain reasonable lifetime estimates . 
The second point is that the agreeme nt between the 
compute d data and the true data is good. To pro ­
vide an appreciation of the level of improvement, 
several previous works in the fie ld were reviewed 
(Refs . 7, 9, 10, 11, 12 and 15). Data for t hese 
reference s are not included here because of t he 
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fact that different atmospheri c models and differ ­
ent data for the satellites have been assumed and 
different corrective procedures (i. e . , B

eff
) 

utilized in the correction of the results . As a 
general rule the estimates obtained here are 
superior to these works, though there were cases 
for which other curves were more accurate . 
Since this was expected, the relative value of the 
approach was determined by a root mean square 
estimate of the errors in the predicted lifetimes . 
(The results included here produced approximately 
130/0 error, while those of the literature varied 
from approximately 150/0 to 350/0.) 

This improvement in the agreement seems 
very significant. However, the magnitude of the 
final error is still large. The reason for this 
large error lies in the fact that the method does 
not provide for atmospheric rotation, for density 
variability for variations in B, or for the oblate 
nature of the atmosphere. This being the case, 
subsequent paragraphs will be devoted to refining 
the previous work. 

D. THREE-DIMENSIONAL ATMOSPHERIC 
PERTURBATIONS 

Due to the fact that the atmosphere rot ates , 
the velocity of the vehicle relative to the atmo ­
sphere will not be the velocity of the vehicle rela­
tive to space. Thus, the drag force will not lie in 
the plane of unperturbed motion and each of the 
six elements or constants of integration will be 
affected rather than just the three considered 
previously. Since the equations for variation in 
the elliptic constants have previously been de­
veloped, it thus remains to describe the perturb­
ing force and discuss the resulting motion. 

1. The Perturbing Force 

is 
The drag acceleration which acts on the vehicle 

D 
m 

where 

(V - V atm ) 

V atm = ne x r 

This acceleration must now be resolved into com ­
ponents in order to permit evaluation of the re ­
sultant motion. The specific set of components 

to be utilized is the set R, S, W discussed in 
Chapter IV. 

/\ 

R is measured along the radius 
A 
S is measured in the gener a l direction of 

motion perpendicular to I{ 
/\ 

W completes the right handed set . 

First , the atmospheric velocity 

1\ /\ 1 /\ 
R S • W , . 

sini sin(8+ w); sini cos ( 8+w): cosi 
1 

r o : 0 

[
/\ W/\;, 

=r~ cosiS - sinicos (8+w) 'J 

Secondly, the vehicle velocity 

thus 

and 

• 1\ .1\ 
V=rR+r8S 

• 1\. 1\ 

V r r R + (r 8 - r ne cos i ) S 

/\ 

+ r ne sin i cos ( 8 + w) W 

I 1
2 . 2 ·2 2 · 2 

V = r + (r8) - 2r 8 n cosi+(rn cosi) r e e 

+[ r ne sin i cos (8 + wD 2 

= V2 - 2Hn cos i + r2 n 2 [cos2 i 
e e 

+ sin
2 

i cos
2 

(8 + wU 

= V2 _ 2H n cos i + r2 n 2 [1 
e e -

.2 .. 2 ( 8 )i1 - Sln 1 Sln + w~ 

where 

H = the angular momentum per unit mass 

=~ 
This result was also obtained by Sterne (Ref. 

18 ) and Kalil (Refs. 19 and 20 ). Now at this point 

the function IV r l2 must be expressed in terms of 

the eccentric anomaly in order to facilitate inte­
gration with respect to time . 

thus 

1 + e cos E 
1 - E cos E 

V 2 = t: 1 + e cos E [ 1 £ . 1 - e cos E 
r a 1 - E cos E - n cos 11 +e cos E 

+ :,' 1: ~ : ~~: ~i ( 1 - "n' , "n' (' + W)j 

n
2 = J..!/a3 

But, as was noted by Sterne, ne/n can be no 

larger than approximately 1/15 for earth satellites; 
thus V r can be obtained in an approximate sense 

by the binomial expansion of the quantity within 
the braces by neglecting terms of the order 
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2 (ne/n) . This step appears justifiable in view 

of the fact that there is such a large uncertainty 
in the atmospheric density at any time and in the 
aerodynamic characteristics of the vehicle . Under 
this assumption, V r can be expressed as 

V '" r [ np 
I:: 1 + e cos E 1 _ e cos i 
a 1 - e cos E n 

1 - e cos E J 
l +e cos E 

This equation shows that to the order of corrective 

101 )2 1 terms smaller than approximately "2" \ 15" or 450 
the effect of the earth r s rotation is a simple func­
tion of the inclination and of time . T he form of 
this corrective term being sufficiently simple, the 
subsequent integration of the equations of motion 
appears attractive . Now, the drag acceleration is: 

D _ B J.I 1 + e cos E [ 1 _ I ' 1 - e cos E~ [ .. E R" - - - P - "e SIn 
m a ( 1 E )3 l +ecosE - e cos 

+ ( p -ne co s i J a: (1 - e co s E ) 
2
) S 

+ ne sin i cos ( a + w) J ~3 (1 - e cos E )2 w J 

where 

~. 
ne 11 - E - cos 1 

C = --=~---:n::-----

But 

cos (a + w) cos a cos w - sin a sin w 

sinE~ 
1 - e cos 

cos E - e 
1 - e cos E 

sin w cos w -

Thus the final form of the dr ag acceleration is 

;; = -Bp I:: l+e cosE 3[1 _ C 1 - eCOSEl lesinE ~ 
ill a (1 _ e co s E ) 1 + e co S ~ L 

+ ( p -I~J a 3 
(1 - e cos E )2) S 

, 1 - e- /-l 

+ (ne sin i j a: (1 - e co s E ~ ( cos E - e) cos w 

- (sin E p) sin ~ wJ 

2. The Change in the Orbit 

At this point it is necessary to refer to equa­
tions for the time variations of the orbital elements 
(Eqs (60 ), Chapter IV) or t o t he form utilized by 
Sterne and Presented in Plummer (Ref. 2 1): 

* = ~ [R tan cj> s in a + S sec cj> (1 + e cos aD 
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*- = ~ cos cj> [R sin a + S (cos a + cos E )] 

dn 
-at = 

dw 
-at = 

rcos (e+w) w 

n a 
2 

sin i cos cj> 

r sin ( a + w) W 

n a
2 

sin i cos cb 

2 2 R . a cos cj> cos a - r SIn 
2 . 

n a sln cj> cos cj> 

+ r sin ( a + w) W 

n a 
2 

cos cj> tan i 

de r 2r R + 2 . 2 cj> d (w + n) 
-at = - -y sm"2" dt 

where 

na 

. 2 i dn 
+ 2 cos cj> sm "2 at 

a (2 + e cos a) S 

sin cj> 
21/2 

= ( 1 - e ) as is customary in some 
of the astronomical texts 

e r mean longitude at the epoch 

R, S , W = the components of the disturbing 
acceleration 

At this point it is noted that since 

n (t - to ) = E - e sin E, 

n E 
1 - e cos E 

Also from Chapter III. 

a - cos E - e 
co s - 1 - e co s E 

sin a = /1 - e 
2 

sin E 
1 - e cos E 

Thus the expressions for the changes in the 
orbi tal elements obtained by substituting for 
R, Sand W can be transformed into functions of 
the independent variable E and its time rate 

E . Integration for the secular change in each 
element would then be possible (utilizing the 
limits for E of 0 to 211-) if the density could also 
be expressed as a function of the variable E . 

As was noted in previous sections of this 
chapter , the density of the t r ue atmosphere does 
not vary exponentially with altitude . However , 
as was also noted fOl;' small var iations in the 
alti tude the approximation is valid , Sel ectin g 
once again the perigee altitude as the reference 
for the approximation ( since the largest portion 
of the drag force occurs near perigee), the den ­
sity can be written as 

- K (h - hp j 
p = Po e 



where 

Po 

h 

density at perigee 

a (1 - E cos E) - Re [ 1 

f . 2. . 2 ( )l - sln 1 Sln 9 + w ~ 

hp a (1 - E) - Re [1 - f sin2 i sin
2 wJ 

h - hp aE (1 - cos E) + Re f sin2 i[sin
2

(9 +w) 

. 2 l - Sln w.J 

Re earth 1 s equatorial radius 

Thus the approximate density is 

P = Po exp [-Z (1 - cos E) + q (sin
2 

( 9 + w) 

- sin2 w)] 

where Z was previously defined to be KaE , and 

where 

q'" K Re f sin
2 

i 

At this point Sterne presents a Taylor expan sion 
of P in the form 

00 £. 
P poe-ZezcosEI (~1) (sin2 (9+w)- sin2 w)£' 

£.=0 

00 

-Z Z cos E \' 
Po e e !...-

m=O 

sin 2m E 
q' 

2m (1 _ E cos E )2m 

In the series, the terms which are odd functions 
of e are also odd functions of E and may be i g­
nored since they will not contribute to the com­
plete integral for the secular changes in the 
elements. Using the even part of the series 

through terms in q 4, which gives the series ac­
curately to about 1 part in 1000 for the altitudes 
in which this study is concerned, Kalil obtained 

222 
- E ) (-q cos 2w + ~ sin 2w) 

2 2 [ 2 3 2 
- E) ~ cos 4w - \- cos 2w sin 2w 

4 4 l 
+ ~ sin 2wJ 

3 
23 [ 3 3 q3 = (1 - E) - q6 cos 2w + q2 cos 2w sin2 2w 

q = 4 

4 2 2 4 4 l 
+ ~ cos 2w sin 2w - h sin 2~ 

2 4[ 4 4 4 2 4 4 l 
(1 - E ) i4 cos 2w - fi- sin 4w + i4 sin 2WJ 

Since the angle w is approximately constant during 
any single revolution, the qi can be treated as 

approximate constants when integrating over one 
revolution, without the introduction of appreciable 
error . 

It is noted that according to the remainder 
theorem for alternating series, a series whose 
terms are alternately positive and negative, and 
such that their absolute values form a monotone 
null sequence, is convergent (this is the case 
here for the series expansion of the atmospheric 
density) . This being the case, the absolute value 
of the remainder after n terms of such a series 
does not exceed the absolute value of the (n + 1) st 
term. Hence, the relative error introduced in 
the series expansion of the atmospheric density 

by retaining only terms through qn is 
n + 1 

6 P< (n+ 1}1 exp(q) 

T hus, by retaining terms through q2, the relative 
error in p is 3 . 40;0 at altitudes of 100 naut mi (185 km) 
where q ·0 O. 5, and only 0 . 16% at altitudes of 
200 naut mi (370 km) where q '" O. 2. 

Upon substitution of this density model into 
the equations of variation of constants and perform­
ing the integration, Sterne reported the following 
secular changes in the elements : 

_ (1 + E) 3 /2 r 1 - E~2 f1 
(6a)sec - - 2B /Jja 1/2 L1 - C I+E Po ~ 2iiZ: I' ( 1 - E) 

_ 2. (3+4EN+ 
8Z 

1 - C ~E EC+ E C ) + ... ] 

(6· ) B 2) ( 1 - E ,/1 
1 sec = - 2" ne sin i (1 - E 1 - C T+E) a Po r21TZ 

. {I + 8~ [ 1 - 4E N + 4E ~: :2EJ + ---

+ cos 2 w [1 - A ( 15 + 4e N + 4E ~ ~ :2E) + ---J} 

• { I - iz (1 5 - 4 E 4 + 4 E N ) + - - -} 
1 - E 

(6w) sec -cos i (6 n) sec 

(6 E') = (1 - cos i ) (6n) 
sec sec 
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or 

(L::.M) sec = 0 

where 
4.2 1 

fl = 1 - 8. N -~ + 8q1 2 
1 - • ( 1 - E) 

1 + C 
N = 'l--'>C""+--=-. '+--'-• .".c' 

These results are believed valid for all of the cases 

for which Z > 2 to the order of q2 and represent 

the solution well for such cases. However, if 
Z < 2 a more general solution is necessary. This 
solution suggested in Sterne 1 s paper (carried out 
for the element a ) is reported for the elements 
a and e by Kalil. The results are shown below . 

5 

(L::. T) sec = -61T T Ba (1 _C )2 Po e-
Z L An In (Z ) 

n=O 

5 
2 2 -Z \' 

(L::.a)sec=-41TBa (I - C ) POe f...-An1n (Z ) 

n=O 

5 
2 -Z), - • ) Po e B I (Z ) 

L.J n n 
n=O 

where the constants evaluated for small eccentric­

ities (i. e., e 3 « 1) are presented below : 

AO = 1 + E2 ( j2 + ~) 

Al 2jE - E~ (j 2 +~) + t [1 + E2 (j2 + 4j +;~ 
2 q 

A2 = 2q1 ~ (j + 1) - 3 ~ ql ( j2 + 4j + i) + 3 ~ 
Z Z 

q 
A3 = 6~ q2 (j + 2) + 15 ? 
A4 = 1:;3 [ 2E (j + 3) + E~ (j2 + 1 2j + ~)J 

105 q4 
+---

Z4 

A5 = 210 q4 -;- (j + 4) 
Z 

BO = E (2C+ 1) 

B
1

= (1 _ C )2 _ 3C+2 +q1 (3 - 2C) 
~ Ka 
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q1 ~ 2 3 ~ 
B2 = Z~ l - C ) - 2Ka (6 - 5C] 

q1 33 2 3q2 r. 2 1 l 
B3 = 2:2 2"" . + 7 01 - C) + 2Ka (1 0 + 1 7C~ 

3
q2 [ 97 ~ B4 = 7 2Ra + E ( 5 - 4CJ 
15q ~ 

+ 7 e -C)2_ ia (7 - ¥C+ 6C
2

) + E 2(~5 

- 30C+ 21C2~ + q4 105 (9 _ 14C+ 8C 2) 
~ ? /{ii 

B 5 = - :34 (1 05 E2{~ - 33C+ 21C ~+ :~ ( 105 )~1 

- C )2 - k (9 - ~ C+ 8C 2) + . 2(8: - 56C~ 
1 + C 

= r=c-
K = negative log density s l ope 

The symbol s C , Z, • and qi a r e the same in this 

set of equations as previously defined . The re ­
duction formulas discussed earlier can also be 
utilized, to relate all of the higher order Bessel 
functions to the fundamental functions 10 (Z) and 

11 (Z ). This step simplifi es the numeri cal evalua­

tion of the time history of the decay; however , it 
only serves to make the functional form of the 
resultant equations more complex. For this 
reason the equations are left in their present 
form. 

This set of equations is believed valid for 
satellite orbits extending down to approximately 
180 km with err ors less than several percent. 
Thus, if the inclination of the orbit were to be 
specified, the equations could be integrated 
numerically to yield realistic lifetime and decay 
hi stories for the vehicle as was done in t he 
di scussion of the nonrotating atmosphere . T he 
possibility of being able to construct a family of 
lifetime figur e s for various inclinations is also 
noted, though to date this has not been accom ­
plished . Indeed, this step does not appear at ­
t ractive for general computations because the 
procedure woul d result in a n error sour ce when 
data is applied for values of B other than that 
utilized in the construction of the figures . T hus , 
the most attractive procedure involves the numeri ­
cal integration of the decay rates for each satellite 
of interest. Thi s approach, tho ugh more cumber­
some , will be more numerically exact and s hould 
r esult in errors approaching an o r der of magnitude 
less than those obtained with the nonrotating at ­
mo spheric a naly s i s . 



Though numerical data is not presented, 
several general observations will be made. First, 
the equations show that the effect of the atmospheric 
rotation is to decrease inclination for all orbits 
(inclination defined 0° < i < 180°). Secondly, the 
effect is to decrease the rate at which a and E 

vary for i < 90° and increase the rate i > 90° . 
Thirdly, rotation produces secular regression 
and precession of the OSCulating ellipse. 

Numerical computations reported by Sterne 
substantiate not only these general trends but 
also to a good degree, the numerical values of 
the perturbed elements. This being the case, the 
theory as evinced by the equations of this section 
is believed to represent the best theoretical esti­
mate of the behavior of the vehicle . 

E. THE EFFECTS OF DENSITY VARIABILITY 
(Ref. 22) 
To this point the approximations made in the 

discussion of atmospheric effects have been re­
fined to include oblateness and rotation. Still 
no mention has been made of the effects of density 
variability. If the time intervals are large and the 
altitudes sufficiently high that the forces are not 
extremely large, the density variability effects 
will tend to null out due to the fact that the model 
atmosphere approximates a verage conditions . 
These cases are treated in previous discussions 
to varying degrees of approximation. However, 
if the time intervals are short or the densities 
more significant, the effect of variability will be 
more pronounced, and the equation should be 
integrated with the estimated density rather then 
with the model denSity. One approach to the 
problem of analysis of this latter case was shown 
in Chapter IV-C-6-d, which discusses random 
drag fluctuations. The following paragraphs 
(Ref. 22) extend this approach and provide some 
numerical data which is of general interest. The 
parameter of these discussions is the time of 
nodal crossing, a readily observable and easily 
computed quantity; the other parameters, be they 
orbital elements or position and velocity, should be 
checked as time permits. One such investiga-
tion is reported in Ref. 23. 

1. Errors in the Time of Nodal Crossing due 
to Drag F luctuations Alone 

The contribution of random drag fluctuations 
to the rms error in predicted time of nodal 
crossing depends on the correlation function of 
the random fluctuations, which is unknown. Upper 
and lower bounds. however, can be constructed. 
These bounds on the random error are given in 
Fig. 15. In the upper bound, the random drag 
fluctuations are assumed independent from one 
revolution to the next. In the lower bound, the 
random fluctuations are assumed perfectly cor­
related over intervals of 25 revolutions, but un ­
correlated from interval to interval. The curves 
actually show the ratio of the standard deviation 
of the prediction to the standard deviation of the 
random fluctuation, a, which is calculated from 
observations smoothed over intervals of 25 
revolutions. 

The estimation of a i s thus necessary to trans­
late the data of this figure to errors in the pre­
dicted time. No completely satisfactory method 
is available to perform this function; however, 
observations of satellites with perigees in the 
range 220 to 650 kIn indicate that a (in minutes / 
revolution) is given by the empirical equation 

a = 2.2 x 10-
3 

hp 1+ I. (78) 

where hp is the height of perigee in km, and T is 

the smoothed rate of change of period (unperturbed 
by sinusoidal and random fluctuations) in minutes 
per revolution. 

For orbiting satellites the smoothed rate of change 
of period, +, can be determined from observations. 
For satellites not yet launched, the values obtained 
from the previous discussions can be used as an 
estimate for the smoothed rate of change of period. 

A simple approximation for the prediction 
error caused by both of the assumed random drag 
fluctuations is dashed in between the two bounds 
in Fig. 15. It is 

1/2 
Grms (N) /a = 5 (N3 /3) (79) 

where Grms (N) is the rms error in the predicted 

time of nodal crossing (in minutes), N revolutions 
after the orbit was perfectly known. Equation 
(79) is asymptotic to both bounds and all three 
curves derived in Chapter IV. 

The contribution of a different assumption 
(L e., of a sinusoidal drag variation) to the error 
in the time of nodal crossing is given by 

(80) 

H (N) = (2) -1/2 A (k) -2[ G - cos (kN) 
rms l L 

_ (kN)2/~2 +[kN _ Sin(kN~2 }1/2 

where: 

A 

the rms sinusoidal prediction error 
(in minutes) for arbitrary initial 
phase of the sinusoidal drag 

-3 (81) 
1.8 hp IDI x 10 (empirically 

determined for same conditions as 
a, Eq (78)). 

perigee altitude(kIn) 

-4 
(1. 61 r) 10 

the period in minutes 

Thus the sinusoidal and random errors can be 
combined to give the rms error in timing of an 
orbital prediction when the initial elements are 
perfect: 
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f::,. 7 (N) = r G2 (N) + H2 (N0 1 /2 , . 
n ~ rms rms ~ 

(82) 

Now, if the local s peed of nadir point is V 0' and 

changes only slightly during the N periods over 
which the prediction is made, then the correspond­
ing positional error tangential to the projection of 
the orbit on the earth is 

x (N) = V 0 f::,. 7 n (N) (83) 

2. Errors in Orbital Predictions When the Elements 
and Rate of Change of Penod are Obtamed by 
Smoothing Observahons 

In the preceding simplified formulas, a perfect 
knowledge of the orbit at the initial time, or epoch, 
has been assumed. In actual orbital predictions, 
the elements at the epoch and the rate of change of 
period are usually found by some smoothing pro­
cedure, using data containing observational errors. 
(Discussions of the errors made by various satellite 
tra~king devices appear in Chapter XI.) Thus, to 
be rigorous these error sources must also be in­
cluded in the analysis . 

Suppose that the rate of change of period is cal­
culated from M( < i) IImeasured II times of nodal 
crossing, which-are uniformly distributed through­
out an interval of i revolutions. Assume that there 
are three independent causes of fluctuations in the 
"measured" time of nodal crossing: 

(1) A 27-day sinusoidal variation in the rate 
of change of period 

(2) A random fluctuation in the rate of change 
of period, which is independent from 
revolution to revolution 

(3) A measurement error introduced by the 
tracking device. 

Of course, only (3) can be regarded as an error of 
measurement, but (1) and (2) will contribute an 
error to the smoothed values of the period and the 
rate of change of period. The errors will be 
given as a function of the number of revolutions 
N, after the epoch. The epoch is taken to be at 
the center of the smoothing intervals. 

(1) The contribution of the smoothed sinu­
soidal drag variation to the rms error 
in an orbital prediction which runs for 
N revolutions from the epoch is 

S(N) 

where 

a = cos kN -

A 

2i 
K 

[2 2)1/2 e + (3 (84) 

sin 
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{3 = sin kN - kN + 8N [ i (i + 2) kJl 

[ 
k' ,2k2 ] 

• cos (~) -1 + ~ 

and A is given by Eq (81), i is the smoothing in­
-4 terval in revolutions, and k = 1.61 x 10 7, 

where 7 is the period in minutes. 

As the smoothing interval, i, approaches zero, 
Eq (84) approaches Eq (80), which represents the 
sinusoidal error when there is no smoothing. The 
quantity S(N)/A is graphed in Figs . 16a through 
16d. 

(2) The contribution of the smoothed random 
fluctuation to the rms error in orbital 
prediction is 

for i » (85) 

where a is given by Eq (78). 

Equation (85) should be compared with its 
unsmoothed counterpart, Eq (79). The quantity 
R(N)/(5a) is graphed in Fig. 17. 

The contribution of smoothed measurement 
errors to the rms error in the predicted time of 
the Nth nodal crossing is 

o (N) = a
O 

(M) -1/2 (i) -2 {(i)4 

. [M (M +2 )-1 + (16/9) (M +2 )2 /M~ 

+ 256 N4 + 16 (Ni)2 [M (M + 2)-1 

- (8/3) (M + 2)/M 

- 2M (M + 2) -2J + 32 N i 

.~i)2/(3M) _ 4N2 (M + 2)-lJ) 1/2 

(86) 

where a ll the observations are assumed to have 
the same standard deviation, aO' and M is the 

number of observations in a smoothing interval 
of i revolutions . The quantity O(N)/a

O 
is graphed 

in Fig. 18. The observational errors, aO' made 

by various tracking devices are given in Chapter XI. 
In order to have the error given by Eq (86) in 
minutes of time, it is necessary to use aO' the 

error of a singl e observation in minutes of time. 
Angular errors , f::,. 8 (in radians ), can be approxi ­
mately converted to timing errors, a

O 
(in minutes) 



by 

-1 
h 6. e 

Vo 
(87) 

where h is the height of the satellite, and Re is 

the radius of the earth, and Vo is · the local speed 

of the nadir point in units of length per minute. 

Doppler errors are more difficult to convert 
to errors in timing. They are subject to refraction 
and azimuth uncertainties, and it is difficult to 
tell how many independent observations are made 
in one pass. In addition, refraction and oscillator 
instability can create biases as large as the random 
errors of observations, and these biases cannot be 
reduced by smoothing observations from a pass 
over a single station. The observational error 
in minutes for one independent doppler obs ervation 
is approximately 

(88) 

where the range rate changes from an initial value 
of r i to a final value I-f during the time.(tf - \), in 

minutes, that a doppler signal is being measured 
by the station. The range -rate error in a doppler 
observation is 6. r. For a typical case, (t

f 
- \) is 

10 minutes, and (r i - t f ) is 20,000 feet per second 

(or 6100 mps). 

There is an important difference between Eq 
(87) on the one hand, and Eq (88) on the other. 
Equation (87) is applicable to each individual 
observation, hence to the average of a group of 
observations. Equation (88) only represent average 
conditions, so they only apply to the average of a 
group of observations, such as would be used with 
Eq (86). 

TABLE ~ 

--- -l 

The errors are given as a function of the number 
of revolutions after the epoch assumed to be at 
the center of the smoothing interval. Now assum­
ing tIiattlie observational, sinusoidal, and random 
errors are independent, they can be combined to 
give 

E rms (N) ={ [0 (N)] 2 + [S(ND 2 

)

1/2 
+ [R(ND 2 

(89) 

where Erms (N) is the standard deviation of the 

predicted time of the Nth nodal crossing after the 
epoch, when the elements and rate of change of 
period are obtained by smoothing observations. 
Erms (N) represents the error tangential to the 

orbit of the satellite projected on the celestial 
sphere . Errors at right angles to the orbit a re 
usually an order of magnitude smaller. 

Errors in actual predictions issued by the 
Vanguard Computing C enter, NASA Computing 
Center, Smithsonian Astrophysical Observatory, 
and Naval Weapons Laboratory are compared 
with the theoretical model in Tables 2 and 3. 
Table 2 contains the errors in one to two-week 
predictions made near the peak of the sunspot 
cycle. Table 3 shows the errors in predictions 
half-way between sunspot maximum and sunspot 
minimum. In the tables, N is the number of 
revolutions predicted, beginning at the cente r of 
the smoothing interval. The smoothed rate of 
change of period is 7- (minutes per revolution). 
The root-mean-square prediction error, E

rms 
(N) (in minutes), includes the contributions of 
observational errors and drag fluctuations. The 
theoretical prediction error caused by observational 
errors alone is designated by 0 (N). 

Prediction Errors Near Peak of Sunspot Cycle 

E
rms 

(N) 

No. of -T N O(N) Actual Theoretical 
Satellite Dates Predictions (Min/Rev) (Rev) (Min) (Min) (Min) 

Explorer IV 1958 8 2.15xl0 
-3 

165 0.024 3.2 3.7 

Sputnik III 1958 7 1.32xl0 
-3 220 0.01 3.3 1.9 

Vanguard I Fall, 1958 20 5.5 x 10 
-5 154 0.056 0.25 0.22 

Vanguard I Summer, 11 2.1 x 10 
-5 

154 0.056 O. 13 0.097 
1959 

Vanguard I Winter, 7 6.5 x 10 
-6 154 0.056 0.062 0.061 

1959 to 1960 

Atlas -Score Dec. 1958 to 1* 2.2 x 10 -2 271 0.3 67.0 74.0 
Jan. 1959 

*A single observation has no statistical significance. This case is included merely to show how large the 
error can be when the rate of change of period is large. 
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TABLE 3 

Prediction Errors Half-Way Between Sunspot 
Maximum and Minimum 

E
rms 

(N) 

No. of - 7 N O(N) iActual Theoretical 
Satellite Dates Predictions (Min/Rev ) (Rev) (Min) (Min) (Min) 

Tiros II Dec . 1960 to 12 3.7 x 10 - 6 250 0.08 0.12 0.08 
May 1961 

Vanguard I Oct. 1960 to 12 7.4x10-6 150 0.06 0.12 0 . 06 
May 1961 

Transit III-B Feb . to Mar. 10 1.05x10 
-2 

22 0.04 0 . 74 0 . 50 
1961 

Echo I Oct. to Dec . 6 6 . 8 x 10 

Number 
of Pass 

2309 

2986 

2836 

2234 

2459 

2535 

3173 

1934 

2911 

2610 

1960 

TABLE 4 

Errors in Individual Orbital 
Predictions for Vanguard I 

Errors 
(seconds Number 
of time) of Pass 

+37 2159 

- 25 1708 

+21 2685 

- 21 2009 

+17 1633 

- 16 2384 

+14 2760 

-14 2084 

+12 1858 

-12 1783 

Errors 
(seconds 
of time) 

- 12 

- 12 

-11 

- 9 

- 7 

+ 6 

- 3 

+ 2 

+ 2 

+ 1 

E = 15 seconds = 0 . 25 minutes rms 

It is interesting to note that observational 
errors were the principal cause of errors in 
orbital predictions for only one of the cases shown, 
that of Vanguard I with its perigee in darkness 
(Winter 1959 - 1960). In a ll the cases , the pre­
diction errors attributable to observational errors 
were smaller than the total error for Vanguard I 
in darkness . If the errors in predictions had 
been caused mainly by observational errors , then 
the prediction errors would have been independent 
of the smoothed rate of change of period . A de ­
tailed discussion of the theory and the method of 
calculation is given in Ref. 21. 

Theoretical cal culations of the errors in 
orbital predictions by the methods described above 
are subject to uncertainties because of variations 
in methods of fitting , spin of nonspherical satel ­
lites, and sampling errors as well as uncertain­
ties in the estimates of the smoothing interval s . 
The uncertainty in the theoretical rms error is 
approximately +100 to - 50 percent . All of the 
examples in Tabl es 2 and 3 were within these 
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145 0 . 04 4 . 4 3.3 

bounds . Deviations from the theoretical model 
have tended to be on the high side so far ( 1958 to 
1961) . During the two years near sunspot mini­
mum, the percentage variations of the decimet.er 
solar flux (which is correlated with atmosphenc 
density) are only one-third as large as during the 
rest of the sunspot cycle, so the deviations from 
the theoretical model can be expected to be on the 
l ow side during 1963 and 1964 . 

E (N) in Tables 2 and 3 is , of course, 
rms 

a root - mean-s q uare error . The error in an 
individual prediction can be larger or smaller 
than the root - mean- square value, and can be 
positive or negative . The distribution function 
appears to be normal. Table 4 shows the individual 
errors in twenty predictions made for Vanguard I 
when its perigee was in sunlight (Fall, 1958). 

3 . Errors in Orbital Predictions When the Rate 
of Chan~e Period 1S CalcUlated from a 
Standar Atmosphere 

The usual way of making satellite orbital 
predictions i s to compute the e l ements and. rate 
of change of period at the epoch by sn:oo~hmg. all 
the observations made during a certaill hme m­
terval (usually a few days ). This orbit is then 
projected forward in time. All of the predictions 
listed in Tables 2 and 3, with the possibl e ex ­
ception of the predictions for Transit III - B , were 
made by this method . The theory appropriate to 
this method of making predictions has been de ­
scribed above. The theory for the case in which 
the rate of change of period is derived from a 
standard atmosphere will now be described . Such 
a method might be used when there are not enough 
observations to determine the rate of change of 
period . In this case, the error can be sepa~ated 
into three parts, described under the followmg 
headings: 

( 1) 

(2) 

The error in the period and the time 
of nodal crossing . 

The error caused by computing the 
rate of change of period from a standard 
atmosphere. 



(3) The error caused by the sinusoidal and 
random drag fluctuations. 

(1) If the period and the time of nodal crossing 
at the epoch are obtained by a singl e orbital fit 
over N revolutions containing M independent ob­
servations, then the errors in th~ penod, 2S T (in 
minutes), and time, .6 t (in minutes) , caused by 
observational errors, are 

.6t '" M- 1 / 2 
0"0 ( 90) 

and 

(91) 

where 0"0 is the error of a singl e independent ob­

servation (in minutes of time) and may be obtained 
from the observational errors in angular and dop ­
pler units by Eqs (87) and (88), respectively . 

In the case of precision doppler observations, 
an alternative method of calculating the period is 
feasible but is not recommended, because it pro­
duces large errors in the period. This method 
is to compute independent valu es of the elements 
from each pass of doppler data recorded by a 
station, and average all the sets of elements de­
rived during i revolutions . The errors in period 
and timing (caused by observational errors ) pro­
duced by this method are roughly 

and 

.6t '" 0" (M)-1/2 o (90a) 

(91a) 

where (t
f 

- \) is the time interval during which 

a singl e station is recording doppler data during 
a pass. 

(2) The rate of change of period f can be ap ­
proximately calcul ated by using the theory of drag 
perturbations in Chapter I V and one of the stand 
ard atmospheres described in Chapter II. This 
method is not precise and a certain amount of error 
is thus inserted. However, the magnitude of this 
error can not be described analytically and must 
thus be accepted . 

(3) The errors caused by sinusoidal and ran­
dom drag fluctuations are gi'fen by Eqs ( 80 ) and 
(79), respectively . The reason for u sing models 
which do not include smoothing is that f is ob­
tained from a standard atmosphere . 

Now that the three factors have been discussed, 
the predicted time of nodal crossing can be 
written in the following form: 

2 
tp (N) = t + NT + (~) T (92) 

where the errors in predictions contributed by 
the time of nodal crossing, the period, and the 
rate of change of period are .6t, N.6 T , and 

(N2 /2 ) T, respectively . 

If the coupling among the period and the time 
of nodal crossing (which should not cause much 
error) is ignored, then the root mean square 
error in a prediction made with a standard 
atmosphere, N revolutions after the epoch, is 
approximately 

+IG (N~2 (93) L' rms 'j 

where the epoch is taken to b e the center of the 
smoothing interval employed in calculating the 
period and time of nodal crossing. Equation (93) 
applies in cases in which a standard atmosphere 
is used for calculating the rate of change of 
period. The error Erms~' (N) is tangential to the 

orbit of the satellite projected on the celestial 
sphere. The error at right angles to the orbit 
is usually smaller . 

4. Example 

Problem: 

Cal culate the root - mean- square error in an 
orbital prediction for Explorer IV, 165 
revolutions from the center of the smoothing 
interval. The period at the time of interest 
was 109 minutes, and the heights of perigee 
and apogee were 142 and 1190 naut mi or 
263 and 2200 km, respectively. The smoothing 
interval is estimated to be i = 100 revolutions, 
the number of observations, M = 25, and the 
prediction interval, N = 165. The smoothed 

rate of change of period, 7- = -2.15 x 10- 3 

min/rev, and the observational error is es­
timated to have been 0.7 milliradian. The 
el ements and rate of change of period were 
derived by smoothing observations . 

Solution: 
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The errors given by Eqs (84) through (89) are 
appropriate. The average height of the 
satellite h, was 666 naut mi or 1232 km and 
the approximate speed of the nadir point was 
Vo " 2TT Re/P = 198 naut mi per minute or 

367 km/min, so Eq (87) gives for the average 

error of an observation, 0"0 = 2 x 10- 3 minutes. 

From Fig . 18, O(N)/O"O = 12, so the con­

tribution of observational errors to the error 



in an orbital prediction is 2.4 x 10-2 minutes. 
The normalized random error, R(N) /( 5a) is 

1.6 x 10 3, from Fig. 17 . According to Eq 

(78 ), a is 3 . 7 x 10-
4 

minutes per revolution. 
Therefore, the prediction error caused by 
random fluctuations is 2 . 95 minutes . The 
normalized sinusoidal error is S(N) /A = 7. 5 x 

103 , interpolating between Figs. 16b and 16c . 

According to Eq (81), A is 3.06 x 10 - 4 minutes 
per revolution. Therefore, the prediction 
error caused by the sinusoidal variation is 
2.3 minutes . Combining the three errors 
by Eq (89 ), the theoretical error of prediction 
is 3.7 minutes. For comparison, the root ­
mean-square error of eight predictions issued 
by the Vanguard Computing Center was 3 . 2 
minutes. 
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